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✈❛❧✉❡ ✇✐t❤ ❣✉❛r❛♥t❡❡s✳ ❚❤❡s❡ ♣r♦❞✉❝ts ❛r❡ ❝❛❧❧❡❞ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s✳ ■♥ t❤❡ ✇♦r❞s ♦❢ ❋r❛♥ç♦✐s
❘♦❜✐♥❡t✱ ❈❊❖ ♦❢ ❆❳❆ ▲✐❢❡ ■♥✈❡st✱ ✏❚❤❡s❡ ♣r♦❞✉❝ts✱ ✉♥✐t ♦❢ ❛❝❝♦✉♥t ❣✉❛r❛♥t❡❡❞ ✇✐❧❧ ❜❡❝♦♠❡ ❛
s♦❧✉t✐♦♥ t♦ s♦❧✈❡ t❤❡ ❧♦♥❣✲t❡r♠ ✐♥✈❡st♠❡♥t ♣r♦❜❧❡♠s ✇✐t❤ s❡❝✉r✐t②✱ ❛♥❞ ♣r❡♣❛r❡ ❢♦r r❡t✐r❡♠❡♥t✑✳
❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❛r❡ ✐♥s✉r❛♥❝❡ ❧✐❢❡ ❝♦♥tr❛❝ts ✐♥ ❛❝❝♦✉♥t ✉♥✐ts ✇✐t❤ ❣✉❛r❛♥t❡❡❞ r❡✈❡♥✉❡s ♦r
❝❛♣✐t❛❧✳ ❚❤❡② ✇❡r❡ ❧❛✉♥❝❤❡❞ ❜② ❆❳❆ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ✐♥ ✶✾✾✺✱ ❛♥❞ ❛♣♣❡❛r❡❞ ✐♥ ■t❛❧②
✐♥ ✷✵✵✽✳ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❛r❡ ♠❛✐♥❧② ❞✐✛✉s❡❞ ✐♥ ❯❙❆✱ ❏❛♣❛♥✱ ❛♥❞ ◆♦rt❤ ❊✉r♦♣❡❀ t❤❡② ❛r❡
❛ttr❛❝t✐✈❡ ♣r♦❞✉❝ts ❡s♣❡❝✐❛❧❧② ✇✐t❤ t❤❡ r❡t✐r❡♠❡♥t r❡❢♦r♠s ❛♥❞ t❤❡ ♥❡✇ s❛❧❡s ♠❛② r❡❛❝❤ ✩✷✷
❜✐❧❧✐♦♥ ❜② ✷✵✶✽✱ ✇✐t❤ ❛ ✺✼✪ ✐♥❝r❡❛s❡ ❢r♦♠ ✷✵✶✷ ✭❚❤✐♥❦ ❆❞✈✐s♦r✱ ✷✵✶✹✮✳ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❛r❡
♥❡✈❡rt❤❡❧❡ss ❡①♦t✐❝ ♣r♦❞✉❝ts ✇✐t❤ ❤✐❞❞❡♥ ♦♣t✐♦♥s ✭t❤❡ ♠❛✐♥ ♦♥❡ ✐s t❤❡ ❧❛♣s❡ ♦♥❡✮ ❛♥❞ t✇♦ ❦✐♥❞s
♦❢ r✐s❦✿ t❤❡ ♠❛r❦❡t r✐s❦ ❛♥❞ t❤❡ ❛❝t✉❛r✐❛❧ r✐s❦✳ ❇❡❝❛✉s❡ ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐t✬s ❞✐✣❝✉❧t t♦
♣r✐❝❡ t❤❡s❡ ♥❡✇ ❦✐♥❞s ♦❢ ♦♣t✐♦♥❛❧ ♣r♦❞✉❝ts✱ ❛♥❞ ♠❛♥❛❣❡ t❤❡ ✐♥❣r❛✐♥❡❞ r✐s❦s✳
❆♠♦♥❣ ❛❧❧ t❤❡ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s t②♣❡s✱ t❤❡r❡ ❛r❡ t✇♦ ♦♥❡s t❤❛t ❛r❡ ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t
❜❡❝❛✉s❡ t❤❡② ❛r❡ ❜♦t❤ t❤❡ ♠♦st r❡q✉✐r❡❞ ❜② t❤❡ ❝✉st♦♠❡rs ❛♥❞✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❤❛r❞✲
❡st t♦ ❜❡ ♣r✐❝❡❞✿ ●▲❲❇ ✭●✉❛r❛♥t❡❡❞ ▲✐❢❡❧♦♥❣ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t✮ ❛♥❞ ●▼❲❇ ✭●✉❛r❛♥t❡❡❞
▼✐♥✐♠✉♠ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t✮✳
■♥ t❤✐s P❤❉✳ t❤❡s✐s ■ ♣r❡s❡♥t ♠② r❡s❡❛r❝❤ r❡s✉❧ts ❛❜♦✉t ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ♣r✐❝✐♥❣ ❛♥❞
❤❡❞❣✐♥❣✳ ■ ♣❡rs♦♥❛❧❧② ❞✐❞ ❛ s✐① ♠♦♥t❤s ✐♥t❡r♥s❤✐♣ ❛t ❆❳❆ ▲✐❢❡ ■♥✈❡st ✭s❡❡ ❬✹✽❪✮✱ ❛♥❞ ❞✉r✐♥❣
t❤❛t t✐♠❡ ■ ✇♦r❦❡❞ ✐♥ t❤❡ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t ❚❡❛♠✳ ■♥ s✉❝❤ ❛ ✇♦r❦ ♣❧❛❝❡ ■ ❝♦✉❧❞ ❛♣♣r❡❝✐❛t❡
❤♦✇ ♣r✐❝✐♥❣ ❛♥❞ ❤❡❞❣✐♥❣ ♣r♦❜❧❡♠s ❛r❡ r❡❛❧ ♣r♦❜❧❡♠s ❞❛✐❧② s♦❧✈❡❞ ❜② t❤❡ ❡♠♣❧♦②❡❡s✳ ❆❝❝♦r❞✐♥❣
t♦ t❤✐s✱ r❡s❡❛r❝❤ t❛r❣❡ts ♦❢ ♠② P❤❉✳ ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ t❤✐♥❦✐♥❣ t♦ ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡✳
✈
✈✐ ❈❖◆❚❊◆❚❙
❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♠② r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤✲
♦❞s t♦ ❡①t❡♥❞s ●▲❲❇ ❛♥❞ ●▼❲❇ ♣r✐❝✐♥❣ ❛♥❞ ●r❡❡❦s ❝❛❧❝✉❧❛t✐♦♥ t♦ st♦❝❤❛st✐❝ ♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ✭t❤❡ ❍❡st♦♥ ♠♦❞❡❧✮ ♦r st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ✭t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✮✳
❚❤❡ t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t✇♦ r❡s❡❛r❝❤ ♣❛♣❡rs ✭s❡❡ ❬✷✸❪ ❛♥❞ ❬✷✹❪✮✱ ❛✈❛✐❧❛❜❧❡ ❛t ❛r❳✐✈ ✇❡❜s✐t❡✳
❚❤❡s❡ ♣❛♣❡rs ❛r❡ ❥♦✐♥t ✇♦r❦s ✇✐t❤ Pr♦❢❡ss♦r ❆♥t♦♥✐♥♦ ❩❛♥❡tt❡ ✭♠② t❤❡s✐s s✉♣❡r✈✐s♦r✮✱ ❛♥❞ P❤❉✳
▲✉❞♦✈✐❝ ●♦✉❞❡♥è❣❡ ✭❋é❞❡r❛t✐♦♥ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❞❡ ❧✬➱❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✮✳
■♥ t❤❡s❡ ♣❛♣❡rs✱ ✇❡ ♣r✐❝❡❞ ●▲❲❇ ❛♥❞ ●▼❲❇ ❣✉❛r❛♥t❡❡s✱ ❛♥❞ ✇❡ ❢♦✉♥❞ t❤❡ ♥♦✲❛r❜✐tr❛❣❡
❢❡❡✱ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✇✐t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧✳ ❋✐rst✱ ✇❡
tr❡❛t❡❞ ❛ st❛t✐❝ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✿ t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ✭❤❡r❡❛❢t❡r P❍ ✮ ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t
r❛t❡✳ ❚❤❡♥✱ t❛❦✐♥❣ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ✇♦rst ❝❛s❡ ❢♦r t❤❡ ❤❡❞❣❡r✱ ✇❡ ♣r✐❝❡❞ t❤❡ ❣✉❛r❛♥t❡❡s
❛ss✉♠✐♥❣ t❤❛t t❤❡ P❍ ❢♦❧❧♦✇s ❛♥ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✳ ❲❡ ❛❧s♦ ✉s❡❞ t❤❡s❡ ♠❡t❤♦❞s
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ●r❡❡❦s ❢♦r ❤❡❞❣✐♥❣ ❛♥❞ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ●▲❲❇ ❝❛s❡✱ ✇❡
♣❡r❢♦r♠❡❞ ❛ ♠♦rt❛❧✐t② s❤♦❝❦ ✉s❡❢✉❧ ✐♥ r✐s❦ ♠❛♥❛❣❡♠❡♥t ❢r❛♠❡✇♦r❦✳
❚♦ ❛❝❤✐❡✈❡ t❤❡s❡ t❛r❣❡ts✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✿ ❛ ❤②❜r✐❞ tr❡❡✲✜♥✐t❡ ❞✐✛❡r✲
❡♥❝❡ ♠❡t❤♦❞ ❛♥❞ ❛ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✭❜♦t❤ ✐♥tr♦❞✉❝❡❞ ❜② ❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✵❪✮✱ ❛♥
❆❉■ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✭❍❛❡♥t❥❡♥s ❛♥❞ ❍♦✉t ❬✷✺❪✮✱ ❛♥❞ ❛ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
✇✐t❤ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ✭▲♦♥❣st❛✛ ❛♥❞ ❙❝❤✇❛rt③ ❬✸✸❪✮✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ♦✉r r❡s❡❛r❝❤ ♣❛♣❡rs ❛r❡✿
• ❲❡ ❢♦r♠✉❧❛t❡❞ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ ✭✐✳❡✳ t❤❡ ❝♦st ♦❢ ♠❛✐♥t❛✐♥✐♥❣ ❛
r❡♣❧✐❝❛t✐♥❣ ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦✮ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧ ✉s✐♥❣ ❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ♠❡t❤♦❞s❀
• ❲❡ ♣r❡s❡♥t❡❞ t❤❡ ❡✛❡❝ts ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♦♥ ♣r✐❝✐♥❣ ❛♥❞
●r❡❡❦s ❝❛❧❝✉❧❛t✐♦♥✱ ❛♥❞ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ●▲❲❇ ❛♥❞ ●▼❲❇ ❢❡❡ t♦ ✈❛r✐♦✉s ♠♦❞❡❧✐♥❣
♣❛r❛♠❡t❡rs❀
• ❲❡ ✉s❡❞ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ♣r✐❝❡ t❤❡ ●▲❲❇ ❛♥❞ ●▼❲❇ ❝♦♥tr❛❝t❀
• ❲❡ ♣r❡s❡♥t❡❞ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❤✐❝❤ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s✳
▼② ♣❡rs♦♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡s❡ ♣❛♣❡rs ❛r❡✿
• ❈♦♥❝❡♣t ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡s ✭✐♠♣♦rt❛♥t ♦♥ ❧♦♥❣ ♠❛t✉r✐t✐❡s ♣r♦❞✉❝ts
t♦ ♣r❡s❡r✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❤②❜r✐❞ ♠❡t❤♦❞s✮❀
• ■♠♣r♦✈❡♠❡♥t ♦❢ ▼❈ ❍②❜r✐❞ ♠❡t❤♦❞ ✭✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t❤r♦✉❣❤ t❤❡ ✐♥tr♦❞✉❝✲
t✐♦♥ ♦❢ ❛ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✮❀
• ■♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ P❉❊ ❍②❜r✐❞ ♠❡t❤♦❞ ✭✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t❤r♦✉❣❤ t❤❡ ✉s❡
♦❢ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡s ❛♥❞ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❜② ❝✉tt✐♥❣ ♠❡t❤♦❞s ❛♥❞
❣❡♥❡r❛❧ r❡♠❛r❦s ♦♥ t❤❡ ♠❡t❤♦❞✮❀
• ❯s❡ ♦❢ s♣❧✐♥❡s ❢♦r ●▼❲❇ ✭✉s❡❢✉❧ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✉s❡❞ ✐♥ t❤❡ ❣r✐❞✮❀
• ❈♦♥❝❡♣t ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠❡t❤♦❞s ✏❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s✑ ❛♥❞ ✏❋✉❧❧ ❘❡❣r❡ss✐♦♥✑ t♦
♣r✐❝❡ ●▼❲❇ ✇✐t❤ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s❀
❈❖◆❚❊◆❚❙ ✈✐✐
• ❯s❡ ♦❢ ✏❙✐♠✐❧❛r✐t② ❘❡❞✉❝t✐♦♥✑ ♣r♦♣❡rt② ✐♥ ●▼❲❇ ♣r✐❝✐♥❣❀
• ❈✰✰ ❝♦❞✐♥❣ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✭❡①❝❡♣ts ❆❉■ ♠❡t❤♦❞✮✳
■ ✇✐❧❧ ♥♦✇ ♣r❡s❡♥t ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ s✉♠♠❛r② ♦❢ t❤❡ ♠♦❞❡❧s ❛♥❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞
✐♥ t❤❡ t❤❡s✐s✳
❚❤❡ ●▲❲❇ ❛♥❞ ●▼❲❇ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
❚❤❡ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t② ♦♥ ✇❤✐❝❤ ■ ❢♦❝✉s❡❞ ♠② r❡s❡❛r❝❤ ✇♦r❦ ❛r❡ ♦❢ t②♣❡ ●▲❲❇ ❛♥❞ ●▼❲❇✳
❆❜♦✉t t❤✐s ❦✐♥❞ ♦❢ ♣r♦❞✉❝ts✱ ❛ r❡❢❡r❡♥❝❡ ❛rt✐❝❧❡ ✐s t❤❛t ♦❢ ❇❛❝✐♥❡❧❧♦ ❛♥❞ ❛❧✳ ❬✺❪✿ ✐♥ t❤✐s ♣❛♣❡r
t❤❡② ❝❧❛ss✐✜❡❞ ♠❛✐♥ ●▼①❇s ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s✱ ❛♥❞ t❤❡② ❝♦♠♣✉t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ❝♦♥tr❛❝t
✈❛❧✉❡s ❛♥❞ ❢❛✐r ❢❡❡ r❛t❡s ✉♥❞❡r ✏st❛t✐❝✑ ❛♥❞ ✏♠✐①❡❞✑ ✈❛❧✉❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✱ ✈✐❛ ♦r❞✐♥❛r② ❛♥❞
❧❡❛st sq✉❛r❡s ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❜r✐❡✢② s❡❡ ❤♦✇ t❤❡s❡ ♣r♦❞✉❝ts ✇♦r❦✳
●▲❲❇
❚❤❡s❡ ✐♥s✉r❛♥❝❡ ♣r♦❞✉❝ts ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs✳ ❛♠♦♥❣ t❤❡♠✱ ✇❡ ❝✐t❡ t❤❡ ✇♦r❦
♦❢ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ❬✶✸❪✱ t❤❛t ♣❡r❢♦r♠❡❞ r❡s♣❡❝t✐✈❡❧② ♣r✐❝✐♥❣ ♦❢ ●▲❲❇ ❛♥❞ ●▼❲❇ ❱❛r✐❛❜❧❡
❆♥♥✉✐t✐❡s ✐♥ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦ ✈✐❛ P❉❊ ♠❡t❤♦❞s✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ ❜♦t❤ ✏st❛t✐❝✑
❛♥❞ ✏❞②♥❛♠✐❝ ✇✐t❤❞r❛✇❛❧s✑✱ ♣r✐❝✐♥❣ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝ts✳
❚❤❡ P❍ ✇❤♦ ❜✉②s ❛ ●▲❲❇ ♣♦❧✐❝② ♣❛②s ❛t t✐♠❡ t = 0 ❛♥ ✐♥✐t✐❛❧ ❣r♦ss ♣r❡♠✐✉♠ GP ❢r♦♠
✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❞✉❝t❡❞ s♦♠❡ ❡♥tr② ❢❡❡s✱ r❡s✉❧t✐♥❣ t❤❡ ♥❡t ♣r❡♠✐✉♠ P ✳ ❚❤❛t ❛♠♦✉♥t ✐s ❢✉❧❧②
✐♥✈❡st❡❞ ✐♥ ❛ ■♥✈❡st♠❡♥t ❋✉♥❞✱ ❛♥❞ ✐ts ✈❛❧✉❡ ✐s ✐♥❞✐❝❛t❡❞ ❜② St✳ ❚❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡
♣♦❧✐❝② ❛r❡ ❡ss❡♥t✐❛❧❧② t✇♦✿ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ❛♥❞ t❤❡ ❜❛s❡ ❜❡♥❡✜t Bt✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs
❛r❡ ✐♥✐t✐❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ A0 = P ✱ B0 = GP ✳ ❚❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❡✈♦❧✈❡s ♦✈❡r t✐♠❡
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥✈❡st♠❡♥t ❋✉♥❞
dAt =
At
St
dSt − αtotAtdt. ✭✵✳✵✳✶✮
❚❤❡ ♣❛r❛♠❡t❡r αtot ❞❡✜♥❡s t❤❡ ❛♠♦✉♥t ✭❢❡❡s✮ t❤❛t ✐s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❛♥❞
❝♦♥t✐♥✉♦✉s❧② ✉s❡❞ ❜② t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② t♦ ❝♦✈❡r t❤❡ ❣✉❛r❛♥t❡❡s ♦❢ t❤❡ ♣r♦❞✉❝t✳ ❖✉r ❣♦❛❧
✇❛s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢❛✐r ✈❛❧✉❡ ♦❢ t❤✐s ♣❛r❛♠❡t❡r✱ t❤❛t ❡①♣r❡ss❡s t❤❡ ❝♦st t♦ ❣✉❛r❛♥t❡❡ ❝♦✈❡r❛❣❡✳
❚❤❡ ❝♦♥tr❛❝t ❞❡✜♥❡s ❛ s❡t ♦❢ ❞❛t❡s ✭✉s✉❛❧❧② ❛t ❡❛❝❤ ❛♥♥✐✈❡rs❛r② ♦❢ t❤❡ st❛rt ♦❢ t❤❡ ❝♦♥tr❛❝t✮
❝❛❧❧❡❞ ❡✈❡♥t t✐♠❡s✱ ✇❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ❛❝t✐✈❛t❡s✿
✶✳ ✐❢ t❤❡ ❢❡❡s ❤❛✈❡ ♥♦t ❜❡❡♥ t❛❦❡♥ ❝♦♥t✐♥✉♦✉s❧② ✭✈❛r✐❛♥t ♦❢ t❤❡ st❛♥❞❛r❞ ❝♦♥tr❛❝t✮ t❤❡② ❛r❡
♣✐❝❦❡❞❀
✷✳ ✐❢ t❤❡ ✐♥s✉r❡❞ ❞✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ②❡❛r✱ t❤❡ ❤❡✐rs ♦❢ t❤❡ ✐♥s✉r❡❞ r❡❝❡✐✈❡s ❛ ❣✉❛r❛♥t❡❡❞
❝❛♣✐t❛❧ ✭❞❡❛t❤ ❜❡♥❡✜ts✮ ✉s✉❛❧❧② ❞❡✜♥❡❞ ❛s t❤❡ r❡s✐❞✉❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡❀
✸✳ ■❢ t❤❡ ✐♥s✉r❡❞ ✐s ❛❧✐✈❡✱ ❤❡ ✭s❤❡✮ ✐s ❡♥t✐t❧❡❞ t♦ ✇✐t❤❞r❛✇ ❛ ♠✐♥✐♠✉♠ ❣✉❛r❛♥t❡❡❞ s✉♠✱ ❞❡✜♥❡❞
❛s ❛ ✜①❡❞ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❜❛s❡ ❜❡♥❡✜ts Bt❀
✹✳ ❚❤❡ ❝♦♥tr❛❝t ♠❛② ♣r♦✈✐❞❡ ❢♦r ♠❡❝❤❛♥✐s♠s ✭r♦❧❧✲✉♣ ♦r r❛t❝❤❡ts✮ ✇❤✐❝❤✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝✐r✲
❝✉♠st❛♥❝❡s✱ ✐♥❝r❡❛s❡ t❤❡ ❜❛s❡ ❜❡♥❡✜ts✳
✈✐✐✐ ❈❖◆❚❊◆❚❙
❚❤❡ ❛❝t✐✈❛t✐♦♥ ♦r ♥♦t ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❡❝❤❛♥✐s♠s ✐s s✉❜❥❡❝t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥s✉r❡❞ ✐s ♦r ✐s
♥♦t ❛❧✐✈❡❀ t❤❡ ♠♦rt❛❧✐t② ♦❢ ✐♥s✉r❡❞ ♣❡rs♦♥s ❤❛s ❜❡❡♥ ♠♦❞❡❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐♥t❡♥s✐t②
♦❢ ♠♦rt❛❧✐t② M : [0, T ] → R s✉❝❤ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ✐♥s✉r❡❞ ♣❡rs♦♥ t♦ ❞✐❡ ✐♥ t❤❡ t✐♠❡
❧❛❣ [t, t+ dt] ✐s ❡q✉❛❧ t♦ M (t) dt✳
■♥ t❤❡ st❛t✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t✱ t❤❡ st✐❧❧ ❛❧✐✈❡ P❍ ✇✐t❤❞r❛✇s ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti ❛ ✜①❡❞
❛♠♦✉♥t Wti = G∆t ·B2+ti , ✇❤❡r❡ G ✐s ❛ ❝♦♥st❛♥t s♣❡❝✐✜❡❞ ❜② t❤❡ ❝♦♥tr❛❝t✳ ■♥ t❤❡ ❞②♥❛♠✐❝ ❝❛s❡✱
❤♦✇❡✈❡r✱ t❤❡ ✇✐t❤❞r❛✇♥ ❛♠♦✉♥t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♣❛r❛♠❡t❡r γi ∈ [0, 2] ❝❤♦s❡♥ ❜② t❤❡ P❍
❛♥❞ ✐t ✐s ✇♦rt❤ Wti = γiG∆t · B2+ti ✳ ■♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❛ ✇✐t❤❞r❛✇❛❧ ♦❢ t❤❡ P❍✱ t❤❡ st❛t❡
♣❛r❛♠❡t❡rs At ❛♥❞ Bt ❝❤❛♥❣❡ ❛❝❝♦r❞✐♥❣ t♦ γi✳ ❲❡ ❞❡♥♦t❡ ❜② t❤❡ s✉♣❡rs❝r✐♣t (2+) t❤❡ st❛t❡
♣❛r❛♠❡t❡rs ❜❡❢♦r❡ t❤❡ ✇✐t❤❞r❛✇❛❧✱ ❛♥❞ ❜② t❤❡ s✉♣❡rs❝r✐♣t (3+) ❛❢t❡r t❤❡ ✇✐t❤❞r❛✇❛❧✳ ❚❤❡♥✿
• ■❢ γi = 0 t❤❡ ✇✐t❤❞r❛✇❛❧ ✐♥ ❢❛❝t ❞♦❡s ♥♦t t❛❦❡ ♣❧❛❝❡ ❛♥❞ t❤❡ ❝♦♥tr❛❝t ♠❛② ♣r♦✈✐❞❡ ❛ ❜♦♥✉s✿(
A3+ti , B
3+
ti
, ti
)
=
(
A2+ti , B
2+
ti
(1 + bti) , ti
)
.
• ■❢ 0 < γi ≤ 1 t❤❡ P❍ ✇✐t❤❞r❛✇s ❛t ❛ ❧♦✇❡r r❛t❡ t❤❛♥ t❤❡ st❛♥❞❛r❞ r❛t❡✱ ❛♥❞ t❤❡ ♥❡✇ st❛t❡
✈❛r✐❛❜❧❡s ❛r❡ (
A3+ti , B
3+
ti
, ti
)
=
(
max
(
0, A2+ti −Wti
)
, B2+ti , ti
)
.
• ■❢ γi ∈ ]1, 2] t❤❡ P❍ ✇✐t❤❞r❛✇s ♠♦r❡ t❤❛♥ t❤❡ ♠❛①✐♠✉♠ ❛❞♠✐tt❡❞ ❛♥❞ s♦♠❡ ❝❤❛r❣❡s ♠❛②
❜❡ ❛♣♣❧✐❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝❛s❡ γi = 2 ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ s✉rr❡♥❞❡r✳ ❲❡ ❞❡✜♥❡
A′ = max
(
0, A2+ti −G∆t ·B2+ti
)
.
❚❤❡ ✇✐t❤❞r❛✇♥ ❛♠♦✉♥t ✐s
Wti = G∆t ·B2+ti + (γi − 1)A′ (1− κti) .
✇❤❡r❡ κti ∈ [0, 1] ✐s ❛ ♣❡♥❛❧t② ❢♦r ✇✐t❤❞r❛✇❛❧ ❛❜♦✈❡ t❤❡ ❝♦♥tr❛❝t ❛♠♦✉♥t✳ ❚❤❡ ♥❡✇ st❛t❡
✈❛r✐❛❜❧❡s ❛r❡(
A3+ti , B
3+
ti
, ti
)
=
(
max
(
0, A2+ti −G∆t ·B2+ti − (γi − 1)A′
)
, (2− γi)B2+ti , ti
)
=
(
(2− γi)A′, (2− γi)B2+ti , ti
)
.
●▼❲❇
❚❤❡s❡ ✐♥s✉r❛♥❝❡ ♣r♦❞✉❝ts ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs❀ ❛♠♦♥❣ t❤❡♠✱ ✇❡ ❝✐t❡ t❤❡
✇♦r❦ ♦❢ ❈❤❡♥ ❡t ❋♦rs②t❤ ❬✶✸❪ t❤❛t ♣❡r❢♦r♠❡❞ ♣r✐❝✐♥❣ ♦❢ ●▼❲❇ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ✐♥ ❇❧❛❝❦ ❛♥❞
❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦ ✈✐❛ P❉❊ ♠❡t❤♦❞s✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ ❜♦t❤ ✏st❛t✐❝✑ ❛♥❞ ✏❞②♥❛♠✐❝ ✇✐t❤❞r❛✇❛❧s✑✱
♣r✐❝✐♥❣ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝ts✳
❆♥♦t❤❡r r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✐s t❤❛t ♦❢ ❨❛♥❣ ❛♥❞ ❉❛✐ ❬✹✻❪ t❤❛t ✉s❡❞ ❛ tr❡❡ ❜❛s❡❞ ♠♦❞❡❧ t♦ ♣r✐❝❡
●▼❲❇ ✐♥ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ ❜♦t❤ ✏st❛t✐❝ ✇✐t❤❞r❛✇❛❧✑ ❛♥❞ ✏♦♣t✐♠❛❧
s✉rr❡♥❞❡r✑✳
❚❤❡ ♣r♦❞✉❝ts ♦❢ ❈❤❡♥✲❋♦rs②t❤ ✭●▼❲❇✲❈❋✮ ❛♥❞ ❨❛♥❣✲❉❛✐ ✭●▼❲❇✲❨❉✮ ❡①❤✐❜✐t ❞✐✛❡r❡♥❝❡s
❛♥❞ ✐♥ ♠② r❡s❡❛r❝❤ ■ ❤❛✈❡ ❛♥❛❧②③❡❞ ❜♦t❤ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ t✇♦ ♣r♦❞✉❝ts✳ ◆♦✇ ❧❡t✬s s❡❡ t❤❡ ♠❛✐♥
❢❡❛t✉r❡s ♦❢ t❤❡s❡ ❝♦♥tr❛❝ts✳
❈❖◆❚❊◆❚❙ ✐①
❆t t❤❡ ❜❡❣✐♥♥✐♥❣ t = 0 t❤❡ ❝✉st♦♠❡r ♣❛②s ❛♥ ✐♥✐t✐❛❧ ♣r❡♠✐✉♠ P t♦ t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳
❚❤❡ ♣r❡♠✐✉♠ P ✐s ✐♥✈❡st❡❞ ✐♥ ❛ ■♥✈❡st♠❡♥t ❋✉♥❞ ✇❤♦s❡ ✈❛❧✉❡ ✐s St✳ ❋♦r ❜♦t❤ t❤❡ ❝♦♥tr❛❝t
t②♣❡s✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ ❞✐s❝r❡t❡ t✐♠❡s {ti, i = 1, . . . N}✱ ❝❛❧❧❡❞ ❛s ✐♥ t❤❡
●▲❲❇ ❝❛s❡ ❡✈❡♥t t✐♠❡s❀ ❛t t❤❡s❡ ♠♦♠❡♥ts✱ t❤❡ ❝✉st♦♠❡r ❝❛♥ ♠❛❦❡ ✇✐t❤❞r❛✇❛❧s✳ ▲❡t✬s s✉♣♣♦s❡
∆ti = ti+1 − ti ❝♦♥st❛♥t ❡ ❧❡t✬s ❞❡♥♦t❡ ✐t ❜② ∆t✳
❇♦t❤ ❝♦♥tr❛❝ts ❝♦✉❧❞ ✐♥❝❧✉❞❡ ❛ ❞❡❛t❤ ❜❡♥❡✜t✱ ❛s ❢♦r ●▲❲❇✱ ❜✉t ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❤❛✈❡
♥❡❣❧❡❝t❡❞ t❤✐s ❛s♣❡❝t ❛s t❤❡② ❞✐❞ ✐♥ ❬✷✶❪✳ ❇♦t❤ t❤❡ t✇♦ ❝♦♥tr❛❝t ❞❡✜♥❡ ❛♥ ❛❝❝♦✉♥t ✈❛❧✉❡ At t❤❛t
❡✈♦❧✈❡s ❛s ✐♥ ❡q✉❛t✐♦♥ ✭✵✳✵✳✶✮✳ ❲❡ ❞❡♥♦t❡ ❜② t❤❡ ❡①♣♦♥❡♥t ♠✐♥✉s (−) t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs
♦❢ st❛t❡ ❜❡❢♦r❡ t❤❡ ✇✐t❤❞r❛✇❛❧✱ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t ♣❧✉s (+) t❤❡ ✈❛❧✉❡ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛❢t❡r
t❤❛t✳
◆♦✇ ❧❡t✬s s❡❡ ✐♥ ❞❡t❛✐❧ t❤❡ t✇♦ ❝♦♥tr❛❝ts✳
●▼❲❇✲❈❋ ❚❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣♦❧✐❝② ❛r❡✿
• ❆❝❝♦✉♥t ✈❛❧✉❡✿ At, A0 = P ✳
• ❇❛s❡ ❜❡♥❡✜t✿ Bt, B0 = P ✳
❇♦t❤ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ❜② t❛❦✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣r❡♠✐✉♠✳ ❲❡ ❞❡✜♥❡
T1 = 0 t❤❡ t✐♠❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❜❡❣✐♥♥✐♥❣✱ ❛♥❞ T2 = tN t❤❡ t✐♠❡ ♦❢ t❤❡ ❧❛st ♣♦ss✐❜❧❡ ✇✐t❤❞r❛✇❛❧✳
❯s✉❛❧❧② t❤❡ ✜rst ✇✐t❤❞r❛✇❛❧ t❛❦❡s ♣❧❛❝❡ ✐♥ t1 = 1 y ♦r t1 = 0.5 y✳
❆t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti✱ t❤❡ P❍ ✇✐t❤❞r❛✇s ❛ s✉♠ Wi ∈
[
0, B−ti
]
✳ ■♥ r❡❛❧✐t②✱ t❤❡ P❍ ❞♦❡s♥✬t
❛❧✇❛②s r❡❝❡✐✈❡s t❤❡ ✇❤♦❧❡ ❛♠♦✉♥t ✇✐t❤❞r❛✇♥✿ ✐❢ Wi ❡①❝❡❡❞s t❤❡ ❣✉❛r❛♥t❡❡❞ ❛♠♦✉♥t ❛ ♣❡♥❛❧t②
✐s ❛♣♣❧✐❡❞✳ ❚❤❡ s✉♠ ❛❝t✉❛❧❧② r❡❝❡✐✈❡❞ ❜② t❤❡ ❝✉st♦♠❡r ✐s✿
f (Wi) =
{
Wi ✐❢ Wi ≤ G
Wi − κ (Wi −G) ✐❢ Wi > G,
✇❤✐❧❡ t❤❡ ♥❡✇ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡(
A+ti , B
+
ti
, ti
)
=
(
max
(
A−ti −Wi
)
, B−ti −Wi, ti
)
.
❆t t✐♠❡ T = t2 t❤❡ ❧❛st ✇✐t❤❞r❛✇❛❧s t❛❦❡s ♣❧❛❝❡ ❛♥❞ t❤❡ P❍ ❣❛✐♥s ❛ ✜♥❛❧ ♣❛②♦✛ ❡q✉❛❧ t♦
FP = max (AT2 , (1− κ)BT2) .
●▼❲❇✲❨❉ ❚❤❡ ♣♦❧✐❝② st❛t❡ ♣❛r❛♠❡t❡rs ❛r❡✿
• ❆❝❝♦✉♥t ✈❛❧✉❡✿ At✱ A0 = P ✳
• ●✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠ ✇✐t❤❞r❛✇❛❧✿ G✳
❚❤❡ st❛t❡ ✈❛r✐❛❜❧❡ At ✐s ✐♥✐t✐❛❧❧② ❡q✉❛❧ t♦ t❤❡ ♣r❡♠✐✉♠✱ ✇❤✐❧❡ G ✐s♥✬t ❞❡✜♥❡❞ ✉♣ t♦ t✐♠❡ T1✳ ❚❤❡
♣❛②♠❡♥ts t❛❦❡ ♣❧❛❝❡ ❛t t✐♠❡ T1+∆t ✉♣ t♦ T2✳ ❚♦ tr❡❛t t❤✐s t②♣❡ ♦❢ ♣r♦❞✉❝ts ✐s ♥♦t ♥❡❝❡ss❛r② t♦
❞❡✜♥❡ t❤❡ ❇❛s❡ ❇❡♥❡✜t✱ ❜❡❝❛✉s❡ ✐ts ✈❛❧✉❡ ✐s ❝♦♥st❛♥t ❡q✉❛❧ t♦ t❤❡ ♣r❡♠✐✉♠ P ✉♥t✐❧ t❤❡ ❝♦♥tr❛❝t
① ❈❖◆❚❊◆❚❙
❡♥❞s✳ ❯s✉❛❧❧②✱ t❤❡ ❝♦♥tr❛❝t s❡ts ❛ ♠✐♥✐♠✉♠ r❛t❡ ♦❢ r❡t✉r♥ i ❢♦r t❤❡ ❞❡❢❡rr❡❞ ♣❡r✐♦❞ [0, T1]✳ ❆t
t✐♠❡ T1 ✭✐❢ T1 > 0✮ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s r❡s❡t ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ G ✐s s❡t✿
A+T1 = max
[
P (1 + i)T1 , A−T1
]
, G =
A+T1
m (T2 − T1) .
❋♦r t❤✐s t②♣❡ ♦❢ ♣r♦❞✉❝t✱ t❤❡ P❍ ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t ❞❛t❡s t❤❡ ❛♠♦✉♥t ❣✉❛r❛♥t❡❡❞ G ❢♦r
t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ st❛t❡ ♣❛r❛♠❡t❡rs ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿(
A+ti , G
+, ti
)
=
(
max
(
0, A+ti −G−
)
, G−, ti
)
.
■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❛♣♣r♦❛❝❤✱ t❤❡ P❍ ♠❛② t❡r♠✐♥❛t❡ t❤❡ ❝♦♥tr❛❝t ❡❛r❧②✱ ❧❡t✬s s❛② ✐♥
t¯✱ ❝♦❧❧❡❝t✐♥❣ ❛ ✜♥❛❧ ♣❛②♦✛ ❡q✉❛❧ t♦
FP = G+ (1− κ)max (0, A−
t¯
−G) .
❚❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ❢♦r t❤❡ ❢✉♥❞ S
❲❡ r❡❝❛♣ t❤❡ t✇♦ ♠♦❞❡❧s ❢♦r t❤❡ ✐♥✈❡st♠❡♥t ❢✉♥❞ S t❤❛t ✇❡ tr❡❛t❡❞✳
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❬✷✻❪ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠♦❞❡❧s ❢♦r st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✳ ■ts ❞②♥❛♠✐❝s
✐s {
dSt = rStdt+
√
vtStdZ
S
t S0 = S¯0,
dvt = k (θ − vt) dt+ ω√vtdZvt v0 = v¯0,
✇❤❡r❡ ZS ❛♥❞ Zv ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ d
〈
ZSt , Z
v
t
〉
= ρdt✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ρ¯ =
√
1− ρ2✳
❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧ ❲❤✐t❡ ♠♦❞❡❧
❚❤❡ ❍✉❧❧ ❛♥❞ ❲❤✐t❡ ♠♦❞❡❧ ❬✷✽❪ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠♦❞❡❧s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡
st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♣r♦❝❡ss✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝♦✉♣❧❡ ✉♥❞❡r❧②✐♥❣✲✐♥t❡r❡st r❛t❡ ✐s

dSt = rtStdt+ σStdZ
S
t S0 = S¯0,
dXt = −kXtdt+ dZrt X0 = 0,
rt = ωXt + β (t) ,
✇❤❡r❡ ZS ❛♥❞ Zr ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s ❛♥❞ d
〈
ZSt , Z
r
t
〉
= ρdt✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ρ¯ =
√
1− ρ2✳
Pr✐❝✐♥❣ ♠❡t❤♦❞s
❚❤❡ ♣r✐❝✐♥❣ ♠❡t❤♦❞s t❤❛t ✇❡ ✉s❡❞ ❛r❡ ❢♦✉r✿ t✇♦ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ❛♥❞ t✇♦ P❉❊ ♠❡t❤♦❞s✳
❚✇♦ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✧❍②❜r✐❞✧ ❛s t❤❡② ❝♦♠❜✐♥❡ tr❡❡s ❛♥❞ ▼❈ s✐♠✉❧❛t✐♦♥s ♦r tr❡❡s ❛♥❞
P❉❊✳ ❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ ❛ s✉♠♠❛r② ♦❢ t❤❡s❡ ❢♦✉r ♠❡t❤♦❞s ✐t ✐s ✇♦rt❤ s♣❡♥❞✐♥❣ ❛ ❢❡✇ ✇♦r❞s ♦♥
t❤❡ tr❡❡s ✉s❡❞✳
❈❖◆❚❊◆❚❙ ①✐
◗✉❛❞r✐♥♦♠✐❛❧ tr❡❡s
●✐✈❡♥ t❤❡ ❧♦♥❣ ♠❛t✉r✐t② ♦❢ t❤❡ ♣r♦❞✉❝ts st✉❞✐❡❞✱ t❤❡ ❝❧❛ss✐❝ tr❡❡s ♣r❡s❡♥t❡❞ ✐♥ ❬✸✺❪ ♦r ❬✹❪ ❛r❡ ♥♦t
s✉✐t❛❜❧❡ t♦ ❞✐s❝r❡t✐③❡ t❤❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡
✐♥tr♦❞✉❝❡❞ ♥❡✇ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡s ✇✐t❤ t❤❡ ❛✐♠ t♦ ❝♦♠❜✐♥❡ ❡①❛❝t❧② t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢
t❤❡ ❛ss♦❝✐❛t❡❞ ♣r♦❝❡ss❡s✳ ■♥ t❤❡ t❤❡s✐s ✐t ✐s ❡①♣♦s❡❞ ✐♥ ❞❡t❛✐❧ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ tr❡❡s✳
❚❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❇r✐❛♥✐ ❛♥❞ ❛❧✱ ❬✶✶❪✳
❚❤❡ ♠❡t❤♦❞ ✐♥✈♦❧✈❡s t❤❡ ✉s❡ ♦❢ ❛ tr❡❡ t♦ ❞❡✜♥❡ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ❢♦r t❤❡ ✈♦❧❛t✐❧✐t② ✭r❡s♣❡❝t✐✈❡❧②
t❤❡ ✐♥t❡r❡st r❛t❡✮✿ ✉s✐♥❣ ❛ ❞✐s❝r❡t❡ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s
♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✱ ❛ ❞✐s❝r❡t❡ ♣r♦❝❡ss v¯ (r❡s♣✳ r¯ ❛♥❞ X¯) ✐s ❞❡✜♥❡❞ ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡ ✈♦❧❛t✐❧✐t② ✭r❡s♣✳ t❤❡ ✐♥t❡r❡st r❛t❡✮✳
❋♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❧❡t N ∼ N (0, 1) ❛♥❞ B ∼ B (0.5)✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r♦❝❡ss S¯t+∆t
t❤❛t s✐♠✉❧❛t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ✐s ❣✐✈❡♥ ❜②
S¯t+∆t =

S¯t exp
[(
r − ρ
σ
kθ
)
∆t+
(
ρ
σ
k − 12
)(v¯t+∆t+v¯t
2
)
∆t+ ρ
σ
(v¯t+∆t − v¯t)+
√
(1− ρ2)∆tv¯tN
]
✐❢ B = 0,
S¯t exp
[(
r − ρ
σ
kθ
)
∆t+
(
ρ
σ
k − 12
)(v¯t+∆t+v¯t
2
)
∆t+ ρ
σ
(v¯t+∆t − v¯t)+
√
(1− ρ2)∆tv¯t+∆tN
]
✐❢ B = 1.
❋♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡
S¯t+∆t = S¯t exp
[(
r¯t+∆t + r¯t
2
− σ
2
2
)
∆t+ σ
((
X¯t+∆t + X¯t (k∆t− 1)
)
ρ+
√
∆tρ¯N
)]
.
❚❤❡ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤❡ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ❜❡st ♠❡t❤♦❞s t♦ ❣❡♥❡r❛t❡ s❝❡♥❛r✐♦s ✐♥
t❤❡ t✇♦ ♠♦❞❡❧s t❤❛t ✇❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ t❤❡ r❡❢❡r❡♥❝❡ ♠❡t❤♦❞ ✐s
❛ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❜② ❆❧❢♦♥s✐ ❬✷❪✳ ❋♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡ ♠❛❞❡
r❡❢❡r❡♥❝❡ t♦ ❛♥ ❡①❛❝t ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ ❖str♦✈s❦✐ ❬✸✾❪✳
❚❤❡ ❍②❜r✐❞ P❉❊ ♠❡t❤♦❞
❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❇r✐❛♥✐ ❬✶✵❪ ❛♥❞ ❬✶✶❪✳ ❚❤❡ ♠❡t❤♦❞ ✉s❡s ❛ tr❡❡ t♦ ❞❡✜♥❡ ❛
▼❛r❦♦✈ ❝❤❛✐♥ ❢♦r t❤❡ ✈♦❧❛t✐❧✐t② ✭t❤❡ ✐♥t❡r❡st r❛t❡✮✳ ❚❤❡♥✱ ❛ ♦♥❡ ✈❛r✐❛❜❧❡ P❉❊ ✭✐♥ ❛❞❞✐t✐♦♥ t♦
t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✮ ✐s s♦❧✈❡❞ ❛t t❤❡ tr❡❡ ♥♦❞❡s✳
❚♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r t❤❡ ✐♥t❡r❡st r❛t❡✮ ❛♥❞ t❤❡
✉♥❞❡r❧②✐♥❣✱ ❛♥ ✐♥✐t✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐s r❡q✉✐r❡❞✳ ❋♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✇❡ s❡t
Y Et = ln (St)−
ρ
ω
vt, Y
E
0 = ln (S0)−
ρ
ω
v0.
❚❤❡♥
dY Et =
(
r − vt
2
− ρ
ω
k (θ − vt)
)
dt+ ρ¯
√
vtdZ¯
S
t .
①✐✐ ❈❖◆❚❊◆❚❙
❚❤❡ Y E ♣r♦❝❡ss ❝❛♥ ❜❡ ✉s❡❞ ❡❛s✐❧② ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss v✳ ❋r❡❡③✐♥❣
t❤❡ ✈❛❧✉❡ ♦❢ v ❛t ❡❛❝❤ ♥♦❞❡✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❛ P❉❊ t❤❛t ✐s ❣♦✐♥❣ t♦ ❜❡ s♦❧✈❡❞ ❜② t❤❡
tr❡❡✳
❙✐♠✐❧❛r❧②✱ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ✇❡ ❞❡✜♥❡❞
Y Ut = ln (St)− ρσXt, Y U0 = ln (S0) ,
t❤❛t ✈❡r✐✜❡s
dY Ut =
(
rt − σ
2
2
+ σρkXt
)
dt+ σρ¯dZ¯St .
❚❤❡ Y U ♣r♦❝❡ss ❝❛♥ ❜❡ ✉s❡❞ ❡❛s✐❧② ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss X✳ ❋r❡❡③✐♥❣
t❤❡ ✈❛❧✉❡ ♦❢ X ❛♥❞ r ❛t ❡❛❝❤ ♥♦❞❡✱ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❛ P❉❊ t❤❛t ✐s ❣♦✐♥❣ t♦ ❜❡ s♦❧✈❡❞
❜② t❤❡ tr❡❡✳
❲✐t❤✐♥ t❤❡ ●▲❲❇ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s✱ ❛ ❝♦✉♣❧❡ ♦❢ t❤❡ P❉❊s ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s ✐s ❣✐✈❡♥ ❜②
VHet +
ρ¯2v¯
2
VHeEE +
(
r − v¯
2
− ρ
ω
k (θ − v¯)− αtot
)
VHeE − rVHe + αmR (t) exp
(
Et +
ρ
ω
v¯
)
= 0 , ✭❍❡ ✷✮
VHWt +
ρ¯2σ2
2
VHWUU +
(
r¯ − σ
2
2
+ σρkX¯ − αtot
)
VHWU − r¯VHW +αmR (t) exp
(
Ut + ρσX¯
)
= 0 . ✭❍❲ ✷✮
❍②❜r✐❞ P❉❊ ♠❡t❤♦❞ ❤❛s ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ♣♦✇❡r❢✉❧✳ ■t ❢❡❛t✉r❡s ❣r❡❛t❡r s✐♠♣❧✐❝✐t② ♦❢ ❝♦❞✐♥❣✱
st❛❜✐❧✐t② ♦❢ r❡s✉❧ts ❛♥❞ ❣♦♦❞ s♣❡❡❞ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳
❚❤❡ P❉❊ ❆❉■ ♠❡t❤♦❞
❚❤❡ ❆❉■ ♠❡t❤♦❞ ✐s ❛ ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✶✾✺✵s ❜② P❡❛❝❡♠❛♥ ❛♥❞ ❘❛❝❤❢♦r❞ ✭s❡❡ ❬✹✵❪✮ t♦
s♦❧✈❡ ♣❛r❛❜♦❧✐❝ P❉❊s✳ ❙✐♥❝❡ t❤❡♥✱ t❤❡ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ♠❛♥② s❡❝t♦rs✳
■t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t✱ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ♦♣t✐♦♥ V ✈❡r✐✜❡s t❤❡ P❉❊
∂V
∂t
+
vS2
2
∂2V
∂S2
+
ω2v
2
∂2V
∂v2
+ rS
∂V
∂S
+ ρωSv
∂2V
∂S∂v
+ k (θ − v) ∂V
∂v
− rV = 0,
✇❤✐❧❡ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧
∂V
∂t
+
σ2S2
2
∂2V
∂S2
+
ω2
2
∂2V
∂r2
+ rS
∂V
∂S
+ ρωSσ
∂2V
∂S∂r
+ k (θ − r) ∂V
∂r
− rV = 0.
❙✉❝❤ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s❝❤❡♠❡s t❤❛t
❞✐s❝r❡t✐③❡ t❤❡ ♣❛✐r (S, v) ✭r❡s♣❡❝t✐✈❡❧② (S, r)✮ ✐♠♣❧✐❝✐t❧② ✇✳r✳t ❛ ✈❛r✐❛❜❧❡ ❛♥❞ ❡①♣❧✐❝✐t❧② t♦ t❤❡
♦t❤❡r✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ✉s❡❞ t❤❡ ❉♦✉❣❧❛s s❝❤❡♠❡ ✇✐t❤ θ = 1/2✳
❈❖◆❚❊◆❚❙ ①✐✐✐
❘❡s✉❧ts
❆❧❧ t❤❡ ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢❛✐r ✈❛❧✉❡ ♦❢
t❤❡ ♣❛r❛♠❡t❡r αtot✳ ❚❤❡ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ t❡sts ❢♦❝✉s❡❞ ♦♥ ❞✐✛❡r❡♥t ✈❛r✐❛t✐♦♥s ♦❢ ❜♦t❤ ♣r♦❞✉❝ts
❛♥❞ t❤❡② ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✜①✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ❛❧❧ ♠❡t❤♦❞s✿ ✇♦r❦✐♥❣ ✇✐t❤ ❛ ✜①❡❞
t✐♠❡✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳
❋♦r ❜♦t❤ ♣♦❧✐❝✐❡s ●▲❲❇ ❛♥❞ ●▼❲❇✱ ✐♥ t❤❡ st❛t✐❝ ❝❛s❡✱ t❤❡ r❡s✉❧ts ✇❡r❡ ✈❡r② ❣♦♦❞ ✇✐t❤ ❛❧❧
♠❡t❤♦❞s✿ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❛r❡ ❝♦♥s✐st❡♥t ❛♥❞ t❤❡② ❞✐✛❡r ❢r♦♠ ❡❛❝❤ ♦t❤❡r ✐♥ s♠❛❧❧ r❡❧❛t✐✈❡
❞✐✛❡r❡♥❝❡s✳ ❚❤✐♥❣s ❤❛✈❡ ❜❡❡♥ r❛t❤❡r ❞✐✛❡r❡♥t ✐♥ t❤❡ ❞②♥❛♠✐❝ ❝❛s❡✳ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s
❤❛✈❡ s✉✛❡r❡❞ ❢r♦♠ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥✿ t❤❡ ❞✐✣❝✉❧t② ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣
❛❝❝✉r❛t❡❧② t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✐♥ ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s ❤❛s ♠❡❛♥t t❤❛t t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜②
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✇❡r❡ ❧♦✇❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ P❉❊ ♠❡t❤♦❞s ✭t❤❡ ✇✐t❤❞r❛✇❛❧
str❛t❡❣② ❞❡❞✉❝t❡❞ ❜② t❤❡ ▼❈ ♠❡t❤♦❞s ✐s ♥♦t ❢✉❧❧② ♦♣t✐♠❛❧✮✳ ❚❤❡s❡ ❧❛tt❡r✱ ❤♦✇❡✈❡r✱ ♣r♦✈❡❞
t♦ ❜❡ ♠♦r❡ st❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t t♦ ❛❞❞r❡ss ♣r♦❜❧❡♠s ♦❢ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❍②❜r✐❞ P❉❊ ♠❡t❤♦❞ ♣r♦✈✐❞❡❞✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❜❡st r❡s✉❧ts✳
❆❧❧ r❡s✉❧ts ♦❢ t❤❡ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ t❤❡s✐s✱ ❛♥❞ t❤❡② ❛r❡ ♦❢t❡♥
❛❝❝♦♠♣❛♥✐❡❞ ❜② ❣r❛♣❤✐❝s t❤❛t ❢❛❝✐❧✐t❛t❡ t❤❡✐r r❡❛❞✐♥❣✳
❚❤❡ t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳
❈❤❛♣t❡r ✶ ♣r❡s❡♥ts t❤❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✿ ▼♦♥t❡ ❈❛r❧♦✱ ❚r❡❡s✱ P❉❊✱ ❛♥❞ ✜♥❛❧❧②
❍②❜r✐❞ ♠❡t❤♦❞s✳ ■ ✇✐❞❡❧② ✉s❡❞ t❤❡s❡ ♠❡t❤♦❞s t♦ ❛❝❤✐❡✈❡ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ♣r✐❝✐♥❣ ❛♥❞ ●r❡❡❦s
❝❛❧❝✉❧❛t✐♦♥✳ ❚❤❡♥✱ ❈❤❛♣t❡r ✷ ♣r❡s❡♥ts t❤❡ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ♣r♦❞✉❝ts✿ t❤❡ ❞✐✛❡r❡♥t t②♣❡s✱
t❤❡ ♣r♦❞✉❝ts str✉❝t✉r❡ ❛♥❞ ♠❡❝❤❛♥✐s♠✱ t❤❡ ❣✉❛r❛♥t❡❡s ❛♥❞ t❤❡ ❢❡❡s✳ ❈❤❛♣t❡r ✸ ❛♥❞ ✹ ❛r❡ t❤❡
♠♦st r❡❧❡✈❛♥t s✐♥❝❡ t❤❡② ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ♠❛✐♥ r❡s❡❛r❝❤ t♦♣✐❝✿ ♣r✐❝✐♥❣ ❛♥❞ ❤❡❞❣✐♥❣ ♦❢ ●▲❲❇
❛♥❞ ●▼❲❇ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✳ ❚❤❡s❡ t✇♦ ❧❛st
❝❤❛♣t❡rs ❝♦♥t❛✐♥ ❝♦♥❝❧✉s✐♦♥s ✇❤❡r❡ t❤❡ ♠❛✐♥ r❡s❡❛r❝❤ t❛r❣❡ts ❛❝❤✐❡✈❡❞ ❛r❡ ♣♦✐♥t❡❞ ♦✉t✳
❚♦ ❝♦♥❝❧✉❞❡ ■ ✇♦✉❧❞ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r✱ Pr♦❢✳ ❆♥t♦♥✐♥♦ ❩❛♥❡tt❡✱ ✇❤♦ ❡♥❝♦✉r❛❣❡❞ ❛♥❞
❣✉✐❞❡❞ ♠❡ ✐♥ r❡s❡❛r❝❤ ✇♦r❦✳ ❍✐s s✉❣❣❡st✐♦♥s ❛♥❞ ❤✐♥ts ✇❡r❡ ✈❡r② ✈❛❧✉❛❜❧❡ t♦ ♠❡✳ ■ ✇♦✉❧❞
❛❧s♦ t❤❛♥❦ P❤❉✳ ▲✉❞♦✈✐❝ ●♦✉❞❡♥è❣❡ ❢♦r ❤✐s r❡♠❛r❦❛❜❧❡ t✐♣s ❛❜♦✉t ▲❙ ▼❈ ♠❡t❤♦❞s ❛♥❞ ❆❉■
❞❡✈❡❧♦♣♠❡♥t✳
①✐✈ ❈❖◆❚❊◆❚❙
❈❤❛♣t❡r ✶
◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞
■♥s✉r❛♥❝❡
■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t♦ ♣❡r❢♦r♠
❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ♣r✐❝✐♥❣✳ ❚❤❡s❡ ♠❡t❤♦❞s ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t t②♣❡✿ ▼♦♥t❡ ❈❛r❧♦✱ ❚r❡❡s✱ P❉❊
❛♥❞ ✜♥❛❧❧② ❍②❜r✐❞ ♠❡t❤♦❞s✳
❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❈❤❛♣t❡r ✐s ♥♦t ❣✐✈✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❛♥❞ r✐❣♦r♦✉s ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞s✱
❜✉t ❜r✐❡✢② ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣ts t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡✈❡❧♦♣ t❤❡ r❡s❡❛r❝❤ ♠❛tt❡r✳ ❚❤❡ r❡❛❞❡r
✐♥t❡r❡st❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✇✐❧❧ ✜♥❞ ✐♥ t❤❡ ❜✐❜❧✐♦❣r❛♣❤✐❝ r❡❢❡r❡♥❝❡s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡
♣r♦♦❢s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥s ❤❡r❡ st❛t❡❞✳
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s
❚❤✐s ♣❛rt ✐s ✐♥s♣✐r❡❞ ❜② ❬✶✺❪✱ ❬✷✾❪ ❛♥❞ ❬✸✶❪✳
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ❛r❡ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s t♦ ❝♦♠♣✉t❡ ❊✉r♦♣❡❛♥
♦♣t✐♦♥s ♣r✐❝❡s✱ t♦ ❡✈❛❧✉❛t❡ s❡♥s✐t✐✈✐t✐❡s ♦❢ ♣♦rt❢♦❧✐♦s t♦ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛♥❞ t♦ ❝♦♠♣✉t❡ r✐s❦
♠❡❛s✉r❡♠❡♥ts✳ ▲❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ♦♥ ❛♥ ❡❧❡♠❡♥t❛r②
❡①❛♠♣❧❡✳ ▲❡t
I =
ˆ
[0,1]d
f (x) dx
✇❤❡r❡ f (·) ✐s ❛ ❜♦✉♥❞❡❞ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳
❲❡ ❝❛♥ r❡♣r❡s❡♥t I ❛s E [f (U)]✱ ✇❤❡r❡ U ✐s ❛♥ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥
[0, 1]d✳ ❇② t❤❡ ❙tr♦♥❣ ▲❛✇ ♦❢ ▲❛r❣❡ ♥✉♠❜❡rs✱ ✐❢ (Ui, i ≥ 1) ✐s ❛ ❢❛♠✐❧② ♦❢ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡s
✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ [0, 1]d✱ t❤❡♥ t❤❡ ❛✈❡r❛❣❡
SN =
1
N
N∑
i=1
f (Ui) ✭✶✳✶✳✶✮
❝♦♥✈❡r❣❡s t♦ E [f (U)] ❛❧♠♦st s✉r❡❧② ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤✐s s✉❣❣❡sts ❛ ✈❡r② s✐♠♣❧❡
❛❧❣♦r✐t❤♠ t♦ ❛♣♣r♦①✐♠❛t❡ I✿ ❝❛❧❧ ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r N t✐♠❡s ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡
✶
✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✭✶✳✶✳✶✮✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s ❢♦r ❛♥② ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ [0, 1]d✿ f ✐s ♥♦t
♥❡❝❡ss❛r✐❧② ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✳
■♥ ♦r❞❡r t♦ ❡✣❝✐❡♥t❧② ✉s❡ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✐ts
r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡♥ ✐t ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❞❡t❡r♠✐♥✐st✐❝ ❛❧❣♦r✐t❤♠s✳
❚❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ♣r♦✈✐❞❡s t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢
√
N (SN − I) ✇❤❡r❡ N
t❡♥❞s t♦ +∞✳ ❱❛r✐♦✉s r❡✜♥❡♠❡♥ts ♦❢ t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✱ s✉❝❤ ❛s ❇❡rr②✲❊ss❡♥ ❛♥❞
❇✐❦❡❧✐s ❚❤❡♦r❡♠s✱ ♣r♦✈✐❞❡ ♥♦♥ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s✳ ❚❤❡ ♣r❡❝❡❞✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥ s❤♦✇s t❤❛t
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✐s r❛t❤❡r s❧♦✇
(
1/
√
N
)
✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❡rr♦r ✐s r❛♥❞♦♠ ❛♥❞ ♠❛② t❛❦❡ ❧❛r❣❡ ✈❛❧✉❡s ❡✈❡♥ ✐❢ N ✐s ❧❛r❣❡ ✭❤♦✇❡✈❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ s✉❝❤ ❛♥ ❡✈❡♥t t❡♥❞s t♦ 0 ✇❤❡♥ N t❡♥❞s t♦ ✐♥✜♥✐t②✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s
❛r❡ ✉s❡❢✉❧ ✐♥ ♣r❛❝t✐❝❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❞♦♠❛✐♥ ✐s ❤✐❣❤✳ ❋♦r
✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡❣r❛❧ ✐♥ ❛ ❤②♣❡r❝✉❜❡ [0, 1]d✱ ✇✐t❤ ❞ ❧❛r❣❡ ✭d = 40✱ ❡✳❣✳✮✳ ■t ✐s ❝❧❡❛r t❤❛t
t❤❡ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞s r❡q✉✐r❡ t♦♦ ♠❛♥② ♣♦✐♥ts✳ ❆ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❞♦❡s ♥♦t ❤❛✈❡ s✉❝❤
❞✐s❛❞✈❛♥t❛❣❡s✿ ✐t r❡q✉✐r❡s t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❡❝t♦rs (X1, . . . , Xd)✱ ✇❤♦s❡
❝♦♦r❞✐♥❛t❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
■♥ ❛❞❞✐t✐♦♥✱ ❛♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✐s t❤❡✐r ♣❛r❛❧❧❡❧ ♥❛t✉r❡✿ ❡❛❝❤
♣r♦❝❡ss♦r ♦❢ ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❡r ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t❤❡ t❛s❦ ♦❢ ♠❛❦✐♥❣ ❛ r❛♥❞♦♠ tr✐❛❧✳
❚♦ s✉♠♠❛r✐③❡ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥✿ ♣r♦❜❛❜✐❧✐st✐❝ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s❡❞ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡t❤♦❞s ❛r❡ ✐♥❡✣❝✐❡♥t✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ ✐s
✈❡r② ❧❛r❣❡✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐s r❛♥❞♦♠ ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s s❧♦✇✱
❜✉t ✐♥ t❤❡s❡ ❝❛s❡s ✐t ✐s st✐❧❧ t❤❡ ❜❡st ♠❡t❤♦❞ ❦♥♦✇♥✳
✶✳✶✳✶ ❖♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ✇❤✐❝❤ ❥✉st✐❢② t❤❡ ✉s❡ ♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ❛♥❞ ❤❡❧♣ t♦
❝❤♦♦s❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s N ♦❢ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✐♥ t❡r♠s ♦❢ t❤❡
❞❡s✐r❡❞ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦♥ t❤❡ ❛❝❝✉r❛❝②✳
❚❤❡♦r❡♠ ✶✳✶ ✭❙tr♦♥❣ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡rs✮✳ ▲❡t (Xi, i ≥ 1) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t
✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t E [|X1|] < +∞✳ ❚❤❡♥✱
lim
n→+∞
1
n
(X1 + · · ·+Xn) = E [X1] a.s.
❘❡♠❛r❦ ✶✳✷✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1 ♥❡❡❞s t♦ ❜❡ ✐♥t❡❣r❛❜❧❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❙tr♦♥❣ ▲❛✇ ♦❢
▲❛r❣❡ ♥✉♠❜❡rs ❞♦❡s ♥♦t ❛♣♣❧② ✇❤❡♥ X1 ✐s ❈❛✉❝❤② ❞✐str✐❜✉t❡❞✱ t❤❛t ✐s ✇❤❡♥ ✐ts ❞❡♥s✐t② ✐s
1
π(1+x2)
✳
✶✳✶✳✶✳✶ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡
❲❡ ♥♦✇ s❡❡❦ ❡st✐♠❛t❡s ♦♥ t❤❡ ❡rr♦r
ǫn = E [X]− 1
n
(X1 + · · ·+Xn) .
❚❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ♣r❡❝✐s❡s t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢
√
NǫN ✳
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✸
❚❤❡♦r❡♠ ✶✳✸ ✭❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✮✳ ▲❡t (Xi, i ≥ 1) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧②
❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t E
[
X21
]
< +∞✳ ▲❡t σ2❞❡♥♦t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ X1✱ t❤❛t ✐s
σ2 = E
[
(X1 − E [X1])2
]
= E
[
X21
]− E [X1]2 .
❚❤❡♥✿ (√
n
σ
ǫn
)
❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ G✱ ✇❤❡r❡ G ✐s ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ✈❛r✐❛♥❝❡
1✳
❘❡♠❛r❦ ✶✳✹✳ ❋r♦♠ t❤✐s t❤❡♦r❡♠ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ c1 < c2
lim
n→+∞P
(
σ√
n
c1 ≤ ǫn ≤ σ√
n
c2
)
=
ˆ c2
c1
e−
x2
2
dx√
2π
.
■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t❡ r✉❧❡✿ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❧❛✇ ♦❢ ǫn
✐s ❛ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ✈❛r✐❛♥❝❡ σ2/n✳
◆♦t❡ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❜♦✉♥❞ t❤❡ ❡rr♦r✱ s✐♥❝❡ t❤❡ s✉♣♣♦rt ♦❢ ❛♥② ✭♥♦♥ ❞❡❣❡♥❡r❛t❡✮
●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s R✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ♣r❡❝❡❞✐♥❣ r✉❧❡ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ❝♦♥✜❞❡♥❝❡
✐♥t❡r✈❛❧✿ ❢♦r ✐♥st❛♥❝❡✱ ♦❜s❡r✈❡ t❤❛t
P (|G| ≤ 1.96) ≈ 0.95.
❚❤❡r❡❢♦r❡✱ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡❞ t♦ 0.95✱ ❢♦r ♥ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❣❡t✿
|ǫn| ≤ 1.96 σ√
n
✶✳✶✳✶✳✷ ❍♦✇ t♦ ❡st✐♠❛t❡ t❤❡ ✈❛r✐❛♥❝❡
❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧t s❤♦✇s t❤❛t ✐t ✐s ❝r✉❝✐❛❧ t♦ ❡st✐♠❛t❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ ♦❢ t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡✳ ■ts ❡❛s② t♦ ❞♦ t❤✐s ❜② ✉s✐♥❣ t❤❡ s❛♠❡ s❛♠♣❧❡s ❛s ❢♦r t❤❡ ❡①♣❡❝t❛t✐♦♥✳ ▲❡t X ❜❡ ❛
r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ❛♥❞ (X1, . . . , Xn) ❛ s❛♠♣❧❡ ❞r❛✇♥ ❛❧♦♥❣ t❤❡ ❧❛✇ ♦❢ X✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② X¯N
t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❡st✐♠❛t♦r ♦❢ E [X] ❣✐✈❡♥ ❜②
X¯N =
1
N
N∑
i=1
Xi.
❆ st❛♥❞❛r❞ ❡st✐♠❛t♦r ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ✐s ❣✐✈❡♥ ❜②
σ¯2N =
1
N − 1
N∑
i=1
(
Xi − X¯N
)2
❛♥❞ t❤✐s ❡①♣r❡ss✐♦♥ ✐s ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ s❛♠♣❧❡✳ ◆♦t❡ t❤❛t σ¯2N ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ❛s
σ¯2N =
N
N − 1
(
1
N
N∑
i=1
(
X2i
)− X¯N 2
)
.
✹ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❖♥ t❤✐s ❧❛st ❢♦r♠✉❧❛✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t X¯N ❛♥❞ σ¯N ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ♦♥❧②
∑N
i=1Xi ❛♥❞∑N
i=1X
2
i ✳
▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐❢ E
[
X2
]
< +∞ t❤❡♥ limN→+∞ σ¯2N = σ2✱ ❛❧♠♦st s✉r❡❧②✱
❛♥❞ t❤❛t E
[
σ¯2N
]
= σ2 ✭t❤❡ ❡st✐♠❛t♦r ✐s ✉♥❜✐❛s❡❞✮✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥ ✭❛♣♣r♦①✐♠❛t❡✮ ❝♦♥✜❞❡♥❝❡
✐♥t❡r✈❛❧ ❜② r❡♣❧❛❝✐♥❣ σ ❜② σ¯N ✐♥ t❤❡ st❛♥❞❛r❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳ ❲✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ♥❡❛r t♦
0.95✱ E [X] ❜❡❧♦♥❣s t♦ t❤❡ ✭r❛♥❞♦♠✮ ✐♥t❡r✈❛❧ ❣✐✈❡♥ ❜②[
X¯N − 1.96σ¯N√
N
, X¯N +
1.96σ¯N√
N
]
.
❙♦✱ ✇✐t❤ ✈❡r② ❧✐tt❧❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ ✭✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♠♣✉t❡ σ¯N ♦♥ ❛ s❛♠♣❧❡
❛❧r❡❛❞② ❞r❛✇♥✮ ✇❡ ❝❛♥ ❣✐✈❡ ❛♥ r❡❛s♦♥❛❜❧❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡rr♦r ❞♦♥❡ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ E [X]
✇✐t❤ X¯N ✳ ❚❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❣✐✈❡ ❛♥ ❡rr♦r ❡st✐♠❛t❡ ✇✐t❤ ❛ s♠❛❧❧ ♥✉♠❡r✐❝❛❧ ❝♦st✱ ✐s ❛ ✈❡r② ✉s❡❢✉❧
❢❡❛t✉r❡ ♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✳
✶✳✶✳✷ ❙✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞s ♦❢ ❝❧❛ss✐❝❛❧ ❧❛✇s
❚❤❡ ❛✐♠ ♦❢ t❤✐s ❙❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ s❛♠♣❧✐♥❣ ♠❡t❤♦❞s ✉s❡❞ ✐♥ ❋✐♥❛♥❝❡✳
❖✉r ❛✐♠ ✐s ♥♦t t♦ ❜❡ ❡①❤❛✉st✐✈❡ ♦♥ t❤✐s ❜r♦❛❞ s✉❜❥❡❝t ✭❢♦r t❤✐s ✇❡ r❡❢❡r t♦✱ ❡✳❣✳✱ ❬✹✶❪ ♦r ❬✹✷❪✮
❜✉t t♦ ❞❡s❝r✐❜❡ ♠❡t❤♦❞s ♥❡❡❞❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐❞❡❧② ✉s❡❞ ✐♥ ❋✐♥❛♥❝❡✳
❚❤✉s ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❯♥✐❢♦r♠ ❛♥❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ●❛✉ss✐❛♥ ✈❡❝t♦rs✳
✶✳✶✳✷✳✶ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❯♥✐❢♦r♠ ❧❛✇
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❜❛s✐❝ ❛❧❣♦r✐t❤♠s ♣r♦❞✉❝✐♥❣ s❡q✉❡♥❝❡s ♦❢ ✏♣s❡✉❞♦ r❛♥❞♦♠ ♥✉♠❜❡rs✑✱
✇❤♦s❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♠✐♠✐❝ t❤♦s❡ ♦❢ s❡q✉❡♥❝❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ✉♥✐❢♦r♠❧②
❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❋♦r ❛ r❡❝❡♥t s✉r✈❡② ♦♥ r❛♥❞♦♠ ❣❡♥❡r❛t♦rs s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✷✵❪
❛♥❞ ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✱ s❡❡ ❬✸✼❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳
❚♦ ❣❡♥❡r❛t❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡ ✇❤✐❝❤ ✏❧♦♦❦s ❧✐❦❡✑ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✉♥✐✲
❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ [0, 1]✱ t❤❡ s✐♠♣❧❡st ✭❛♥❞ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞✮ ♠❡t❤♦❞s ❛r❡ ❝♦♥❣r✉❡♥t✐❛❧
♠❡t❤♦❞s✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ❢♦✉r ✐♥t❡❣❡rs a✱ b✱ m ❛♥❞ U0✳ ❚❤❡ ✐♥t❡❣❡r U0 ✐s t❤❡ s❡❡❞ ♦❢
t❤❡ ❣❡♥❡r❛t♦r✱ m ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝♦♥❣r✉❡♥❝❡✱ ❛ ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡r♠✳ ❆ ♣s❡✉❞♦ r❛♥❞♦♠
s❡q✉❡♥❝❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞✉❝t✐✈❡ ❢♦r♠✉❧❛✿
Un = (aUn−1 + b) (♠♦❞ m) .
■♥ ♣r❛❝t✐❝❡✱ t❤❡ s❡❡❞ ✐s s❡t t♦ U0 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♣r♦❣r❛♠ ❛♥❞ ♠✉st ♥❡✈❡r ❜❡ ❝❤❛♥❣❡❞
✐♥s✐❞❡ t❤❡ ♣r♦❣r❛♠✳
❖❜s❡r✈❡ t❤❛t ❛ ♣s❡✉❞♦ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ❝♦♥s✐sts ♦❢ ❛ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥✐st✐❝
❛❧❣♦r✐t❤♠✳ ❙✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s s❡q✉❡♥❝❡s ✇❤✐❝❤ st❛t✐st✐❝❛❧❧② ❜❡❤❛✈❡s ✭❛❧♠♦st✮ ❧✐❦❡ s❡✲
q✉❡♥❝❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡r❡ ✐s ♥♦
t❤❡♦r❡t✐❝❛❧ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❛ ♣s❡✉❞♦ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ✐s st❛t✐st✐❝❛❧❧② ❛❝✲
❝❡♣t❛❜❧❡✳ ❙✉❝❤ ❛ ♣r♦♣❡rt② ✐s ❡st❛❜❧✐s❤❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❡♠♣✐r✐❝❛❧ t❡sts✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❜✉✐❧❞s
❛ s❛♠♣❧❡ ❢r♦♠ s✉❝❝❡ss✐✈❡ ❝❛❧❧s t♦ t❤❡ ❣❡♥❡r❛t♦r✱ ❛♥❞ ♦♥❡ t❤❡♥ ❛♣♣❧✐❡s t❤❡ ❈❤✐✕sq✉❛r❡ t❡st ♦r
t❤❡ ❑♦❧♠♦❣♦r♦✈✕❙♠✐r♥♦✈ t❡st ✐♥ ♦r❞❡r t♦ t❡st ✇❤❡t❤❡r ♦♥❡ ❝❛♥ r❡❛s♦♥❛❜❧② ❛❝❝❡♣t t❤❡ ❤②♣♦t❤✲
❡s✐s t❤❛t t❤❡ s❛♠♣❧❡ r❡s✉❧ts ❢r♦♠ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❆
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✺
❣❡♥❡r❛t♦r ✐s ❣♦♦❞ ✇❤❡♥ ♥♦ s❡✈❡r❡ t❡st ❤❛s r❡❥❡❝t❡❞ t❤❛t ❤②♣♦t❤❡s✐s✳ ●♦♦❞ ❝❤♦✐❝❡ ❢♦r a✱ b✱ m ❛r❡
❣✐✈❡♥ ✐♥ ❬✸✷❪✳
✶✳✶✳✷✳✷ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❧❛✇
❚❤❡ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ❧❛✇ ✭♠❡❛♥ ✵ ❛♥❞ ✈❛r✐❛♥❝❡ ✶✮ ♦♥ R ✐s t❤❡ ❧❛✇ ✇✐t❤ t❤❡ ❞❡♥s✐t② ❣✐✈❡♥ ❜②
1√
2π
exp
(
−x
2
2
)
.
❚❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❛ ●❛✉ss✐❛♥ ❧❛✇ ✐s t❤❡ ❇♦①✲▼✉❧❧❡r ♠❡t❤♦❞✳ ❚❤✐s
♠❡t❤♦❞ ✐s ❜❛s❡❞ ✉♣♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✶✳✺✳ ▲❡t U ❛♥❞ V ❜❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ✉♥✐❢♦r♠❧②
❞✐str✐❜✉t❡❞ ♦♥ [0, 1]✳ ▲❡t X ❛♥❞ Y ❜❡ ❞❡✜♥❡❞ ❜②
X =
√
−2 ln (U) sin (2πV ) ,
Y =
√
−2 ln (U) cos (2πV ) .
❚❤❡♥ X ❛♥❞ Y ❛r❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ ✵ ❛♥❞ ✈❛r✐❛♥❝❡ ✶✳
❖❢ ❝♦✉rs❡✱ t❤❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ s✐♠✉❧❛t❡ N ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ r❡❛❧
●❛✉ss✐❛♥ ❧❛✇✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ t✇♦ ✜rst r❡❛❧✐③❛t✐♦♥s ✐s ♣❡r❢♦r♠❡❞ ❜② ❝❛❧❧✐♥❣ ❛ r❛♥❞♦♠
♥✉♠❜❡r ❣❡♥❡r❛t♦r t✇✐❝❡ ❛♥❞ ❜② ❝♦♠♣✉t✐♥❣ X ❛♥❞ Y ❛s ❛❜♦✈❡✳ ❚❤❡♥ t❤❡ ❣❡♥❡r❛t♦r ✐s ❝❛❧❧❡❞ t✇♦
♦t❤❡r t✐♠❡s t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✇♦ ♥❡✇ ✈❛❧✉❡s ♦❢ X ❛♥❞ Y ✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t✇♦ ♥❡✇
r❡❛❧✐③❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♠✉t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t✇♦ ✜rst r❡❛❧✐③❛t✐♦♥s✱ ❛♥❞
s♦ ♦♥✳
✶✳✶✳✷✳✸ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ✈❡❝t♦r
❚♦ s✐♠✉❧❛t❡ ❛ ●❛✉ss✐❛♥ ✈❡❝t♦r
X =
(
X1, . . . , Xd
)
✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✇✐t❤ ❛ d× d ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① C = (ci,j)1≤i,j≤n ✇✐t❤ ci,j = E
[
XiXj
]
✐t✬s
♣♦ss✐❜❧❡ t♦ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳
❚❤❡ ♠❛tr✐① C ✐s ❛ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ s♦ ✐t ✐s ♣♦s✐t✐✈❡ ✭s✐♥❝❡✱ ❢♦r ❡❛❝❤ v ∈ Rd✱ v.Cv =
E
[
(v.X)2
]
≥ 0✮✳ ❙t❛♥❞❛r❞ r❡s✉❧ts ♦❢ ❧✐♥❡❛r ❛❧❣❡❜r❛ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ d × d ♠❛tr✐① A✱
❝❛❧❧❡❞ ❛ sq✉❛r❡ r♦♦t ♦❢ C s✉❝❤ t❤❛t
AA∗ = C,
✇❤❡r❡ A∗ ✐s t❤❡ tr❛♥s♣♦s❡❞ ♠❛tr✐① ♦❢ A = (ai,j , 1 ≤ i, j ≤ n)✳ ▼♦r❡♦✈❡r ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ ❛
sq✉❛r❡ r♦♦t ♦❢ ❛ ❣✐✈❡♥ ♣♦s✐t✐✈❡ s②♠♠❡tr✐❝ ♠❛tr✐① ❜② s♣❡❝✐❢②✐♥❣ t❤❛t aij = 0 ❢♦r i < j ✭✐✳❡✳ A ✐s ❛
❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✮✳ ❯♥❞❡r t❤✐s ❤②♣♦t❤❡s✐s✱ ✐ts ❡❛s② t♦ s❡❡ t❤❛t A ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳
✻ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❆❧❣♦r✐t❤♠ ✶✳✻ ✭❈❤♦❧❡✈s❦②✮✳
a11 =
√
c11
❋♦r 2 ≤ i ≤ d
ai1 =
ci1
a11
.
❚❤❡♥ ✐♥❝r❡❛s✐♥❣ i ❢r♦♠ 2 t♦ d✱
aii =
√√√√cii − i−1∑
j=1
|aij |2,
❋♦r j < i ≤ d
aij =
cij −
∑j−1
k=1 aikajk
ajj
,
❋♦r 1 < i < j
aij = 0.
❚❤✐s ✇❛② ♦❢ ❝♦♠♣✉t✐♥❣ ❛ sq✉❛r❡ r♦♦t ♦❢ ❛ ♣♦s✐t✐✈❡ s②♠♠❡tr✐❝ ♠❛tr✐① ✐s ❦♥♦✇♥ ❛s t❤❡ ❈❤♦❧❡s❦②
❛❧❣♦r✐t❤♠✳
◆♦✇✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t G =
(
G1, . . . , Gd
)
✐s ❛ ✈❡❝t♦r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ ✵ ❛♥❞ ✈❛r✐❛♥❝❡ ✶ ✭✇❤✐❝❤ ❛r❡ ❡❛s② t♦ s❛♠♣❧❡ ❛s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥✮✱ ♦♥❡
❝❛♥ ❝❤❡❝❦ t❤❛t Y = AG ✐s ❛ ●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❣✐✈❡♥ ❜②
AA∗ = C✳ ❆s X ❛♥❞ Y ❛r❡ t✇♦ ●❛✉ss✐❛♥ ✈❡❝t♦rs ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱
t❤❡ ❧❛✇ ♦❢ X ❛♥❞ Y ❛r❡ t❤❡ s❛♠❡✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠✳
❆❧❣♦r✐t❤♠ ✶✳✼ ✭●❛✉ss✐❛♥ ✈❡❝t♦r ❣❡♥❡r❛t✐♦♥✮✳ ❙✐♠✉❧❛t❡ t❤❡ ✈❡❝t♦r
(
G1, . . . , Gd
)
♦❢ ✐♥❞❡♣❡♥❞❡♥t
●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳ ❚❤❡♥ r❡t✉r♥ t❤❡ ✈❡❝t♦r X = AG✳
✶✳✶✳✸ ❆ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞✿ ❛♥t✐t❤❡t✐❝ ✈❛r✐❛t❡s✳
❆❧❧ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ❧❡❝t✉r❡ s❤♦✇ t❤❛t t❤❡ r❛t✐♦ σ/
√
N ❣♦✈❡r♥s t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✇✐t❤ N s✐♠✉❧❛t✐♦♥s✳ ❆♥ ♦❜✈✐♦✉s ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❢❛❝t ✐s t❤❛t ♦♥❡
❛❧✇❛②s ❤❛s ✐♥t❡r❡st t♦ r❡✇r✐t❡ t❤❡ q✉❛♥t✐t② t♦ ❝♦♠♣✉t❡ ❛s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
✇❤✐❝❤ ❤❛s ❛ s♠❛❧❧❡r ✈❛r✐❛♥❝❡✿ t❤✐s ✐s t❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ✉s❡
♦❢ ❛♥t✐t❤❡t✐❝ ✈❛r✐❛t❡s ✐s ✇✐❞❡s♣r❡❛❞ ✐♥ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ♦❢t❡♥ ❡✣❝✐❡♥t
❜✉t ✐ts ❣❛✐♥s ❛r❡ ❧❡ss ❞r❛♠❛t✐❝ t❤❛♥ ♦t❤❡rs✳
❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s✐♠♣❧❡ ❛♥❞ ✐♥str✉❝t✐✈❡ ❡①❛♠♣❧❡✳ ▲❡t
I =
ˆ 1
0
g (x) dx.
■❢ U ❢♦❧❧♦✇s ❛ ✉♥✐❢♦r♠ ❧❛✇ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ t❤❡♥ 1− U ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s U ✱ ❛♥❞ t❤✉s
I =
1
2
ˆ 1
0
(g (x) + g (1− x)) dx = E
[
1
2
(g (U) + g (1− U))
]
.
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✼
❚❤❡r❡❢♦r❡ ♦♥❡ ❝❛♥ ❞r❛✇ n ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s U1, . . . , Un ❢♦❧❧♦✇✐♥❣ ❛ ✉♥✐❢♦r♠ ❧❛✇
♦♥ [0, 1]✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ I ❜②
I2n =
1
2n
(g (U1) + g (1− U1) + · · ·+ g (Un) + g (1− Un)) .
❲❡ ♥❡❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤✐s ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ♦♥❡ ✇✐t❤
2n ❞r❛✇✐♥❣s
I02n =
1
2n
(g (U1) + g (U2) + · · ·+ g (U2n−1) + g (U2n)) .
❲❡ ✇✐❧❧ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ I2n ❛♥❞ I02n✳ ❖❜s❡r✈❡ t❤❛t ✐♥ ❞♦✐♥❣ t❤✐s ✇❡ ❛ss✉♠❡
t❤❛t ♠♦st ♦❢ ♥✉♠❡r✐❝❛❧ ✇♦r❦ r❡❧✐❡s ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ f ❛♥❞ t❤❡ t✐♠❡ ❞❡✈♦t❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❚❤✐s ✐s ♦❢t❡♥ ❛ r❡❛❧✐st✐❝ ❛ss✉♠♣t✐♦♥✳ ❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥
s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ st❛♥❞❛r❞ ❡st✐♠❛t♦r ✐s
❱❛r
(
I02n
)
=
1
2n
❱❛r (g (U1)) ,
✇❤❡r❡❛s
❱❛r (I2n) =
1
n
❱❛r
(
1
2
(g (U1)− g (1− U1))
)
=
1
4n
(❱❛r (g (U1) +❱❛r (g (1− U1)) + 2❈♦✈ (g (U1) , g (1− U1))))
=
1
2n
(❱❛r (g (U1)) + ❈♦✈ (g (U1) , g (1− U1))) .
❚❤❡♥✱ ❱❛r (I2n) ≤ ❱❛r
(
I02n
)
✐❢ ❛♥❞ ♦♥❧② ✐❢ ❈♦✈ (g (U1) , g (1− U1)) ≤ 0✳ ❖♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐❢ f
✐s ❛ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ t❤✐s ✐s ❛❧✇❛②s tr✉❡ ❛♥❞ t❤✉s t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✉s✐♥❣ ❛♥t✐t❤❡t✐❝
✈❛r✐❛t❡s ✐s ❜❡tt❡r t❤❛♥ t❤❡ st❛♥❞❛r❞ ♦♥❡✳ ❚❤✐s ✐❞❡❛s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥ ❞✐♠❡♥s✐♦♥ ❣r❡❛t❡r
t❤❛♥ ✶✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ✉s❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
(U1, . . . , Ud)→ (1− U1, . . . , 1− Ud) .
▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❛❦✐♥❣ ✐ts ✈❛❧✉❡s ✐♥ Rd ❛♥❞ T ✐s ❛ tr❛♥s❢♦r♠❛t✐♦♥
♦❢ Rd s✉❝❤ t❤❛t t❤❡ ❧❛✇ ♦❢ T (X) ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❧❛✇ ♦❢ X✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ❛♥t✐t❤❡t✐❝
♠❡t❤♦❞ ✉s✐♥❣ t❤❡ ❡q✉❛❧✐t②
E [g (X)] =
1
2
E [g (X) + g (T (X))] .
◆❛♠❡❧②✱ ✐❢ (X1, . . . , Xn) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s❛♠♣❧❡❞ ❛❧♦♥❣ t❤❡ ❧❛✇ ♦❢ X✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡
❡st✐♠❛t♦r
I2n =
1
2n
(g (X1) + g (T (X1) + · · ·+ g (Xn) + g (T (Xn)))
❛♥❞ ❝♦♠♣❛r❡ ✐t t♦
I02n =
1
2n
(g (X1) + g (X2) + · · ·+ g (X2n−1) + g (X2n)) .
❚❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s ❛s ❜❡❢♦r❡ ♣r♦✈❡ t❤❛t t❤❡ ❡st✐♠❛t♦r I2n ✐s ❜❡tt❡r t❤❛♥ t❤❡ ❝r✉❞❡ ♦♥❡ ✐❢
❛♥❞ ♦♥❧② ✐❢ ❈♦✈ (g (X) , g (T (X))) ≤ 0✳
✽ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✶✳✶✳✹ ❙t♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
✶✳✶✳✹✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✱ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✜♥❛♥❝❡
▲❡t T > 0 ❜❡ ❛ ✜①❡❞ t✐♠❡ ❢r❛♠❡ ✭❛♥ ♦♣t✐♦♥ ♠❛t✉r✐t② ❢♦r ❡①❛♠♣❧❡✮✳ ▲❡t✬s ❝♦♥s✐❞❡r ❛ ♣r♦❜❛❜✐❧✐t②
s♣❛❝❡ (Ω,A, P )✱ ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ ✜❧tr❛t✐♦♥ (Ft)t≥0✱ ❛♥❞ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ Ft✲❜r♦✇♥✐❛♥ ♠♦t✐♦♥
❞❡✜♥❡❞ ✐♥ t❤❛t s♣❛❝❡✿ Wt =
(
W 1t , . . . ,W
d
t
)
✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r Y : Ω→ Rn ❛ r❡❛❧✲✈❛❧✉❡❞ r❛♥❞♦♠
✈❛r✐❛❜❧❡ F0✲♠❡❛s✉r❛❜❧❡✱ ❛♥❞ t✇♦ ❢✉♥❝t✐♦♥s σ : [0, T ]× Rn → Rn×d ✱ b : [0, T ]× Rn → Rn✳ ❖✉r
❛tt❡♥t✐♦♥ ❢♦❝✉s❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊ ✭st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✮{
dXt = σ (t,Xt) dWt + b (t,Xt) dt
X0 = Y
✭✶✳✶✳✷✮
❉❡✜♥✐t✐♦♥ ✶✳✽ ✭❙❉❊ s♦❧✉t✐♦♥✮✳ ❲❡ ❝❛❧❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❉❊ ✭✶✳✶✳✷✮ ❛ Ft✲❛❞❛♣t❡❞ ❝♦♥t✐♥✉♦✉s
Rn✲✈❛❧✉❡❞ ♣r♦❝❡ss (Xt)t∈[0,T ] s✉❝❤ t❤❛t
• ´ T0 |b (s,Xs)|+ |σ (s,Xs)|2 ds < +∞ ❛✳s✳✱
• ∀t ∈ [0, T ] , Xt = Y +
´ t
0 σ (s,Xs) dWs +
´ t
0 b (s,Xs) ds✳
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ❙❉❊s ✐s t❤❡ st♦❝❤❛st✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡
❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠ ❢♦r t❤❡ ❖❉❊s✳ ❚❤❡② ❤❛✈❡ s✐♠✐❧❛r ❤②♣♦t❤❡s✐s✳
❚❤❡♦r❡♠ ✶✳✾ ✭■tô✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t
(▲✐♣) ∃K > 0, ∀t ∈ [0, T ] ,
{
∀x ∈ Rn, |σ (t, x)|+ |b (t, x)| ≤ K (1 + |x|)
∀x ∈ Rn, |σ (t, x)− σ (t, y)|+ |b (t, x)− b (t, y)| ≤ K |x− y| .
❚❤❡♥ t❤❡ ❙❉❊ ✐♥ ✭✶✳✶✳✷✮ ❤❛s ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ s♦❧✉t✐♦♥ (Xt)t∈[0,T ] ✭✐❢ X
′
t ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥✱
t❤❡♥ ∀t ∈ [0, T ] , Xt = X ′t ❛✳s✳✮✳ ▼♦r❡♦✈❡r✱ ✐❢ E
[
|Y |2
]
< +∞✱ t❤❡♥
E
[
sup
t≤T
|Xt|2
]
≤ C
(
1 + E
[
|Y |2
])
✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t t❤❛t ❞♦❡s♥✬t ❞❡♣❡♥❞ ❢r♦♠ Y ✳
❚❤❡ ♣r✐❝❡ ♦❢ ❛ ❈❛❧❧ ♦♣t✐♦♥✱ ❤❛✈✐♥❣ ♠❛t✉r✐t② T ❛♥❞ str✐❦❡ K✱ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✉♥❞❡r❧②✐♥❣ X✱
✐s ❣✐✈❡♥ ❜② C = E
[
e−rT (XT −K)+
]
✳ ■♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ ✇❡ ❦♥♦✇ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛
❢♦r s✉❝❤ ❛ t②♣❡ ♦❢ ♦♣t✐♦♥s ❛♥❞ ✇❡ ❛❧s♦ ❦♥♦✇ ❛ ✇❛② t♦ ♣❡r❢♦r♠ ❡①❛❝t s✐♠✉❧❛t✐♦♥s t❤❡ ✉♥❞❡r❧②✐♥❣
Xt = X0e
σWT+
(
r−σ2
2
)
T
t♦ ❡st✐♠❛t❡ C ❜② t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✳ ❇✉t ✐❢ t❤❡ ♠♦❞❡❧ ❝♦♠♣❧❡①✐t②
✐♥❝r❡❛s❡s ❛ ❧✐tt❧❡ ❜✐t✱ ❛❞❞✐♥❣ ❢♦r ❡①❛♠♣❧❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ t❤❡s❡ ♣❧❡❛s❛♥t ♣r♦♣❡rt✐❡s ❣❡t ❧♦st✳
❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r✐❝❡✱ t❤❡♥✱ ✇❡ ❝❛♥ ❞✐s❝r❡t✐③❡ t❤❡ ❙❉❊✿ t❤✐s ❣✐✈❡s ❛ ✇❛② t♦ s✐♠✉❧❛t❡ ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡ X¯T ❛♣♣r♦①✐♠❛t✐♥❣ XT ✳ ❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❝♦♥s✐sts t❤❡♥ ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ C ❜②
1
M
M∑
i=1
e−rT
(
X¯iT −K
)+
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✾
✇❤❡r❡ t❤❡ X¯iT ✈❛r✐❛❜❧❡s ❛r❡ ✐✳✐✳❞✳✳ ❚❤❡ ❡rr♦r ♦✈❡r t❤❡ r❡s✉❧t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢ t✇♦
t❡r♠s✿ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❛♥❞ ❛ st❛t✐st✐❝ ❡rr♦r
C − 1
M
M∑
i=1
e−rT
(
X¯iT −K
)+
= E
[
e−rT (XT −K)+
]− E [e−rT (X¯T −K)+]+
+ E
[
e−rT
(
X¯T −K
)+]− 1
M
M∑
i=1
e−rT
(
X¯iT −K
)+
.
❚❤❡ ❜❡❤❛✈✐♦r ♦❢ st❛t✐st✐❝❛❧ ❡rr♦r t❡r♠ ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ st❡♠s ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✿
❜❡❝❛✉s❡ ♦❢ E
[(
(XT −K)+
)2]
< +∞✱ ❛s M ❜❡❝♦♠❡s ❜✐❣❣❡r ❛♥ ❜✐❣❣❡r✱ t❤✐s t❡r♠ ❜❡❤❛✈❡s ❛s
e−rT
√√√√❱❛r ((X¯T −K)+)
M
G
✇❤❡r❡ G ∼ N1 (0, 1) ✳
✶✳✶✳✹✳✷ ❚❤❡ ❊✉❧❡r ♠❡t❤♦❞
▲❡t✬s ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❧❛❣ [0, T ] ✐♥ N s✉❜ ❧❛❣s✱ ✉s✐♥❣ N − 1 ❡q✉✐s♣❛❝❡❞ ♣♦✐♥ts ✐♥
(0, T )✿ ❢♦r ❛❧❧ k ∈ {0, . . . , N}✱ ✇❡ ❞❡✜♥❡ tk = kTN ✳ ❚❤❡♥✱ ❛❧❧ t❤❡ s✉❜s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ❧❡♥❣t❤
❡q✉❛❧ t♦ T/N ✳ ❈♦♥s✐❞❡r t❤❡ ❙❉❊
dXt = σ (t,Xt) dWt + b (t,Xt) dt, X0 = y ∈ Rn.
❚❤❡ ❊✉❧❡r ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥✿{
X¯0 = y
X¯tk+1 = X¯tk + σ
(
tk, X¯tk
) (
Wtk+1 −Wtk
)
+ b
(
tk, X¯tk
)
(tk+1 − tk) .
❲❡ ✜① t❤❡ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡s ❛t t❤❡✐r ✈❛❧✉❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ t✐♠❡ ❧❛♣s❡ t♦ ♠♦✈❡ t♦ t❤❡ ♥❡①t
t✐♠❡ ✐♥st❛♥t✳ ❚♦ ✐♠♣❧❡♠❡♥t t❤✐s s❝❤❡♠❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❦♥♦✇ t❤❡ ✐♥❝r❡♠❡♥ts
(
Wtk+1 −Wtk
)
0≤k≤N−1
t❤❛t ❛r❡ ✐✳✐✳❞✳ ❢♦❧❧♦✇✐♥❣ ❛ ●❛✉ss✐❛♥ ❧❛✇ Nd
(
0, TN Id
)
✇❤❡r❡ Id ✐s t❤❡ d✲s✐③❡❞ ✐❞❡♥t✐t② ♠❛tr✐①✳ ❚♦
♣r❡s❡♥t t❤❡ ♠❛✐♥ r❡s✉❧ts ❛❜♦✉t ❝♦♥✈❡r❣❡♥❝❡✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥t✐♥✉❡ ✈❡rs✐♦♥ ♦❢ t❤❡
❊✉❧❡r ♠❡t❤♦❞✱ ❞❡✜♥❡❞ ❜②
X¯t = X¯tk + σ
(
tk, X¯tk
)
(Wt −Wtk) + b
(
tk, X¯tk
)
(t− tk) , ∀0 ≤ k ≤ N − 1, ∀t ∈ [tk, tk+1] .
❲❡ ♣r❡s❡♥t ♥♦✇ t✇♦ t❤❡♦r❡♠s s❤♦✇✐♥❣ s♦♠❡ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ❛❜♦✉t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
❊✉❧❡r ♠❡t❤♦❞✳
✶✳✶✳✹✳✸ ❙tr♦♥❣ r❛t❡
■♥ t❤❡ s❝❤❡♠❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts b ❛♥❞ σ ❛r❡ ✜①❡❞ ❛t t❤❡✐r ✈❛❧✉❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ t✐♠❡
st❡♣✿ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ r❡❣✉❧❛r✐t② ❤②♣♦t❤❡s✐s ❢♦r t❤❡s❡ ❢✉♥❝t✐♦♥s✳
✶✵ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❚❤❡♦r❡♠ ✶✳✶✵ ✭❙tr♦♥❣ r❛t❡✮✳ ▲❡t✬s s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t σ, b ✈❡r✐❢② t❤❡ ❤②♣♦t❤❡s✐s ✭▲✐♣✮
✭s❡❡ t❤❡♦r❡♠ ✶✳✾✱ ❛♥❞ ❧❡t✬s ❛❧s♦ s✉♣♣♦s❡ t❤❛t
∃α,K > 0, ∀x ∈ Rn, ∀ (s, t) ∈ [0, T ] , |σ (t, s)− σ (s, x)|+|b (t, x)− b (s, x)| ≤ K (1 + |x|) (t− s)α .
❚❤❡♥ ❢♦r β = min (α, 1/2)✱
∀p ≥ 1, ∃Cp > 0, ∀y ∈ Rn, ∀N ∈ N, E
[
sup
t≤T
∣∣Xt − X¯Nt ∣∣2p
]
≤
Cp
(
1 + |y|2p
)
N2βp
.
▼♦r❡♦✈❡r ✐❢ γ < β✱ Nγ supt≤T
∣∣Xt − X¯Nt ∣∣ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ 0 ❛s N ♠♦✈❡s t♦ ✐♥✜♥✐t②✳
❆s ✇❡ ❤❛✈❡
∥∥sup ∣∣Xt − X¯Nt ∣∣∥∥2p =
(
E
[
sup
t≤T
∣∣Xt − X¯Nt ∣∣2p
]) 1
2p
≤ C
Nβ
✇❡ s❛② t❤❛t t❤❡ str♦♥❣ r❛t❡ ♦❢ t❤❡ ❊✉❧❡r ♠❡t❤♦❞ ✐s ✐♥ 1
Nβ
✳ P❛rt✐❝✉❧❛r❧② ✇❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢
t❤❡ ❙❉❊ ❞♦♥✬t ❞❡♣❡♥❞ ♦♥ t✐♠❡ ♦r ✐❢ α ≥ 12 ✱ t❤❡ str♦♥❣ r❛t❡ ✐s ✐♥ 12 ✳
✶✳✶✳✹✳✹ ❲❡❛❦ r❛t❡
▲❡t f ❜❡ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t K✱ ❛♥❞ ❧❡t✬s s✉♣♣♦s❡ ✇❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡
E [f (XT )]✳ ❚❤❡ t❤❡♦r❡♠ ✶✳✶✵ ❡♥s✉r❡s t❤❛t∣∣E [f (XT )− E (f (X¯NT ))]∣∣ ≤ CNβ .
❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❝♦♥s✐sts ✐♥ ❜♦✉♥❞✐♥❣ ❢r♦♠ ❛❜♦✈❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢
t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ❜② t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡✿ t❤✐s ✐s ✈❡r②
r♦✉❣❤✳ ❆❝t✉❛❧❧②✱ ♦✉r ❛✐♠ ✐s t♦ ❦♥♦✇ ✐❢ E
[
f
(
X¯NT
)]
✐s ❝❧♦s❡ t♦ E [f (XT )]✿ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦
❝❧❛r✐❢② ✐❢ t❤❡ ❧❛✇ ♦❢ X¯NT ✐s ❝❧♦s❡ t♦ t❤❡ ❧❛✇ ♦❢ XT ✳ ❙♦ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ❧❛✇ ♦❢ t❤❡ ❊✉❧❡r s❝❤❡♠❡✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♥❛❧②s✐s ♦✈❡r
s♦♠❡ t❡sts ❢✉♥❝t✐♦♥s ❛s t❤❡ ❢✉♥❝t✐♦♥ f ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡✳ ❚❤❛t✬s ✇❤② ✇❡ s♣❡❛❦ ❛❜♦✉t ✇❡❛❦
r❛t❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❛s ✜rst ♣r♦✈❡❞ ❜② ❚❛❧❛② ❛♥❞ ❚✉❜❛r♦ ❬✹✺❪✳
❚❤❡♦r❡♠ ✶✳✶✶ ✭❲❡❛❦ r❛t❡✮✳ ▲❡t b ❛♥❞ σ ❜❡ t✇♦ ❢✉♥❝t✐♦♥s ✐♥ C∞ ♦✈❡r [0, T ]×Rn ✇✐t❤ ❜♦✉♥❞❡❞
❞❡r✐✈❛t✐✈❡s ❡t ❧❡t f : Rn → R ❜❡ C∞ ✇✐t❤ ❞❡r✐✈❛t✐✈❡s ❤❛✈✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤
∀a = (a1, . . . , an) ∈ Nn, ∃p, C > 0, ∀x ∈ Rn,
∣∣∣∣ ∂a1+···+anf∂xa11 . . . ∂xann (x)
∣∣∣∣ ≤ C (1 + |x|p) .
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (Cl)l≥1 ♦❢ r❡❛❧ ♥✉♠❜❡rs s✉❝❤ t❤❛t ❢♦r ❛❧❧ L ∈ N∗✱ t❤❡ ❡rr♦r ❝❛♥ ❜❡
❞❡✈❡❧♦♣❡❞ ❛s
E
[
f
(
X¯NT
)]− E [f (XT )] = C1
N
+
C2
N2
+ · · ·+ CL
NL
+O
(
1
NL+1
)
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✶✶
■♥ ♣❛rt✐❝✉❧❛r t❤✐s ✐♠♣❧✐❡s t❤❛t
∣∣E [f (X¯NT )]− E [f (XT )]∣∣ ≤ CN ✇❤❡r❡❛s ✉s✐♥❣ t❤❡ str♦♥❣ r❛t❡
r❡s✉❧ts✱ ✇❡ ✇♦✉❧❞ ❜♦✉♥❞ ❢r♦♠ ❛❜♦✈❡
∣∣E [f (X¯NT )]− E [f (XT )]∣∣ ≤ C√
N
.
■♥ ❢❛❝t t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶✳✶✶ ❧❡❛❞s t♦ ❤❛✈❡ α = 1✳
✶✳✶✳✺ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛❧❣♦r✐t❤♠ ❢♦r ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ♣r✐❝✐♥❣
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ♣r✐❝❡s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ s❡✈❡r❛❧
✉♥❞❡r❧②✐♥❣ ❛ss❡ts ❛r❡ ✐♥✈♦❧✈❡❞✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣
♣r♦❜❧❡♠✳ ■♥ ❝❧❛ss✐❝❛❧ ❞✐✛✉s✐♦♥ ♠♦❞❡❧s✱ t❤✐s ♣r♦❜❧❡♠ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t②✱
❢♦r ✇❤✐❝❤✱ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ ❝❧❛ss✐❝❛❧ P❉❊ ♠❡t❤♦❞s ❛r❡ ✐♥❡✛❡❝t✐✈❡✳
❱❛r✐♦✉s ❛✉t❤♦rs ✐♥tr♦❞✉❝❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ▼♦♥t❡ ❈❛r❧♦ t❡❝❤♥✐q✉❡s✳ ❚❤❡
st❛rt✐♥❣ ♣♦✐♥t ✐s t♦ r❡♣❧❛❝❡ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ♦❢ ❡①❡r❝✐s❡ ❞❛t❡s ❜② ✜♥✐t❡ ❛ s✉❜s❡ts✳ ❚❤✐s ❛♠♦✉♥ts
t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❆♠❡r✐❝❛♥ ♦♣t✐♦♥ ❜② ❛ s♦ ❝❛❧❧❡❞ ❇❡r♠✉❞❛ ♦♣t✐♦♥✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ ❛♥ ❡✛❡❝t✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✐t❡r❛t✐♦♥s ♦❢
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❝❛✉s❡ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ▼♦♥t❡ ❈❛r❧♦ t❡❝❤♥✐q✉❡s✳
❖♥❡ ✇❛② ♦❢ tr❡❛t✐♥❣ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ✉s❡ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ♦♥ ❛ ✜♥✐t❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❛s
❛ ♣r♦①② ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❜② ▲♦♥❣st❛✛ ❛♥❞ ❙❝❤✇❛rt③ ❬✸✸❪✳
✶✳✶✳✺✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ✜rst st❡♣ ✐♥ ❛❧❧ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s ✐s
t♦ r❡♣❧❛❝❡ t❤❡ ♦r✐❣✐♥❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❜② ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣
♣r♦❜❧❡♠ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❞✐s❝r❡t❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣✳
❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ♣r♦❜❛❜✐❧✐st✐❝ s♣❛❝❡ (Ω,A,P)✱ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❞✐s❝r❡t❡ ✜❧tr❛t✐♦♥ (Fj)j=0,...,L✳
❍❡r❡ t❤❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r L ❞❡♥♦t❡s t❤❡ ✭❞✐s❝r❡t❡✮ t✐♠❡ ❤♦r✐③♦♥✳ ●✐✈❡♥ ❛♥ ❛❞❛♣t❡❞ ♣❛②♦✛
(Zj)j=0,...,L ♣r♦❝❡ss✱ ✇❤❡r❡ Z0, Z1, . . . , ZL ❛r❡ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❡ ❛r❡ ✐♥t❡r✲
❡st❡❞ ✐♥ ❝♦♠♣✉t✐♥❣
sup
τ∈T0,L
E [Zτ ] ,
✇❤❡r❡ Tj,L ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ {j, . . . , L} ✳
❋♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t❤❡♦r② ✭❢♦r ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❬✸✻❪✱ ❝❤❛♣t❡r ✻✮✱ ✇❡ ✐♥tr♦✲
❞✉❝❡❞ t❤❡ ❙♥❡❧❧ ❡♥✈❡❧♦♣❡ (Uj)j=0,...,L ♦❢ t❤❡ ♣❛②♦✛ ♣r♦❝❡ss (Zj)j=0,...,L✱ ❞❡✜♥❡❞ ❜②
Uj = ❡ss s✉♣τ∈Tj,LE [Zτ |Fj ] , j = 0, . . . , L.
❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿{
UL = ZL
Uj = max (Zj , E [Uj+1|Fj ]) , 0 ≤ j ≤ L− 1.
✶✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❲❡ ❛❧s♦ ❤❛✈❡ Uj = E
[
Zτj |Fj
]
✱ ✇✐t❤
τj = min {k ≥ j|Uk = Zk} .
■♥ ♣❛rt✐❝✉❧❛r E [U0] = supτ∈T0,L E [Zτ ] = E [Zτ0 ]✳
❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡s τj ✱
❛s ❢♦❧❧♦✇s✿ {
τL = L
τj = j1{Zj≥E[Zτj+1 |Fj]} + τj+11{Zj<E[Zτj+1 |Fj]}, j ≤ L− 1.
❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❡r♠s ♦❢ st♦♣♣✐♥❣ r✉❧❡s ✭r❛t❤❡r t❤❛♥ ✐♥ t❡r♠s ♦❢ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s✮ ♣❧❛②s ❛♥
❡ss❡♥t✐❛❧ r♦❧❡ ✐♥ t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ♠❡t❤♦❞✳
❚❤❡ ♠❡t❤♦❞ ❛❧s♦ r❡q✉✐r❡s t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧ ❜❡ ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧
❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ (Fj)✲▼❛r❦♦✈ ❝❤❛✐♥ (Xj)j=0,...,L ✇✐t❤ st❛t❡ s♣❛❝❡ (E, E) s✉❝❤ t❤❛t✱ ❢♦r
j = 0, . . . , L
Zj = f (j,Xj) ,
❢♦r s♦♠❡ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f (j, ·)✳ ❲❡ t❤❡♥ ❤❛✈❡ Uj = V (j,Xj) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ V (j, ·) ❛♥❞
E
[
Zτj+1 |Fj
]
= E
[
Zτj+1 |Xj
]
.❲❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ X0 = x ✐s ❞❡t❡r♠✐♥✐st✐❝✱
s♦ t❤❛t U0 ✐s ❛❧s♦ ❞❡t❡r♠✐♥✐st✐❝✳
❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛❧❣♦r✐t❤♠ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①✲
♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Xj ❜② t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥s ♦❢ Xj ✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (ek (x))k≥1 ♦❢ ♠❡❛s✉r❛❜❧❡ r❡❛❧ ✈❛❧✉❡❞
❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ E ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
❆ss✉♠♣t✐♦♥ ✶✳ ✭❆✶✮
❋♦r j = 0 t♦ j = L− 1✱ t❤❡ s❡q✉❡♥❝❡ (ek (Xj))k≥1 ✐s t♦t❛❧ ✐♥ L2 (σ (Xj))✳
❆ss✉♠♣t✐♦♥ ✷✳ ✭❆✷✮
❋♦r j = 0 t♦ j = L− 1 ❛♥❞ m ≥ 1✱ ✐❢ ∑mk=1 λkek (Xj) = 0 ❛✳s✳ t❤❡♥ λk = 0 ❢♦r k = 1 t♦ m✳
❚❤❡♥✱ ❢♦r j = 1 t♦ L− 1✱ ✇❡ ❞❡♥♦t❡ ❜② Pmj t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ L2 (Ω) ♦♥t♦ t❤❡
✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② {e1 (Xj) , . . . , em (Xj)} ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡s τ [m]j ✿

τ
[m]
j = L
τ
[m]
j = j1
{
Zj≥Pmj
(
Z
τ
[m]
j+1
)} + τ [m]j+11{
Zj<Pmj
(
Z
τ
[m]
j+1
)}, j ≤ L− 1.
❋r♦♠ t❤❡s❡ st♦♣♣✐♥❣ t✐♠❡s✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✿
Um0 = max
(
Z0, E
[
Z
τ
[m]
1
])
.
❘❡❝❛❧❧ t❤❛t Z0 = f (0, x) ✐s ❞❡t❡r♠✐♥✐st✐❝✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ t♦ ❡✈❛❧✉❛t❡
♥✉♠❡r✐❝❛❧❧② E
[
Z
τ
[m]
1
]
❜② ❛ ▼♦♥t❡ ❈❛r❧♦ ♣r♦❝❡❞✉r❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❝❛♥ s✐♠✉❧❛t❡ N ✐♥❞❡✲
♣❡♥❞❡♥t ♣❛t❤s
(
X
(1)
j
)
,
(
X
(2)
j
)
, . . . ,
(
X
(N)
j
)
♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ (Xj) ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② Z
(n)
j
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✶✸
t❤❡ ❛ss♦❝✐❛t❡❞ ♣❛②♦✛ ❢♦r j = 0 t♦ L ❛♥❞ n = 1 t♦ N
(
Z
(n)
j = f
(
j,X
(n)
j
))
✳ ❋♦r ❡❛❝❤ ♣❛t❤ n✱
✇❡ ❡st✐♠❛t❡ r❡❝✉rs✐✈❡❧② t❤❡ st♦♣♣✐♥❣ t✐♠❡s
(
τ
[m]
j
)
❜②✿

τ
n,m,N
L = L
τn,m,NL = j1
{
Z
(n)
j ≥α
(m,N)
j ·em
(
X
(n)
j
)} + τn,m,Nj+1 1{Z(n)j <α(m,N)j ·em(X(n)j )}, j ≤ L− 1.
❍❡r❡✱ x·y ❞❡♥♦t❡s t❤❡ ✉s✉❛❧ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ Rm✱ em ✐s t❤❡ ✈❡❝t♦r ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ (e1, . . . , em)
❛♥❞ α(m,N)j ✐s t❤❡ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r✿
α
(m,N)
j = arg min
a∈Rm
N∑
n=1
(
Z
(n)
τn,m,Nj+1
− a · em
(
X
(n)
j
))2
.
❘❡♠❛r❦ t❤❛t ❢♦r j = 1 t♦ L− 1✱ α(m,N)j ∈ Rm✳ ❋✐♥❛❧❧②✱ ❢r♦♠ t❤❡ ✈❛r✐❛❜❧❡s τn,m,Nj ✱ ✇❡ ❞❡r✐✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r Um0 ✿
Um,N0 = max
(
Z0,
1
N
N∑
n=1
Z
(n)
τn,m,N1
)
.
■♥ ❬✶✺❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② ✜①❡❞ m✱ Um,N0 ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ U
m
0 ❛s N
❣♦❡s t♦ ✐♥✜♥✐t②✱ ❛♥❞ t❤❛t Um0 ❝♦♥✈❡r❣❡s t♦ U0 ❛s m ❣♦❡s t♦ ✐♥✜♥✐t②✳
✶✳✶✳✻ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❍❡st♦♥ ▼♦❞❡❧
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠♦st r❡❧❡✈❛♥t ♠❡t❤♦❞ ❛❝t✉❛❧❧② ✉s❡❞ t♦ ♣❡r❢♦r♠ ▼♦♥t❡ ❈❛r❧♦
s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✿ t❤❡ ❆❧❢♦♥s✐✬s t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ✭s❡❡ ❬✷❪✮✳
✶✳✶✳✻✳✶ ❚❤❡ ▼♦❞❡❧
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❬✷✻❪ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❦♥♦✇♥ ❛♥❞ ✉s❡❞ ♠♦❞❡❧s ✐♥ ✜♥❛♥❝❡ t♦ ❞❡s❝r✐❜❡ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ✐ts❡❧❢✳ ■♥ ♦r❞❡r t♦ ✜①
t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ r❡♣♦rt ✐ts ❞②♥❛♠✐❝s✿{
dSt = rStdt+
√
vtStdZ
S
t S0 = S¯0,
dvt = k (θ − vt) dt+ ω√vtdZvt v0 = v¯0,
✭✶✳✶✳✸✮
✇❤❡r❡ ZS ❛♥❞ Zv ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ❛♥❞ d
〈
ZSt , Z
v
t
〉
= ρdt✳
✶✳✶✳✻✳✷ ❚❤❡ ❆❧❢♦♥s✐✬s t❤✐r❞ ♦r❞❡r s❝❤❡♠❡
❆❧❢♦♥s✐✬s ♣❛♣❡r ✭❬✷❪✮ ♣r❡s❡♥ts ✇❡❛❦ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡s ❢♦r t❤❡ ❈♦①✲■♥❣❡rs♦❧❧✲❘♦ss
✭❈■❘✮ ♣r♦❝❡ss✱ ✇✐t❤♦✉t ❛♥② r❡str✐❝t✐♦♥ ♦♥ ✐ts ♣❛r❛♠❡t❡rs✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐t ❣✐✈❡s ❛ ❣❡♥❡r❛❧
r❡❝✉rs✐✈❡ ❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ t♦ ❣❡t ✇❡❛❦ s❡❝♦♥❞✲♦r❞❡r s❝❤❡♠❡s t❤❛t ❡①t❡♥❞s t❤❡ ♦♥❡ ✐♥tr♦❞✉❝❡❞
✶✹ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❜② ◆✐♥♦♠✐②❛ ❛♥❞ ❱✐❝t♦✐r ❬✸✽❪✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❜♦t❤ r❡s✉❧ts✱ t❤✐s ❛❧❧♦✇s t♦ ♣r♦♣♦s❡ ❛ s❡❝♦♥❞✲
♦r❞❡r s❝❤❡♠❡ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ❛✣♥❡ ❞✐✛✉s✐♦♥s✳ ❙✐♠✉❧❛t✐♦♥ ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ t♦ ✐❧❧✉str❛t❡ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ s❝❤❡♠❡s ♦♥ ❈■❘ ❛♥❞ ❍❡st♦♥ ♠♦❞❡❧s✳ ❆❧❣♦r✐t❤♠s ❛r❡ st❛t❡❞ ✐♥ ❛ ♣s❡✉❞♦✲
❝♦❞❡ ❧❛♥❣✉❛❣❡✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✇❤❡♥ ❞✐s❝r❡t✐③✐♥❣ t❤❡ ❈■❘ ♣r♦❝❡ss ✐s ❧♦❝❛t❡❞ ✐♥ 0✱ ✇❤❡r❡ t❤❡ sq✉❛r❡ r♦♦t
✐s ♥♦t ▲✐♣s❝❤✐t③✐❛♥✳ ❯s✉❛❧ s❝❤❡♠❡s s✉❝❤ ❛s t❤❡ ❊✉❧❡r s❝❤❡♠❡ ♦r t❤❡ ▼✐❧s❤t❡✐♥ s❝❤❡♠❡ ❛r❡ ✐♥
❣❡♥❡r❛❧ ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✳ ❚❤❡② ❝❛♥ ✐♥❞❡❡❞ ❧❡❛❞ t♦ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ sq✉❛r❡ r♦♦t ✐s
♥♦t ❞❡✜♥❡❞✳ ❖♥❡ ❤❛s t❤❡r❡❢♦r❡ t♦ ♠♦❞✐❢② t❤❡♠ ♦r t♦ ❝r❡❛t❡ ❛❞✲❤♦❝ s❝❤❡♠❡s✳ ❆ ♣♦ss✐❜❧❡ ❝r✐t❡r✐❛
t♦ ❝❤♦s❡ t❤❡ s❝❤❡♠❡ ♠❛② ❜❡ ✐ts ❝❛♣❛❝✐t② t♦ s✉♣♣♦rt ❧❛r❣❡ ✈❛❧✉❡s ♦❢ σ ✭✇❡ ♠❡❛♥ ❤❡r❡ ω2 ≫ 4k✮✳
■♥ ✜♥❛♥❝❡✱ s✉❝❤ ❧❛r❣❡ ✈❛❧✉❡s ❞♦ ♥♦t ♦❝❝✉r ✇❤❡♥ t❤❡ ❈■❘ ❞✐✛✉s✐♦♥ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ s❤♦rt
✐♥t❡r❡st r❛t❡✳ ❚❤❡② ❛r❡ ✐♥st❡❛❞ ♦❢t❡♥ ♦❜s❡r✈❡❞ ✇❤❡♥ t❤❡ ❈■❘ st❛♥❞s ❢♦r t❤❡ ❞❡❢❛✉❧t ✐♥t❡♥s✐t②
✐♥ ❝r❡❞✐t r✐s❦ ♦r t❤❡ st♦❝❦ ✈♦❧❛t✐❧✐t② ❧✐❦❡ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❍❡✉r✐st✐❝❛❧❧②✱ t❤❡ ❧❛r❣❡r ✐s ω✱
t❤❡ ♠♦r❡ t❤❡ ❈■❘ ♣r♦❝❡ss s♣❡♥❞s t✐♠❡ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ 0 ✇❤❡r❡ t❤❡ sq✉❛r❡✲r♦♦t ✐s ✈❡r②
s❡♥s✐t✐✈❡✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡❧② ✇❤② ♠♦st ♦❢ t❤❡ s❝❤❡♠❡s ❢❛✐❧ t♦ ❜❡ ❛❝❝✉r❛t❡ ❢♦r ❧❛r❣❡ ω✳
◆♦✇✱ ✇❡ ♣♦✐♥t ♦✉t t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❛♣❡r ✐♥ ♦r❞❡r t♦ ♣r❡s❡♥t t❤❡ s❝❤❡♠❡✳
❆ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❙❉❊ ❛♥❞ ♥♦t❛t✐♦♥s ❲❡ ❝♦♥s✐❞❡r ❛ dW ✲❞✐♠❡♥s✐♦♥❛❧ st❛♥❞❛r❞ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥ (Wt, t ≥ 0) ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ✐♥ t❤❡ s❡q✉❡❧ (Ft)t≥0 ✐ts ❛✉❣♠❡♥t❡❞ ❛ss♦❝✐❛t❡❞
✜❧tr❛t✐♦♥ t❤❛t s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✳ ▲❡t d ∈ N∗✱ ❛♥❞ D ⊂ Rd ❛ ❞♦♠❛✐♥ t❤❛t ✇❡ ❛ss✉♠❡
❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② t♦ ❜❡ ❛ ♣r♦❞✉❝t ♦❢ d ✐♥t❡r✈❛❧s✳ ❚②♣✐❝❛❧❧②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r D = Rd1+ × Rd2
✇✐t❤ d1 + d2 = d✳ ❋♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① α = (α1, . . . , αd) ∈ Nd✱ ✇❡ ❞❡✜♥❡ ∂α = ∂α11 . . . ∂αdd ❛♥❞
|α| =∑dl=1 αl✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✿
C∞♣♦❧ (D) =
{
f ∈ C∞ (D,R) , ∀α ∈ Nd, ∃Cα > 0, eα ∈ N∗, ∀x ∈ D, |∂αf (x)| ≤ Cα (1 + ‖x‖eα)
}
✇❤❡r❡ ‖·‖ ✐s ❛ ♥♦r♠ ♦♥ Rd✳ ❲❡ ✇✐❧❧ s❛② t❤❛t (Cα, eα)α∈Nd ✐s ❛ ❣♦♦❞ s❡q✉❡♥❝❡ ❢♦r f ∈ C∞♣♦❧ (D)
✐❢ ♦♥❡ ❤❛s ∀x ∈ D, |∂αf (x)| ≤ Cα (1 + ‖x‖eα)✳
❲❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳
❆ss✉♠♣t✐♦♥s ✶✳✶✷✳ ❲❡ ❛ss✉♠❡ t❤❛t b : D → Rd ❛♥❞ σ : D → Md×dW (R) ❛r❡ s✉❝❤ t❤❛t ❢♦r
1 ≤ i, j ≤ d✱ t❤❡ ❢✉♥❝t✐♦♥s x ∈ D 7→ bi (x) ❛♥❞ x ∈ D 7→ (σσ∗)i,j (x) ❛r❡ ✐♥ C∞♣♦❧ (D)✳ ❋♦r x ∈ D✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧ Rd✲✈❛❧✉❡❞ ❙❉❊✿
t ≥ 0, Xxt = x+
ˆ t
0
b (Xxs ) ds+
ˆ t
0
σ (Xxs ) dWs. ✭✶✳✶✳✹✮
❲❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② x ∈ D✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❞❡✜♥❡❞ ❢♦r t ≥ 0✱ ❛♥❞ t❤❡r❡❢♦r❡
P (∀t ≥ 0, Xxt ∈ D) = 1.
❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❙❉❊ ✐s ❣✐✈❡♥ ❜②
f ∈ C2 (D,R) , Lf (x) =
d∑
i=1
bi (x) ∂if (x) +
1
2
d∑
i=1
d∑
j=1
dW∑
k=1
σi,k (x)σj,k (x) ∂i∂jf (x) . ✭✶✳✶✳✺✮
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✶✺
■❢ f ∈ C∞♣♦❧ (D)✱ t❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ b ❛♥❞ σ✱ ❛❧❧ t❤❡ ✐t❡r❛t❡❞ ❢✉♥❝t✐♦♥s
Lkf (x) ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ D ❛♥❞ ❜❡❧♦♥❣ t♦ C∞♣♦❧ (D) ❢♦r ❛♥② k ∈ N✳
❉❡✜♥✐t✐♦♥ ✶✳✶✸✳ ❲❡ ✇✐❧❧ s❛② ✭❢♦r s❤♦rt✮ t❤❛t t❤❡ ♦♣❡r❛t♦r L s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❛ss✉♠♣t✐♦♥s
♦♥ D ✐❢ ✐t ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✶✳✺✮ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥s b (x) ❛♥❞ σ (x) ❛♥❞ s❛t✐s✜❡s ❛❧❧ ❛ss✉♠♣t✐♦♥s
❛❜♦✈❡✳
◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ❢♦r t❤❡ ❙❉❊ ✭✶✳✶✳✹✮✳ ▲❡t ✉s ✜① ❛ t✐♠❡ ❤♦r✐③♦♥
T > 0✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤❡ ✇❤♦❧❡ ❙❡❝t✐♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ] ❛♥❞ t❤❡ r❡❣✉❧❛r t✐♠❡
❞✐s❝r❡t✐③❛t✐♦♥ tni = iT/n ❢♦r i = 0, . . . n✳
❉❡✜♥✐t✐♦♥ ✶✳✶✹✳ ❆ ❢❛♠✐❧② ♦❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s (pˆx (t) (dz) , t > 0, x ∈ D) ♦♥ D ✐s s✉❝❤
t❤❛t pˆx (t) ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❧❛✇ ♦♥ D ❢♦r t > 0 ❛♥❞ x ∈ D✳
❆ ❞✐s❝r❡t✐③❛t✐♦♥s s❝❤❡♠❡ ✇✐t❤ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s (pˆx (t) (dz) , t > 0, x ∈ D) ✐s ❛ s❡q✉❡♥❝❡(
Xˆntni
, 0 ≤ i ≤ n
)
♦❢ D✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t✿
• ❢♦r 0 ≤ i ≤ n✱ Xˆntni ✐s ❛ Ftni ✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥ D✳
• t❤❡ ❧❛✇ ♦❢ Xˆntni+1 ✐s ❣✐✈❡♥ ❜② E
[
f
(
Xˆntni+1
)
|Ftni
]
=
´
D
f (z) pˆXˆn
tn
i
(T/n) (dz) ❛♥❞ t❤✉s ♦♥❧②
❞❡♣❡♥❞s ♦♥ Xˆntni ❛♥❞ T/n ✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡✱ ❢♦r t > 0 ❛♥❞ x ∈ D✱ Xˆxt ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❧❛✇ pˆx (t) (dz)✳ ❚❤❡ ❧❛✇ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✭Xˆntni ✱ 0 ≤ i ≤ n✮
✐s t❤✉s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞ ✐ts tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳
❉❡✜♥✐t✐♦♥ ✶✳✶✺ ✭❲❡❛❦ ν t❤✲♦r❞❡r s❝❤❡♠❡✮✳ ▲❡t ✉s ❞❡♥♦t❡ C∞K (D,R) t❤❡ s❡t ♦❢ C∞ r❡❛❧ ✈❛❧✉❡❞
❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ D✳ ▲❡t x ∈ D✳ ❆ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡
(
Xˆntni
, 0 ≤ i ≤ n
)
✐s ❛ ✇❡❛❦ ν t❤✲♦r❞❡r s❝❤❡♠❡ ❢♦r t❤❡ ❙❉❊
(
XXt , t ∈ [0, T ]
)
✐❢ ✿
∀f ∈ C∞K (D,R) , ∃K > 0,
∣∣∣E [f (XxT )]− E [f (XˆnT)]∣∣∣ ≤ K/nν .
❚❤❡ q✉❛♥t✐t② E [f (XxT )]− E
[
f
(
XˆnT
)]
✐s ❝❛❧❧❡❞ t❤❡ ✇❡❛❦ ❡rr♦r ❛ss♦❝✐❛t❡❞ t♦ f ✳
❚❤❡ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❲❡ ♣r❡s❡♥t ♥♦✇ t❤❡ ❆❧❢♦♥s✐✬s s❝❤❡♠❡✳ ❆ ♣r♦♦❢ ♦❢ ✐ts ♣r♦♣❡rt✐❡s ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ ❬✷❪✳
❋✐rst ✇❡ ✇r✐t❡ t❤❡ ❈■❘ ♣r♦❝❡ss ❛s{
dXxt = (a− kXxt ) dt+ σ
√
Xxt dWt
Xx0 = x
✇✐t❤ ♣❛r❛♠❡t❡rs (a, k, σ) ∈ R∗+ × R × R+✳ ❲❡ r❡♠❡♠❜❡r t❤❛t ✐t ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ♣r♦❝❡ss✳
▼♦r❡♦✈❡r✱ ✐❢ x > 0 ❛♥❞ 2a ≥ σ2 t❤❡ ♣r♦❝❡ss (Xt, t ≥ 0) ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ❲❡ ✇✐❧❧ ❡①❝❧✉❞❡ t❤❡
✶✻ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
tr✐✈✐❛❧ ❝❛s❡ σ = 0 ❛♥❞ ❛ss✉♠❡ σ > 0 ✳ ❚❤✐s ♣r♦❝❡ss ❤❛s dW = 1 ❛♥❞ D = R+✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐ts
♦♣❡r❛t♦r
f ∈ C2 (R+,R) , LCIRf (x) = (a− kx) ∂xf (x) + 1
2
σ2x∂2xf (x)
t❤❛t s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❛ss✉♠♣t✐♦♥s ♦♥ D✳
❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✿
ψk (t) =
1− e−kt
k
, ψ0 (t) = t
K3 (t) = ψ−k (t) 1{4a/3<σ2<4a}


√
σ2
4
− a+ σ√
2
√
a− σ
2
4
+
σ
2
√
3 +
√
6

2+
+ ψ−k (t) 1{4a<σ2}

σ2
4
− a


√
σ√
2
√
σ2
4
− a+ σ
2
√
3 +
√
6



+
+ ψ−k (t) 1{σ2≤4a/3}
σ√
2
√
a− σ2/4 ✭✶✳✶✳✻✮
▲❡t Y ❜❡ ❛ r❛♥❞♦♠ ❞✐s❝r❡t❡ ✈❛r✐❛❜❧❡ s✉❝❤ t❤❛t P
[
Y =
√
3 +
√
6
]
= P
[
Y = −
√
3 +
√
6
]
=
√
6−2
4
√
6
✱ ❛♥❞ P
[
Y =
√
3−√6
]
= P
[
Y = −
√
3−√6
]
= 12 −
√
6−2
4
√
6
✳ ❚❤✐s ✈❛r✐❛❜❧❡ ✐s ✉s❡❢✉❧
❜❡❝❛✉s❡ ✐t ✜ts t❤❡ ✜rst s❡✈❡♥ ✜rst ♠♦♠❡♥ts ♦❢ ❛ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡✳
❲❡ ❝♦♥s✐❞❡r t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s
XCIR0 (t, x) = xe
−kt +
(
a− σ2/4)ψk (t) ,
XCIR1 (t, x) =
((√
x+
σ
2
t
)+)2
X˜ (t, x) = x+ t
σ√
2
√∣∣∣∣a− σ24
∣∣∣∣
❚❤❡ ✜rst t✇♦ ♦♣❡r❛t♦r ❛r❡ ♦❜t❛✐♥❡❞ ❛♣♣❧②✐♥❣ ◆✐♥♦♠✐②❛✲❱✐❝t♦✐r✬s t❤❡♦r❡♠ ✭s❡❡ ❬✸✽❪✮ ❛♥❞ t❤❡✐r
❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❞❡✜♥❡ ❛ s❡❝♦♥❞ ♦r❞❡r s❝❤❡♠❡✿
XCIR0
(
t/2, XCIR1
(
N,XCIR0 (t/2, x)
))
=
= e−
kt
2
(√(
a− σ
2
4
)
ψ
(
t
2
)
+ xe−
kt
2 +
wσ
2
)2
+
(
a− σ
2
4
)
ψ
(
t
2
)
, N ∼ N (0, 1)
❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ s❝❤❡♠❡ ❢♦r t❤♦s❡ st❛rt✐♥❣ ♣♦✐♥t x t❤❛t ❛r❡ ❢❛r ❡♥♦✉❣❤ ❢r♦♠ ③❡r♦✳
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✶✼
Pr♦♣♦s✐t✐♦♥ ✶✳✶✻✳ ▲❡t ε ❛♥❞ ζ ❜❡ r❡s♣❡❝t✐✈❡❧② ✉♥✐❢♦r♠ r✳✈✳ ♦♥ {−1, 1} ❛♥❞ {1, 2, 3} , ❛♥❞ Y ❜❡
s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥✳ ❚❤❡♥✱ ❢♦r σ2 ≤ 4a ✭r❡s♣✳ σ2 > 4a✮✱
t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡
Xˆx,k=0t =


X˜
(
εt,XCIR0
(
t,XCIR1
(√
tY, x
))) (
resp. X˜
(
εt,XCIR1
(√
tY,XCIR0 (t, x)
)))
✐❢ ζ = 1,
XCIR0
(
t, X˜
(
εt,XCIR1
(√
tY, x
))) (
resp. XCIR1
(√
tY, X˜
(
εt,XCIR0 (t, x)
)))
✐❢ ζ = 2,
XCIR0
(
t,XCIR1
(√
tY, X˜ (εt, x)
)) (
resp. XCIR1
(√
tY,XCIR0
(
t, X˜ (εt, x)
)))
✐❢ ζ = 3,
✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ❢♦r t ≥ 0 ❛♥❞ x ≥ K3 (t) t/ψ−k (t)✳ ❚❤❡♥✱ ❢♦r x ≥ K3 (t)✱ t❤❡
s❝❤❡♠❡
Xˆxt = e
−ktXˆx,k=0ψ−k(t)
✐s ❛ ♣♦t❡♥t✐❛❧ t❤✐r❞✲♦r❞❡r s❝❤❡♠❡✳
❖♥ x ∈ [0,K3 (t)] ✇❡ ✇✐❧❧ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❈■❘ ✇✐t❤ ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ♠❛t❝❤❡s
t❤❡ t❤r❡❡ ✜rst ♠♦♠❡♥ts ♦❢ t❤❡ ❈■❘✳ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❈■❘ ♥❡❛r 0 ❛♥❞ ❦❡❡♣ ♥♦♥✲♥❡❣❛t✐✈✐t②✳
❲❡ r❡♠❡♠❜❡r t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❈■❘
µx1,t = E
[
(Xxt )
1
]
= xe−kt + aψk (t)
µx2,t = E
[
(Xxt )
2
]
=
(
µx1,t
)2
+ σ2ψk (t)
[
aψk (t) /2 + xe
−kt
]
µx3,t = E
[
(Xxt )
3
]
= µx1,tµ
x
2,t + σ
2ψk (t)
[
2x2e−2kt + ψk (t)
(
a+
σ2
2
)(
3xe−kt + aψk (t)
)]
❲❡ ❞❡✜♥❡
s =
µx3,t − µx1,tµx2,t
µx2,t −
(
µx1,t
)2 , p = µx1,tµx3,t −
(
µx2,t
)2
µx2,t −
(
µx1,t
)2
x± (t, x) =
s±
√
s2 − 4p
2
, π (t, x) =
µx1,t − x− (t, x)
x+ (t, x)− x− (t, x)
Pr♦♣♦s✐t✐♦♥ ✶✳✶✼✳ ▲❡t U ∼ U ([0, 1]) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❝❤❡♠❡
Xˆxt = x+ (t, x) 1{U≤π(t,x)} + x− (t, x) 1{U>π(t,x)}.
❚❤✐s s❝❤❡♠❡ ✐s ❛ ♣♦s✐t✐✈❡ ♣♦t❡♥t✐❛❧ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ♦♥ x ∈ [0,K3 (t)]✳
❲❡ ❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
❚❤❡♦r❡♠ ✶✳✶✽ ✭❆❧❢♦♥s✐✬s t❤✐r❞ ♦r❞❡r s❝❤❡♠❡✮✳ ▲❡t K3 (t) ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✶✳✶✳✻✮✱ Xˆxt t❤❡
s❝❤❡♠❡ ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✶✻ ✭r❡s♣✳ Pr♦♣♦s✐t✐♦♥ ✶✳✶✼✮ ❢♦r x ≥ K3 (t) ✭r❡s♣✳ x < K3 (t)✮
❛♥❞ pˆx (t) (dz) t❤❡ ❧❛✇ ♦❢ Xˆ
x
t ✳ ❚❤❡♥✱ pˆx (t) (dz) ✐s ❛ ♣♦t❡♥t✐❛❧ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❢♦r L
CIR
♦♥ R+ ✳ ▼♦r❡♦✈❡r✱ t❤❡ s❝❤❡♠❡
(
Xˆntn0
, 0 ≤ i ≤ n
)
❛ss♦❝✐❛t❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s
(pˆx (t) (dz) , t > 0) ❛♥❞ st❛rt✐♥❣ ❢r♦♠ Xˆ
n
tn0
= x ∈ R+ ✐s ❛ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡✿
∀f ∈ C∞♣♦❧ (R+) , ∃K > 0, ∀n ∈ N∗,
∣∣∣E [f (XxT )]− E [f (XˆnT)]∣∣∣ ≤ K/n3
✶✽ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✶✳✶✳✻✳✸ ❆♥ ❡✣❝✐❡♥t s❝❤❡♠❡ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧
■♥ t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❛♣♣❧② t❤❡ ✐❞❡❛s ❞❡✈❡❧♦♣❡❞ ❛❜♦✉t ❈■❘ ♣r♦❝❡ss t♦ t❤❡ ❍❡st♦♥ ♠♦❞❡❧
❬✷✻❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✉s❡❞ ❜② ◆✐♥♦♠✐②❛ ❛♥❞ ❱✐❝t♦✐r ❬✸✽❪✱ ❜✉t t❤❡ ❞✐✛❡r❡♥❝❡
❤❡r❡ ✐s t❤❛t ✇❡ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ ❛ t❤✐r❞✲♦r❞❡r s❝❤❡♠❡ ❢♦r t❤❡ ❈■❘✱ ✇✐t❤♦✉t r❡str✐❝t✐♦♥ ♦♥
✐ts ♣❛r❛♠❡t❡rs✳ ❚❤✉s✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❍❡st♦♥ ❙❉❊ t❤❛t ❛❧❧♦✇s t♦ ✉s❡
❞✐r❡❝t❧② ♦✉r ❈■❘ ❞✐s❝r❡t✐③❛t✐♦♥✳
❋✐rst✱ ✇❡ r❡✇r✐t❡ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✉s✐♥❣ ❆❧❢♦♥s✐✬s ♥♦t❛t✐♦♥✳ ▲❡t W ❛♥❞ Z ❜❡ t✇♦ ✐♥❞❡♣❡♥✲
❞❡♥t ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❉❊✿

X1t = X
1
0 +
´ t
0
(
a− kX1s
)
ds+ σ
´ t
0
√
X1sdWs
X2t =
´ t
0 X
1
sds
X3t = X
3
0 +
´ t
0 rX
3
sds+
´ t
0
√
X1sX
3
s
(
ρdWs +
√
1− ρ2dZs
)
X4t =
´ t
0 X
3
sds
✇✐t❤ X10 ≥ 0✱ X30 > 0✱ r ∈ R✱ ρ ∈ [−1, 1] ❛♥❞ (a, k, σ) ∈ R∗+ × R× R∗+ ✳ ❚❤❡ ♣r♦❝❡ss❡s X1 ❛♥❞
X3 ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss ❛♥❞ t❤❡ st♦❝❦ ♣r♦❝❡ss✱ ❛♥❞ X2 ❛♥❞ X4 t❤❡✐r r❡s♣❡❝t✐✈❡
✐♥t❡❣r❛❧s✳ ❋r♦♠ ❛ ✜♥❛♥❝✐❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ✐s ❝♦♠♠♦♥ t♦ ❛ss✉♠❡ ♠♦r❡♦✈❡r r > 0✱ k > 0✱ ❛♥❞
ρ ≤ 0✱ ❜✉t t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t r❡q✉✐r❡❞ ❢♦r ✇❤❛t ❢♦❧❧♦✇s✳
❋✐rst✱ ✇❡ ❤❛✈❡ t♦ s❛② t❤❛t t❤❡r❡ ✐s ♥♦ ❤♦♣❡ t❤❛t t❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥
✇♦r❦s ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ ❛❧❧ t❤❛t t❤❡♦r② ✐s t❤♦✉❣❤t t♦ ✇♦r❦ ✇❤❡♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
s❝❤❡♠❡ ❤❛s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♠♦♠❡♥ts✳ ❙✐♥❝❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✐s s✉♣♣♦s❡❞ t♦ st✐❝❦
r❛t❤❡r ❝❧♦s❡❧② t♦ t❤❡ ❙❉❊✱ t❤✐s r♦✉❣❤❧② ❛♠♦✉♥ts t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❙❉❊ ❤❛s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞
♠♦♠❡♥ts✱ ✇❤✐❝❤ ❤♦❧❞s ✇❤❡♥ t❤❡ ❞r✐❢t b(x) ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ σ (x) ❤❛✈❡ ❛ s✉❜✲❧✐♥❡❛r
❣r♦✇t❤✳ ■♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ (x) ❤❛s ♥♦t ❛ s✉❜✲❧✐♥❡❛r ❣r♦✇t❤✱ ❛♥❞ ✐t ✐s
♣r♦✈❡❞ ✐♥❞❡❡❞ t❤❛t t❤❡ ♠♦♠❡♥ts ❡①♣❧♦❞❡ ✐♥ ❛ ✜♥✐t❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢r❛♠❡✇♦r❦ ❞❡✈❡❧♦♣❡❞ ✐♥
❆❧❢♦♥s✐✬s ♣❛♣❡r ✐s ♥♦t ✇❡❧❧ s✉✐t❡❞ t♦ ❣❡t ❛ r✐❣♦r♦✉s ❡st✐♠❛t❡ ♦❢ t❤❡ ✇❡❛❦ ❡rr♦r ✇✐t❤✐♥ t❤❡ ❍❡st♦♥
♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♠❡❛♥✐♥❣❧❡ss t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts st❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥ t♦
t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❚❤❡ r❡❝✉rs✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐r❞✲♦r❞❡r s❝❤❡♠❡ ✐s ❛ ✇❛② t♦ ❝❛♥❝❡❧ ♠❛♥②
❜✐❛s❡❞ t❡r♠s ♦❢ ♦r❞❡r ✶✱ ❛♥❞ ✐♠♣r♦✈❡ r❡❛❧❧② t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳
❲❡ ✇✐❧❧ t❤❡♥ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥ ✐♥ ❛ ♥♦♥ r✐❣♦r♦✉s ♠❛♥♥❡r✳ ❚♦ ❞♦ s♦✱
✇❡ s♣❧✐t t❤❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ❙❉❊ L = LW + LZ ✱ ✇❤❡r❡ t❤❡ t✇♦ ♦♣❡r❛t♦rs ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s♣❡❝t✐✈❡ ❙❉❊s✿

dX1t =
(
a− kX1t
)
dst+ σ
√
X1t dWt
dX2t = X
1
t dt
dX3t = rX
3
t dt+
√
X1tX
3
t ρdWt
dX4t = X
3
t ds
❛♥❞


dX1t = 0
dX2t = 0
dX3t =
√
(1− ρ2)X1tX3t ⋆ dZst
dX4t = 0.
❍❡r❡ ⋆ ❞❡♥♦t❡s t❤❡ ❙tr❛t♦♥♦✈✐❝❤ ✐♥t❡❣r❛❧✳ ❚❤❡ s❡❝♦♥❞ ❙❉❊ ✐s ❡❛s② t♦ ✐♥t❡❣r❛t❡ ❡①❛❝t❧②✳
❈♦♥❝❡r♥✐♥❣ t❤❡ ✜rst ❙❉❊✱ ✇❡ ✉s❡ t❤❡ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♣❛♣❡r ❢♦r ❈■❘✳ ❚♦
❞✐s❝r❡t✐③❡ X2t ✱ ✇❡ ✉s❡ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡✳ ❚❤❡♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t X
3 ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ❡①❛❝t❧②
✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ X1 ❛♥❞ X2✿
X3t = X
3
0 exp
[(
r − ρ
σ
a
)
t+
[
ρ
σ
k − 1
2
] (
X2t −X20
)
+
ρ
σ
(
X1t −X10
)]
,
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✶✾
❢✉♥❝t✐♦♥ X0 (x) :
x← x+ (a− σ2/4)ψ−k (t)
❢✉♥❝t✐♦♥ X1 (x) :
x←
((√
x+ σ
√
ψ−k (t)Y/2
)+)2
❢✉♥❝t✐♦♥ Xt (x) :
x← x+ σ√
2
√|a− σ2/4|εψ−k (t)
❢✉♥❝t✐♦♥ CIR3 (x) :
✐❢(x ≥ K3 (t)) {
if (ζ = 1)
{
if
(
σ2 ≤ 4a) {X1 (x)X0 (x)Xt (x)} else {X0 (x)X1 (x)Xt (x)}}
if (ζ = 2)
{
if
(
σ2 ≤ 4a) {X1 (x)Xt (x)X0 (x)} else {X0 (x)Xt (x)X1 (x)}}
if (ζ = 3)
{
if
(
σ2 ≤ 4a) {Xt (x)X1 (x)X0 (x)} else {Xt (x)X0 (x)X1 (x)}}
x← xe−kt} ❡❧s❡ {
s← µ3−µ1µ2
µ2−µ21
, p← µ1µ3−µ22
µ2−µ21
, δ =
√
s2 − 4p, π ← µ1−(s−δ)/2δ
✐❢(U < π) {x← (s+ δ) /2}
❡❧s❡ {x← (s− δ) /2}
}
❚❛❜❧❡ ✶✳✶✿ ❆❧❣♦r✐t❤♠ ❝♦♠♣✉t✐♥❣ t❤❡ 3rd ♦r❞❡r s❝❤❡♠❡ ✈❛❧✉❡ ❛t t❤❡ ♥❡①t t✐♠❡✲st❡♣✱ st❛rt✐♥❣ ❢r♦♠
x ✇✐t❤ ❛ t✐♠❡✲st❡♣✳ ❍❡r❡✱ U ✐s s❛♠♣❧❡❞ ✉♥✐❢♦r♠❧② ♦♥ [0, 1] ❛♥❞ ε, ζ ❛♥❞ Y ❛s st❛t❡❞ ✐♥ ❙❡❝t✐♦♥
✶✳✶✳✻✳✷✳
❛♥❞ ✇❡ ✉s❡ t❤✐s ❢♦r♠✉❧❛ ✇✐t❤ t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ▲❛st✱ ✇❡ ❞✐s❝r❡t✐③❡X4 ❧✐❦❡ X2
✉s✐♥❣ t❤❡ tr❛♣❡③♦✐❞❛❧ s❝❤❡♠❡✳ ■♥st❡❛❞ ♦❢ ✇r✐t✐♥❣ t❤❡ ❝✉♠❜❡rs♦♠❡ ❢♦r♠✉❧❛ ♦r ❆❧❢♦♥s✐✬s s❝❤❡♠❡✱
✇❡ ♣r❡❢❡r t♦ ✇r✐t❡ ❤❡r❡ ❞✐r❡❝t❧② t❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛t t❤❡ ♥❡①t
t✐♠❡✲st❡♣✳ ❚❤❡ ❢✉♥❝t✐♦♥ ❍❲ ✭r❡s♣✳ ❍❩✮ ❝❛❧❝✉❧❛t❡s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❙❉❊ ❛ss♦❝✐❛t❡❞ t♦
LW ✭r❡s♣✳ LZ✮✳ ❙❡❡ ❚❛❜❧❡ ✶✳✶ ❛♥❞ ✶✳✷✳
✷✵ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❢✉♥❝t✐♦♥ HW (x1, x2, x3, x4)✿
∆x1 ← −x1✱ CIR3 (x1) ,∆x1 ← ∆x1 + x1
x2 ← x2 + (x1 + 0.5∆x1) t
x4 ← x4 + 0.5x3t
x3 ← x3 exp [(r − ρa/σ) t+ ρ∆x1/σ + (ρk/σ − 0.5) (x1 + 0.5∆x1) t]
x4 ← x4 + 0.5x3t
x1 ← x1 +∆x1
❢✉♥❝t✐♦♥ HZ (x1, x2, x3, x4) :
x3 ← x3 exp
(√
(1− ρ2)x1tN
)
❢✉♥❝t✐♦♥ Heston (x1, x2, x3, x4) :
✐❢ (B = 1) {HZ (x1, x2, x3, x4) , HW (x1, x2, x3, x4)}
❡❧s❡ {HW (x1, x2, x3, x4) , HZ (x1, x2, x3, x4)}
❚❛❜❧❡ ✶✳✷✿ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ B ❜❡✐♥❣ ❛ ❇❡r♥♦✉❧❧✐ s❛♠♣❧❡ ♦r ♣❛r❛♠❡t❡r ✶✴✷ ❛♥❞
N ❛♥ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡✳
✶✳✶✳✼ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❚❤❡ ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❬✷✽❪ ✐s ♦♥❡ ♦❢ ❤✐st♦r✐❝❛❧❧② ♠♦st ✐♠♣♦rt❛♥t ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧s✱ ✇❤✐❝❤
✐s ♥♦✇❛❞❛②s ♦❢t❡♥ ✉s❡❞ ❢♦r r✐s❦✲♠❛♥❛❣❡♠❡♥t ♣✉r♣♦s❡s✳ ❚❤❡ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❍❲
♠♦❞❡❧ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❧♦s❡❞ ❢♦r♠✉❧❛s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r✐❝❡s ♦❢ ❜♦♥❞s✱ ❝❛♣❧❡ts ❛♥❞ s✇❛♣t✐♦♥s✳
✶✳✶✳✼✳✶ ❚❤❡ ♠♦❞❡❧
■♥ ♦r❞❡r t♦ ✜① t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ r❡♣♦rt t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧✿{
dSt = rtStdt+ σStdZ
S
t S0 = S¯0,
drt = k (θt − rt) dt+ ωdZrt r0 = r¯0,
✇❤❡r❡ ZS ❛♥❞ Zr ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ❛♥❞ d
〈
ZSt , Z
r
t
〉
= ρdt✳
❚❤❡ ♣r♦❝❡ss r ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ✭❤❡r❡❛❢t❡r ❖❯✮ ♣r♦❝❡ss✿ ❤❡r❡ θt ✐s ♥♦t
❝♦♥st❛♥t ❜✉t ✐t ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛r❦❡t ✈❛❧✉❡s
♦❢ t❤❡ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞s ✭❩❈❇s✮ ❜② ❝❛❧✐❜r❛t✐♦♥ ✭s❡❡ ❇r✐❣♦ ❛♥❞ ▼❡r❝✉r✐♦ ❬✶✷❪✮✿ ✐♥ t❤✐s ❝❛s❡ t❤❡
t❤❡♦r❡t✐❝❛❧ ♣r✐❝❡s ♦❢ t❤❡ ❩❈❇s ♠❛t❝❤ ❡①❛❝t❧② t❤❡ ♠❛r❦❡t ♣r✐❝❡s✳
▲❡t PM (0, T ) ❞❡♥♦t❡ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♦❢ t❤❡ ❩❈❇ ❛t t✐♠❡ 0 ❢♦r t❤❡ ♠❛t✉r✐t② T ✳ ❚❤❡ ♠❛r❦❡t
✐♥st❛♥t❛♥❡♦✉s ❢♦r✇❛r❞ ✐♥t❡r❡st r❛t❡ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②
fM (0, T ) = −∂ lnP
M (0, T )
∂T
.
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ s❤♦rt r❛t❡ ♣r♦❝❡ss r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
rt = ωXt + β (t) ,
✇❤❡r❡ X ✐s ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❣✐✈❡♥ ❜②
dXt = −kXtdt+ dZrt , X0 = 0,
✶✳✶ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✷✶
❛♥❞ β (t) ✐s ❛ ❢✉♥❝t✐♦♥
β (t) = fM (0, t) +
ω2
2k2
(1− exp (−kt))2 .
❚❤❡♥✱ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ✐s ❞❡s❝r✐❜❡❞ ❜②

dSt = rtStdt+ σStdZ
S
t S0 = S¯0,
dXt = −kXtdt+ dZrt X0 = 0,
rt = ωXt + β (t) .
✭✶✳✶✳✼✮
❆ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐s ❝❛❧❧❡❞ ✢❛t ❝✉r✈❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛ss✉♠❡ PM (t, T ) = e−r¯0(T−t) ❛♥❞
fM (0, T ) = r¯0✳ ❚❤❡♥
β (t) = r¯0 +
ω2
2k2
(1− exp (−kt))2 ,
❛♥❞
θt = r¯0 +
ω2
2k2
(1− exp (−2kt)) .
✶✳✶✳✼✳✷ ❚❤❡ ❡①❛❝t s❝❤❡♠❡
❋♦r t❤✐s ♠♦❞❡❧ ✐t ✐s ❡❛s② t♦ ❞❡✜♥❡ ❛♥ ❡①❛❝t s❝❤❡♠❡✳ ❲❡ r❡❢❡r t♦ ❬✸✾❪✱ ✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r
t❤❡ r❛t❡s ❣❡♥❡r❛t✐♦♥ ✐s ❡①♣❧❛✐♥❡❞✳ ❋✐rst ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✶✳✶✾✳ ▲❡t 0 ≤ s < t✳ ❚❤❡ ✈❛r✐❛❜❧❡s Xt ❛♥❞
´ t
s Xudu ❛r❡ ❜✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t❡❞
❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ Fs ✇✐t❤
E [Xt|Fs] = Xse−k(t−s)
E
[ˆ t
s
Xudu|Fs
]
=
1
k
Xs
(
1− e−k(t−s)
)
❱❛r [Xt|Fs] = 1
2k
(
1− e−2k(t−s)
)
❱❛r
[ˆ t
s
Xudu|Fs
]
=
1
k2
(
t− s+ 2
k
e−k(t−s) − 1
2k
e−2k(t−s) − 3
2k
)
❈♦✈
[
Xt,
ˆ t
s
Xudu|Fs
]
=
1
2k2
(
1− e−k(t−s)
)2
.
❚❤❡♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t
❱❛r [Xt|Fs] = ❱❛r
[ˆ t
s
−kXudu+
ˆ t
s
dZru|Fs
]
= ❱❛r
[ˆ t
s
−kXudu|Fs
]
+❱❛r
[ˆ t
s
dZru|Fs
]
+ 2❈♦✈
[ˆ t
s
−kXudu;
ˆ t
s
dZru|Fs
]
= k2❱❛r
[ˆ t
s
Xudu|Fs
]
+ (t− s)− 2k❈♦✈
[ˆ t
s
Xudu;
ˆ t
s
dZru|Fs
]
,
✷✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❛♥❞ t❤❡♥
❈♦✈
[ˆ t
s
Xudu, Z
r
t − Zrt |Fs
]
=
k2❱❛r
[´ t
s Xudu|Fs
]
+ (t− s)−❱❛r [Xt|Fs]
2k
=
e−k(t−s) + k(t− s)− 1
k2
.
▼♦r❡♦✈❡r
❈♦✈ [Xt −Xs, Zrt − Zrs |Fs] = ❈♦✈
[ˆ t
s
dXu, Z
r
t − Zrt
]
= ❈♦✈
[ˆ t
s
−kXudu, Zrt − Zrt
]
+ ❈♦✈
[ˆ t
s
dZru, Z
r
t − Zrt
]
= −k❈♦✈
[ˆ t
s
Xudu, Z
r
t − Zrt
]
+❱❛r [Zrt − Zrt ]
= −e
−k(t−s) + k(t− s)− 1
k
+ (t− s)
=
1− e−k(t−s)
k
.
❚❤❡♥✱ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ●❛✉ss✐❛♥ ✈❡❝t♦r(
Zrt − Zrt , Xt −Xs,
ˆ t
s
Xudu
)
❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ Fs ✐s
 t− s
1
k
(
1− e−k(t−s)) 1
k2
(
e−k(t−s) + k(t− s)− 1)
1
k
(
1− e−k(t−s)) 12k (1− e−2k(t−s)) 12k2 (1− e−k(t−s))2
1
k2
(
e−k(t−s) + k(t− s)− 1) 12k2 (1− e−k(t−s))2 1k2 (t− s+ 2ke−k(t−s) − 12ke−2k(t−s) − 32k)


❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t ✐ts ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s✿
C =


√
t− s −−1+ek(s−t)
k
√
t−s
k(t−s)+ek(s−t)−1
k2
√
t−s
0 e
k(s−t)ωk(t,s)√
2k
√
t−s −
ek(s−t)ωk(t,s)√
2k2
√
t−s
0 0 0


✇❤❡r❡ ωk (t, s) =
√
k(s− t) + 4ek(t−s) + e2k(t−s)(k(t− s)− 2)− 2✳
■♥ ❚❛❜❧❡ ✶✳✸ ✇❡ r❡♣♦rt ❛ ♣s❡✉❞♦✲❝♦❞❡ ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♣r♦❝❡ss✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❍❡st♦♥ ❝❛s❡✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿ X1t r❡♣r❡s❡♥ts St✱ X
2
t
r❡♣r❡s❡♥ts Xt ❛♥❞ X3t r❡♣r❡s❡♥ts
´ t
s Xudu✳
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✷✸
❢✉♥❝t✐♦♥ BSHW (x1, x2, x3)✿
x3 ← x2 ·
(
1− e−k(t−s)) /k + C1,3G0 + C2,3G1
x2 ← x2 · e−k(t−s) + C1,2G0 + C2,2G1✱
x1 ← x1 exp
[
x3 +
´ t
s β (u) du− σ2(t− s)/2 + σ
√
t− s
(
ρG0 +
√
1− ρ2G3
)]
❚❛❜❧❡ ✶✳✸✿ ❆❧❣♦r✐t❤♠ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ G1, G2, G3 ❜❡✐♥❣ ✸ ✐♥❞❡♣❡♥❞❡♥t
st❛♥❞❛r❞ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s✳
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s
❚❤✐s ♣❛rt ✐s ✐♥s♣✐r❡❞ ❜② ❬✾❪✳
▲❛tt✐❝❡ ♠❡t❤♦❞s ❛r❡ ❜✉✐❧t t♦ ✐♠♣❧❡♠❡♥t ❞✐s❝r❡t❡ ♠♦❞❡❧s s✉❝❤ ❛s t❤❡ ❈♦①✲❘♦ss✲❘✉❜✐♥st❡✐♥
♠❛r❦❡t ♠♦❞❡❧ ✭❈❘❘ ♠♦❞❡❧✱ s❡❡ ❬✶✼❪✮✳ ❚❤❡ ❈❘❘ ♠♦❞❡❧ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♠✉❧t✐✲♣❡r✐♦❞ ♠❛r❦❡t
♠♦❞❡❧ ♦❢ t❤❡ st♦❝❦ ♣r✐❝❡✳ ❚❤✐s ♠♦❞❡❧ ❦♥♦✇♥ ❛s t❤❡ ❜✐♥♦♠✐❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ❤❛s ❛s ❛ ❧✐♠✐t✐♥❣
❝❛s❡ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❢♦r♠✉❧❛✳ ❚❤❡ ❜✐♥♦♠✐❛❧ ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t t❤❡ st♦❝❦ ♣r✐❝❡ ❛t ❡❛❝❤ t✐♠❡
♠♦♠❡♥t ❝❛♥ ❣♦ ❡✐t❤❡r ✉♣ ♦r ❞♦✇♥ ❜② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ ❢❛❝t♦rs ❝❛❧❧❡❞ u ❛♥❞ d✳
✶✳✷✳✶ ❚❤❡ ✉♥✐♣❡r✐♦❞❛❧ ♠♦❞❡❧
❈♦♥s✐❞❡r ❛ s✐♥❣❧❡ t✐♠❡ st❡♣ ♦❢ ❧❡♥❣t❤ ∆t✳ ❲❡ ❦♥♦✇ t❤❡ ❛ss❡t ♣r✐❝❡ S0 ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
t✐♠❡ st❡♣❀ t❤❡ ♣r✐❝❡ S1 ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞s ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❚❤❡ s✐♠♣❧❡st ♠♦❞❡❧ ✇❡
♠❛② t❤✐♥❦ ♦❢ s♣❡❝✐✜❡s ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ✈❛❧✉❡s✱ ❛❝❝♦✉♥t✐♥❣✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢
❛♥ ✐♥❝r❡❛s❡ ❛♥❞ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ st♦❝❦ ♣r✐❝❡✳ ❚♦ ❜❡ s♣❡❝✐✜❝✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❋✐❣✉r❡ ✶✳✷✳✶✳ ❲❡
st❛rt ✇✐t❤ ❛ ♣r✐❝❡ S0❀ ❛t ♥❡①t t✐♠❡ ✐♥st❛♥t ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r✐❝❡ ♠❛② t❛❦❡ ❡✐t❤❡r ✈❛❧✉❡ S0u
♦r S0d✱ ✇❤❡r❡ d < u✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t✐❡s pu ❛♥❞ pd = 1− pu r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s ❛ ❞✐s❝r❡t❡✲t✐♠❡
♠♦❞❡❧ ❛s ✇❡❧❧✱ ❜✉t ✐t ✐s ❛❧s♦ ❞✐s❝r❡t❡✲st❛t❡✳ ◆♦✇✱ ✐♠❛❣✐♥❡ ❛♥ ♦♣t✐♦♥ ✇❤♦s❡ ✉♥❦♥♦✇♥ ✈❛❧✉❡ ♥♦✇
✐s ❞❡♥♦t❡❞ ❜② V0✳ ■❢ t❤❡ ♦♣t✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ❡①❡r❝✐s❡❞ ❛❢t❡r ∆t✱ ✐t ✐s ❡❛s② t♦ ✜♥❞ ✐ts ✈❛❧✉❡s fu ❛♥❞
fu ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦✉t❝♦♠❡s✳ ❚❤❡② ❛r❡ s✐♠♣❧② t❤❡ ♦♣t✐♦♥ ♣❛②♦✛s✱ ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥❡❞
❜② t❤❡ t②♣❡ ♦❢ t❤❡ ❝♦♥tr❛❝t✳ ❊①♣❧♦✐t✐♥❣ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r✐❝❡ ♦❢
t❤❡ ♦♣t✐♦♥✳ ▲❡t ✉s s❡t ✉♣ ❛ ♣♦rt❢♦❧✐♦ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ❛ss❡ts✿ ❛ r✐s❦❧❡ss ❜♦♥❞ ✇✐t❤ ✐♥✐t✐❛❧ ♣r✐❝❡
B0 = 1 ❛♥❞ ❢✉t✉r❡ ♣r✐❝❡ B1 = er∆t✱ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ S0✳ ❲❡ ❞❡♥♦t❡
t❤❡ ♥✉♠❜❡r ♦❢ st♦❝❦ s❤❛r❡s ✐♥ t❤❡ ♣♦rt❢♦❧✐♦ ❜② δ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ❜② Ψ✳ ❚❤❡ ✐♥✐t✐❛❧
✈❛❧✉❡ ♦❢ t❤✐s ♣♦rt❢♦❧✐♦ ✐s
Π0 = δS0 +Ψ,
S0
S0u
S0d
❋✐❣✉r❡ ✶✳✷✳✶✿ ❙✐♠♣❧❡ s✐♥❣❧❡✲♣❡r✐♦❞ ❜✐♥♦♠✐❛❧ ❧❛tt✐❝❡✳
✷✹ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❛♥❞ ✐ts ❢✉t✉r❡ ✈❛❧✉❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❛❧✐③❡❞ st❛t❡✱ ✇✐❧❧ ❜❡ ❡✐t❤❡r
Πu = δS0u+Ψe
r∆t, ♦r Πd = δS0d+Ψe
r∆t.
◆♦✇ ❧❡t ✉s tr② t♦ ✜♥❞ ❛ ♣♦rt❢♦❧✐♦ ✇❤✐❝❤ ✇✐❧❧ ❡①❛❝t❧② r❡♣❧✐❝❛t❡ t❤❡ ♦♣t✐♦♥ ♣❛②♦✛✱{
Πu = Vu
Πd = Vd.
❙♦❧✈✐♥❣ t❤✐s s②st❡♠ ♦❢ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s✱ ✇❡ ❣❡t
δ =
Vu − Vd
S0 (u− d)
Ψ = e−r∆t
uVu − dVd
u− d .
❇✉t ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛r❜✐tr❛❣❡✱ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤✐s ♣♦rt❢♦❧✐♦ ♠✉st ❜❡ ❡①❛❝t❧② V0✿
V0 = δS0 +Ψ
=
Vu − Vd
u− d + e
−r∆tuVu − dVd
u− d
= e−r∆t
{
er∆t − d
u− d Vu +
u− er∆t
u− d Vd
}
. ✭✶✳✷✳✶✮
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤✐s r❡❧❛t✐♦♥s❤✐♣ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s pu
❛♥❞ pd✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦♣t✐♦♥ ♣r✐❝❡ ✐s ♥♦t t❤❡ ❞✐s❝♦✉♥t❡❞ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛②♦✛✱ ✇❤✐❝❤
❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❛ s❡❡♠✐♥❣❧② r❡❛s♦♥❛❜❧❡ ❣✉❡ss❀ ♥❡✈❡rt❤❡❧❡ss✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t ❡q✉❛t✐♦♥ ✭✶✳✷✳✶✮
❛s ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ s❡t
πu =
er∆t − d
u− d , πd =
u− er−∆t
u− d
✇❡ ♠❛② ♥♦t✐❝❡ t❤❛t t❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❞❡✜♥❡ ❛ r✐s❦ ♥❡✉tr❛❧ ♣r♦❜❛❜✐❧✐t② Q✳ ❚❤❡ ♦♣t✐♦♥ ♣r✐❝❡ ❝❛♥
❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❞✐s❝♦✉♥t ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛②♦✛ ✉♥❞❡r t❤♦s❡ ♣r♦❜❛❜✐❧✐t✐❡s✿
V0 = e
−r∆tEQ [V1] = e−r∆t (πuVu + πdVd) , ✭✶✳✷✳✷✮
✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ EQ ✐s ✉s❡❞ t♦ ♣♦✐♥t ♦✉t t❤❛t ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Q✳
❚❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s ✉♥✐♣❡r✐♦❞❛❧ ♠♦❞❡❧ ❜❡❝❛✉s❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡ t✐♠❡
❧❛❣✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ♠✐❞❞❧❡ ✈❛❧✉❡s✳
❚♦ ❛❧❧♦✇ ❢♦r ❛ ❜❡tt❡r ♠♦❞❡❧ ♦❢ ✉♥❝❡rt❛✐♥t②✱ ✇❡ s❤♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s❀ t♦
r❡♣❧✐❝❛t❡ t❤❡ ♦♣t✐♦♥ ♣❛②♦✛✱ ✇❡ ❝❛♥ ❡✐t❤❡r ✉s❡ ♠♦r❡ ❛ss❡ts ♦r ❛❧❧♦✇ ❢♦r tr❛❞✐♥❣ ❛t ✐♥t❡r♠❡❞✐❛t❡
❞❛t❡s✳ ❚❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s ♠♦r❡ ♣r❛❝t✐❝❛❧ ❛♥❞ ✐t ✐s ❡ss❡♥t✐❛❧✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ ♣r✐❝❡ ❆♠❡r✐❝❛♥
♦♣t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇ ❢♦r ❡❛r❧② ❡①❡r❝✐s❡ ❛t ❛♥② t✐♠❡ ❞✉r✐♥❣ ♦♣t✐♦♥ ❧✐❢❡✳ ■♥ t❤❡ ❧✐♠✐t t❤✐s ❧❡❛❞s t♦ ❛
❝♦♥t✐♥✉♦✉s t✐♠❡ ♠♦❞❡❧ ❛♥❞ t♦ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦✳ ❲❤❡♥ t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✷✺
S0
S0u
S0d
udS0
S0d
2
S0u
2
S0u
3
S0u
2
d
S0ud
2
S0d
3
❋✐❣✉r❡ ✶✳✷✳✷✿ ❘❡❝♦♠❜✐♥✐♥❣ ❜✐♥♦♠✐❛❧ ❧❛tt✐❝❡✳
❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ✇❡ ♠✉st r❡s♦rt t♦ s♦♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤
❝❛♥ ❜❡ s❛♠♣❧✐♥❣ ❜② ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✱ ♦r s❡tt✐♥❣ ✉♣ ❛ ❣r✐❞ ❛♥❞ ❛♣♣❧② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s
♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P❉❊✳ ❆ ♠✉❧t✐st❛❣❡ ❜✐♥♦♠✐❛❧ ❧❛tt✐❝❡✱ ❧✐❦❡ t❤❡ ♦♥❡ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✶✳✷✳✷ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♣♣r♦❛❝❤❀ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❝♦♥s✐❞❡r ♥♦♥✲r❡❝♦♠❜✐♥❛♥t
tr❡❡s✱ ❜✉t r❡❝♦♠❜✐♥❛t✐♦♥ ❦❡❡♣s ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt t♦ ❛ ♠❛♥❛❣❡❛❜❧❡ ❧❡✈❡❧✳
❆ ❣♦♦❞ ✇❛② t♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥ ✐s t♦ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥✐❡♥t ❝❤♦✐❝❡ u = 1/d✳ ❚❤✐s ✐s ♥♦t
♥❡❝❡ss❛r②✱ ❜✉t ✐♥ t❤✐s ✇❛②✱ ❛♥ ✉♣ st❡♣ ❢♦❧❧♦✇❡❞ ❜② ❛ ❞♦✇♥ st❡♣ ②✐❡❧❞s t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ♣r✐❝❡✿
S0ud = S0du = S0.
❆s ✇❡ ♠❛② s❡❡ ❢♦r♠ t❤❡ ✜❣✉r❡✱ ♥♦t ♦♥❧② ✇❡ ❤❛✈❡ r❡❝♦♠❜✐♥❛t✐♦♥✱ ❜✉t t❤❡ ❧❛tt✐❝❡ ✉s❡s ❛ ❧✐♠✐t❡❞
♥✉♠❜❡r ♦❢ ♣r✐❝❡s t♦♦✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ s❡♥s✐❜❧❡ ✈❛❧✉❡s ❢♦r u ❛♥❞ d ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❛✐♠ ♦❢
❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♣r♦❝❡ss✳
✶✳✷✳✷ ❚❤❡ ♠✉❧t✐♣❡r✐♦❞❛❧ ♠♦❞❡❧
❚❤❡ ❜✐♥♦♠✐❛❧ ❧❛tt✐❝❡ s❤♦✉❧❞ ❜❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r✐s❦✲♥❡✉tr❛❧ ♣r♦❝❡ss
dS = rSdt+ σSdW.
❍❡♥❝❡ t❤❡ ♣❛r❛♠❡t❡rs ✇❡ ♥❡❡❞ t♦ s❡t ✉♣ t❤❡ ❧❛tt✐❝❡ s❤♦✉❧❞ ♣r❡s❡r✈❡ s♦♠❡ ❡ss❡♥t✐❛❧ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♠♦❞❡❧✳ ❚❤✐s ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ❝❛❧✐❜r❛t✐♦♥✳ ❙t❛rt✐♥❣ ❢r♦♠ St✱ ❛❢t❡r ❛ s♠❛❧❧
t✐♠❡ ✐♥t❡r✈❛❧ ∆t✱ t❤❡ ♥❡✇ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ St+∆t ✐s s✉❝❤ t❤❛t
ln (St+∆t) ∼ N
((
r − σ2/2)∆t, σ2∆t) .
❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❣ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇❡ ❤❛✈❡
E [St+∆t/St] = e
r∆t ✭✶✳✷✳✸✮
❛♥❞
❱❛r [St+∆t/St] = e
2r∆t
(
eσ
2∆t − 1
)
. ✭✶✳✷✳✹✮
✷✻ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❆ r❡❛s♦♥❛❜❧❡ r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ❞②♥❛♠✐❝s ✐s t❤❛t ✐t s❤♦✉❧❞ ♠❛t❝❤ t❤❡s❡ ♠♦♠❡♥ts✳
◆♦t❡ t❤❛t t❤❡s❡ ❛r❡ t✇♦ ❝♦♥❞✐t✐♦♥s✱ ❜✉t ✇❡ ❤❛✈❡ t❤r❡❡ ♣❛r❛♠❡t❡rs✿ p, u ❛♥❞ d✳ ❙♦ ✇❡ ❤❛✈❡ ♦♥❡
❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ❛♥❞ ✇❡ ♠❛② ❝❤♦♦s❡ u = 1/d✳ ❚❤✐s ✐s ❛ ❝♦♥✈❡♥✐❡♥t ❝❤♦✐❝❡ ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧
♣♦✐♥t ♦❢ ✈✐❡✇✱ ❜✉t ✐s ♥♦t t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t②✳
❖♥ t❤❡ ❧❛tt✐❝❡✱ ✇❡ ❤❛✈❡
E [St+∆t] = pu · St + (1− p) d · St,
✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✷✳✸✮✱ ②✐❡❧❞s
p =
er∆t − d
u− d . ✭✶✳✷✳✺✮
◆♦t❡ t❤❛t p ✐s t❤❡ r✐s❦✲♥❡✉tr❛❧ ♣r♦❜❛❜✐❧✐t②✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ tr✉❡ ❞r✐❢t✳ ❚♦ ♠❛t❝❤✱
✇❡ s❡❡ t❤❛t✱ ♦♥ t❤❡ ❧❛tt✐❝❡✱
❱❛r [St+∆t] = S
2
t +
(
pu2 + (1− p) d2)− S2t e2r∆t.
❋r♦♠ ✭✶✳✷✳✹✮ ✇❡ ❛❧s♦ s❡❡
❱❛r [St+∆t] = S
2
t e
2r∆t
(
eσ
2∆t − 1
)
.
❯s✐♥❣ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s t♦❣❡t❤❡r✱ ✭✶✳✷✳✺✮ ❛♥❞ u = 1/d✱ ✇❡ ✜♥❛❧❧② ❣❡t
u =
(
1− e2r∆t+σ2∆t
)
+
√(
1 + e2r∆t+σ2∆t
)2 − 4e2r∆t
2er∆t
.
❯s✐♥❣ ❛ ✜rst✲♦r❞❡r ❡①♣❛♥s✐♦♥ ❧✐♠✐t❡❞ t♦ t❤❡ ♣♦✇❡rs ♦❢ ♦r❞❡r ∆t✱ ✇❡ ♠❛② s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥✳
❍❡♥❝❡
u ≈ 1 + σ
√
∆t+
σ2
2
∆t.
❇✉t t❤✐s ❡①♣❛♥s✐♦♥ ✐s t❤❡ s❛♠❡ ❡①♣❛♥s✐♦♥ t♦ t❤❡ s❡❝♦♥❞ ♦r❞❡r ♦❢ eσ∆t✳ ❲❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡
♣❛r❛♠❡tr✐③❛t✐♦♥
u = eσ
√
∆t, d = e−σ
√
∆t, p =
er∆t − d
u− d ,
✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s ❈❘❘ ✭❈♦①✱ ❘♦ss✱ ❛♥❞ ❘✉❜✐♥st❡✐♥✮✳
❆ss✉♠✐♥❣ t❤❛t t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st r❛t❡ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ ❝♦♥st❛♥t ✐♥ t✐♠❡✱ t❤❡ ♣❛r❛♠❡t❡rs
✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛♣♣❧② t♦ t❤❡ ❡♥t✐r❡ ❧❛tt✐❝❡✳ ❚♦ ♣r✐❝❡ ❛♥ ♦♣t✐♦♥✱ ✇❡ s❤♦✉❧❞ ❜✉✐❧❞ ✭❡①♣❧✐❝✐t❧②
♦r ✐♠♣❧✐❝✐t❧②✮ ❛ ❧❛tt✐❝❡ ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡s✱ ❛♥❞ t❤❡♥ ✇❡ s❤♦✉❧❞ ♣r♦❝❡❡❞ ❜❛❝❦✇❛r❞
✐♥ t✐♠❡✳ ■♥ ❢❛❝t✱ t❤❡ ♦♣t✐♦♥ ✈❛❧✉❡ ✐s ❦♥♦✇♥ ❛t ♠❛t✉r✐t②✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜② t❤❡ ♦♣t✐♦♥ ♣❛②♦✛✳
❚❤❡♥ ✇❡ s❤♦✉❧❞ ❛♣♣❧② ❡q✉❛t✐♦♥ ✭✶✳✷✳✷✮ r❡❝✉rs✐✈❡❧②✱ ❣♦✐♥❣ ❜❛❝❦✇❛r❞ ♦♥❡ st❡♣ ❛t t✐♠❡✱ ✉♥t✐❧ ✇❡
r❡❛❝❤ t❤❡ ✐♥✐t✐❛❧ ♥♦❞❡✳
✶✳✷✳✸ ❙✐♠♣❧❡ ❜✐♥♦♠✐❛❧ ♣r♦❝❡ss❡s ❛s ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s
◆❡❧s♦♥ ❛♥❞ ❘❛♠❛s✇❛♠② ✐♥ t❤❡✐r ♣❛♣❡r ❬✸✺❪ ♣r❡s❡♥ts ❛♥ ❛♣♣r♦❛❝❤ t♦ ♦❜t❛✐♥ s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ tr❡❡s
❢♦r s❡✈❡r❛❧ ♣r♦❝❡ss❡s✳ ❆ ❜✐♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛ ❞✐✛✉s✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ✏❝♦♠♣✉t❛t✐♦♥❛❧❧②
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✷✼
s✐♠♣❧❡✑ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❣r♦✇s ❛t ♠♦st ❧✐♥❡❛r❧② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ✐♥t❡r✈❛❧s✳ ■♥ t❤❡
♣❛♣❡r✱ ✐t ✐s s❤♦✇♥ ❤♦✇ t♦ ❝♦♥str✉❝t ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ ♣r♦❝❡ss❡s t❤❛t ❝♦♥✈❡r❣❡
✇❡❛❦❧② t♦ ❝♦♠♠♦♥❧② ❡♠♣❧♦②❡❞ ❞✐✛✉s✐♦♥ ✐♥ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡
♦❢ ❜♦♥❞ ❛♥❞ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥ ♣r✐❝❡s ❢r♦♠ t❤❡s❡ ♣r♦❝❡ss❡s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡
❞✐✛✉s✐♦♥ ❧✐♠✐t ✐s ❛❧s♦ ❞❡♠♦♥str❛t❡❞✳
✶✳✷✳✸✳✶ ❇✐♥♦♠✐❛❧ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s
❙✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
dyt = µ (y, t) dt+ σ (y, t) dWt ✭✶✳✷✳✻✮
✇❤❡r❡ {Wt, t ≥ 0} ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ µ (y, t) ❛♥❞ σ (y, t) ≥ 0 ❛r❡ t❤❡ ✐♥st❛♥t❛♥❡♦✉s
❞r✐❢t ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ yt✱ ❛♥❞ y0 ✐s ❛ ❝♦♥st❛♥t✳ ❲❡ ✇✐s❤ t♦ ✜♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ❜✐♥♦♠✐❛❧
♣r♦❝❡ss❡s t❤❛t ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ✭✶✳✷✳✻✮✳ ❲❡ t❤❡♥ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥str✉❝t✐♥❣
❛ s❡q✉❡♥❝❡ ♦❢ ❜✐♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ❣✐✈❡♥ ❛ ❧✐♠✐t ❞✐✛✉s✐♦♥✳ ❚♦ ✜① ♠❛tt❡rs✱ t❛❦❡ t❤❡ ✐♥t❡r✈❛❧
[0, T ]✱ ❛♥❞ ❝❤♦♣ ✐t ✐♥t♦ n ❡q✉❛❧ ♣✐❡❝❡s ♦❢ ❧❡♥❣t❤ h = T/n✳ ❋♦r ❡❛❝❤ h ❝♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss {hyt} ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, T ]✱ ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ❜❡t✇❡❡♥ ♥♦❞❡s ❛♥❞✱ ❛t ❛♥② ❣✐✈❡♥ ♥♦❞❡✱
❥✉♠♣s ✉♣ ✭❞♦✇♥✮ s♦♠❡ s♣❡❝✐✜❡❞ ❞✐st❛♥❝❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q ✭r❡s♣✳ 1 − q✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡
s❡t q = 1/2 ❛♥❞ t❤❡ ✉♣ ❛♥❞ ❞♦✇♥ s✐③❡ ❡q✉❛❧ t♦
√
h✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❛s n → +∞✱ {hyt}
❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳
❚❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ✉♣ ♦r ❞♦✇♥ ❥✉♠♣s ❛r❡ s♣❡❝✐✜❡❞ ❛s ❢♦❧❧♦✇s✿ ❞❡✜♥❡ qh (y, hk) , Y
+
h (y, hk)
❛♥❞ Y −h (y, hk) t♦ ❜❡ s❝❛❧❛r ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ R× [0,∞) s❛t✐s❢②✐♥❣
0 ≤ qh (y, hk) ≤ 1
−∞ < Y −h (y, hk) ≤ Y +h (y, hk) < +∞,
❢♦r ❛❧❧ y ∈ R ❛♥❞ ❛❧❧ k ∈ {0, . . . , n}✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❢♦❧❧♦✇❡❞ ❜② hyt ✐s ❣✐✈❡♥ ❜②
hy0 = y0 ❢♦r ❛❧❧ h, ✭✶✳✷✳✼✮
hyt = ykh ❢♦r ❛❧❧ kh ≤ t < (k + 1)h,
P
[
hy(k+1)h = Y
+
h (y, hk) |hk, hykh
]
= qh (hykh, bk) , ✭✶✳✷✳✽✮
P
[
hy(k+1)h = Y
−
h (y, hk) |hk, hykh
]
= 1− qh (hykh, bk) ,
P
[
hy(k+1)h = c
]
= 0,
❢♦r c 6= Y −h (y, hk) , c 6= Y +h (y, hk)
❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss hyt ✐s ❛ st❡♣ ❢✉♥❝t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ y0 ✇❤✐❝❤ ❥✉♠♣s ♦♥❧② ❛t t✐♠❡s
h, 2h, 3h, . . . (n− 1)h✳ ❆t ❡❛❝❤ ❥✉♠♣ t❤❡ ♣r♦❝❡ss ❝❛♥ ♠❛❦❡ ♦♥❡ ♦❢ t✇♦ ♣♦ss✐❜❧❡ ♠♦✈❡s✿ ✉♣ t♦ ❛
✈❛❧✉❡ Y +b ♦r ❞♦✇♥ t♦ ❛ ✈❛❧✉❡ Y
−
h ✳ Y
+
h ✱ Y
−
h ❛♥❞ qh ❛r❡ ❛❧❧♦✇❡❞ t♦ ❞❡♣❡♥❞ ♦♥ h✱ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢
t❤❡ ♣r♦❝❡ss ✐♠♠❡❞✐❛t❡❧② ❜❡❢♦r❡ t❤❡ ❥✉♠♣ (hyhk)✱ ❛♥❞ ♦♥ t❤❡ t✐♠❡ ✐♥❞❡① hk✳ ❇② t❤❡ st❛t❡♠❡♥ts
✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ t❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳
❲❡ ❛♣♣❧② ❛ r❡s✉❧t ❢r♦♠ ❙tr♦♦❝❦ ❛♥❞ ❙r✐♥✐✈❛s❛ ❱❛r❛❞❤❛♥ ✭❬✹✹❪✮ ✇❤✐❝❤ st❛t❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r
✇❤✐❝❤ {hyt} ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✇❤❡♥ h→ 0 t♦ t❤❡ ♣r♦❝❡ss ✐♥ ✭✶✳✷✳✻✮✳
✷✽ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❚♦ ✉s❡ t❤✐s r❡s✉❧t ✇❡ ♥❡❡❞ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t ❜♦t❤ t❤❡ ❧✐♠✐t✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲
t✐♦♥ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤❡ ✜rst t✇♦ ❛ss✉♠♣t✐♦♥s ❡♥s✉r❡ t❤❛t
t❤❡ ❧✐♠✐t✐♥❣ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✷✳✻✮ ✐s ✇❡❧❧ ❜❡❤❛✈❡❞✳
❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥s µ (y, t) ❛♥❞ σ (y, t) ❛r❡ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ σ (y, t) ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳
❆ss✉♠♣t✐♦♥ ✷✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❛ s♦❧✉t✐♦♥ {yt} ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥
yt = y0 +
ˆ t
0
µ (ys, s) ds+
ˆ t
0
σ (ys, s) dWs,
❡①✐sts ❢♦r 0 < t <∞✱ ❛♥❞ ✐s ❞✐str✐❜✉t✐♦♥❛❧❧② ✉♥✐q✉❡✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss {yt}0≤t<T ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❢♦✉r t❤✐♥❣s✿
✶✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t y0
✷✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ✭✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✮ ♦❢ yt ❛s ❛ r❛♥❞♦♠ ❢✉♥❝t✐♦♥ ♦❢ t
✸✳ ❚❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ µ (y, t)
✹✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥ σ2 (y, t)
■❢ {hyt} ✐s ❝♦♥✈❡r❣❡♥t ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ {yt} ✇❤❡♥ h→ 0✱ ♣r♦♣❡rt✐❡s 1− 4 ♠✉st ❜❡ ♠❛t❝❤❡❞ ✐♥
t❤❡ ❧✐♠✐t✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ r❡q✉✐r❡
✶✬✳ t❤❛t hy0 = y0✱ ❢♦r ❛❧❧ h
✷✬✳ t❤❛t t❤❡ ❥✉♠♣ s✐③❡ ♦❢ hyt ❜❡❝♦♠❡ s♠❛❧❧ ❛t ❛ s✉✣❝✐❡♥t❧② r❛♣✐❞ r❛t❡ ❛s h→ 0
✸✬✳ t❤❛t t❤❡ ❞r✐❢t ♦❢ hyt ❝♦♥✈❡r❣❡s ✭✐♥ ❛ s❡♥s❡ t♦ ❜❡ ♠❛❞❡ ♣r❡❝✐s❡ ❜❡❧♦✇✮ t♦ (y, t)
✹✬✳ t❤❛t t❤❡ ❧♦❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ hyt ❝♦♥✈❡r❣❡s t♦ σ2 (y, t)
◆♦t❡ t❤❛t ✶✬ ✐s ❛ss✉r❡❞ ❜② ✭✶✳✷✳✼✮✳ ❚♦ ❡♥s✉r❡ ✷✬✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳
❆ss✉♠♣t✐♦♥ ✸✳ ❋♦r ❛❧❧ δ > 0 ❛♥❞ T > 0✱
lim
h→0
sup
|y|≤δ
0≤t≤T
∣∣Y +h (y, t)− y∣∣ = 0,
lim
h→0
sup
|y|≤δ
0≤t≤T
∣∣Y −h (y, t)− y∣∣ = 0.
❋♦r ✸✬ ❛♥❞ ✹✬✱ ❞❡✜♥❡ ❢♦r ❛♥② h > 0 t❤❡ ❧♦❝❛❧ ❞r✐❢t µh (y, t) ❛♥❞ t❤❡ ❧♦❝❛❧ s❡❝♦♥❞ ♠♦♠❡♥t✶
σ2h (y, t) ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❜②
µh (y, t) =
{
qh (y, t
∗)
[
Y +h (y, t
∗)− y]+ (1− qh (y, t∗)) [Y −h (y, t∗)− y]} /h
σ2h (y, t) =
{
qh (y, t
∗)
[
Y +h (y, t
∗)− y]2 + (1− qh (y, t∗)) [Y −h (y, t∗)− y]2} /h
✶❚❤✐s ✐s ♥♦t t❤❡ ❧♦❝❛❧ ✈❛r✐❛♥❝❡✱ ❜❡❝❛✉s❡ t❤❡ ♠♦♠❡♥t ✐s ❝❡♥t❡r❡❞ ❛r♦✉♥❞ y ❛♥❞ ♥♦t ❛r♦✉♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
♠❡❛♥✳ ❆s h→ 0 ❤♦✇❡✈❡r✱ t❤❡ ❧♦❝❛❧ ✈❛r✐❛♥❝❡ ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥t ❛♣♣r♦❛❝❤ t❤❡ s❛♠❡ ❧✐♠✐t✳
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✷✾
✇✐t❤ t∗ = h · ⌊t/h⌋✱ ✇❤❡r❡ ⌊t/h⌋ ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ t/h✳ ❚❤❡ ♥❡①t ❛ss✉♠♣t✐♦♥ r❡q✉✐r❡s
t❤❛t µh ❛♥❞ σ2h ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② t♦ µ ❛♥❞ σ
2 ♦♥ s❡ts ♦❢ t❤❡ ❢♦r♠ |y| ≤ δ✱ 0 ≤ t < T ✳
❆ss✉♠♣t✐♦♥ ✹✳ ❋♦r ❡✈❡r② T > 0 ❛♥❞ ❡✈❡r② δ > 0
lim
h→0
sup
|y|≤δ
0≤t≤T
|µh (y, t)− µ (y, t)| = 0,
❛♥❞
lim
h→0
sup
|y|≤δ
0≤t≤T
∣∣σ2h (y, t)− σ2 (y, t)∣∣ = 0,
❚❤❡♦r❡♠ ✶✳✷✵✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s ✶✲✹✱ {hyt} ⇒ {yt} , ✇❤❡r❡ ⇒ ❞❡♥♦t❡s ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡
✭✐✳❡✳ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥✮ ❛♥❞ {yt} ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✻✮
❚❤❡ ✐♥t✉✐t✐♦♥ ✉♥❞❡r❧②✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ s❡q✉❡♥❝❡ ✐s ✉♥❝♦♠♣❧✐❝❛t❡❞✳
❙✉♣♣♦s❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s✉❣❣❡st✐♦♥ ✐♥ ❈♦① ❛♥❞ ❘✉❜✐♥st❡✐♥ ❬✶✽❪✱ ✇❡ ✉s❡ t❤❡ ❜✐♥♦♠✐❛❧ ❥✉♠♣s
❞❡s❝r✐❜❡❞ ❜② ❋✐❣✉r❡ ✭✶✳✷✳✸✮ ❛s t❤❡ ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ❛ ❜✐♥♦♠✐❛❧ tr❡❡✱ ✇❤❡r❡
Y +h = y +
√
hσ (y, t)
Y −h = y −
√
hσ (y, t)
qh =
1
2
+
√
hµ (y, t) / (2σ (y, t)) .
■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ h ✐s t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ ❥✉♠♣s✱ ❛♥❞ qh ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
❛ ❥✉♠♣ t♦ Y +b ✳ ❚❤❡ t♦t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐s
√
h
[−σ (y, t) + σ (Y −b , t+ h)] ✐❢ ❛♥ ✉♣ ♠♦✈❡ ❢♦❧❧♦✇s
❛ ❞♦✇♥ ♠♦✈❡✱ ❛♥❞ ✐t ✐s
√
h
[
+σ (y, t)− σ (Y +b , t+ h)] ✐❢ ❛ ❞♦✇♥ ♠♦✈❡ ❢♦❧❧♦✇s ❛♥ ✉♣ ♠♦✈❡✳ ■♥
❣❡♥❡r❛❧✱ t❤❡s❡ ❛r❡ ♥♦t ❡q✉❛❧✱ s♦ t❤❡ ❜r❛♥❝❤❡s ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ tr❡❡ ❞♦ ♥♦t r❡❝♦♥♥❡❝t ❛♥❞ t❤❡
♥✉♠❜❡r ♦❢ ♥♦❞❡s ❞♦✉❜❧❡s ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❍♦✇❡✈❡r✱ ✇❤❡♥❡✈❡r ❆ss✉♠♣t✐♦♥s ✶✲✹ ❛r❡ s❛t✐s✜❡❞
❜② t❤✐s ❜✐♥♦♠✐❛❧ s❡q✉❡♥❝❡ ✭✇❤✐❝❤ ✐s ♦❢t❡♥ t❤❡ ❝❛s❡✮✱ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ✇✐❧❧ ❢♦❧❧♦✇✳ ❇✉t s✉❝❤
❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦♠♣❧❡① tr❡❡ ✐s ✉s❡❧❡ss ❢♦r ♣✉r♣♦s❡s s✉❝❤ ❛s ♦♣t✐♦♥ ♣r✐❝✐♥❣✿ ❛❢t❡r ♦♥❧② ✷✵
♣❡r✐♦❞s✱ t❤❡ ♣r♦❝❡ss ❝♦✉❧❞ t❛❦❡ ♠♦r❡ t❤❛♥ ❛ ♠✐❧❧✐♦♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s✱ ❛♥❞ ❛❢t❡r ✹✵ ♣❡r✐♦❞s✱
♠♦r❡ t❤❛♥ ❛ tr✐❧❧✐♦♥ ✈❛❧✉❡s✳ ❆ ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇♦✉❧❞ ❛❧❧♦✇ t❤❡
♣r♦❝❡ss t♦ t❛❦❡ ❛t ♠♦st ✷✶ ❛♥❞ ✹✶ ✈❛❧✉❡s ❛❢t❡r ✷✵ ❛♥❞ ✹✵ ♣❡r✐♦❞s✱ r❡s♣❡❝t✐✈❡❧②✳
◆♦t❡ ✱ ❤♦✇❡✈❡r✱ t❤❛t ✐❢ σ (y, t) ✐s ❝♦♥st❛♥t✱ t❤❡♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❡q✉❛❧✲s♦ ❝♦♠♣✉t❛t✐♦♥❛❧
s✐♠♣❧✐❝✐t② ✐s r❡t❛✐♥❡❞✳ ❚❤✐s s✉❣❣❡sts t❤❛t ❛ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ♣✉r❣❡s t❤❡ ♦r✐❣✐♥❛❧ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✷✳✻✮ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❤❡t❡r♦s❦❡❞❛st✐❝✐t② ✇✐❧❧ ♣❡r♠✐t ✉s t♦ ❝♦♥str✉❝t ❛ ❝♦♠✲
♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ tr❡❡✳
✶✳✷✳✸✳✷ ❘❡t❛✐♥✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✿
❚♦ t❤✐s ❡♥❞✱ ❝♦♥s✐❞❡r ❛ tr❛♥s❢♦r♠❛t✐♦♥ X (y, t)✱ ✇❤✐❝❤ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ t✇✐❝❡ ✐♥ y ❛♥❞ ♦♥❝❡ ✐♥ t✳
❲❡ ❤❛✈❡✱ ❜② ■tô✬s ❧❡♠♠❛✱
dX (yt, t) =
(
µ(yt, t)
∂X(yt, t)
∂y
+
1
2
σ2(yt, t)
∂2X(yt, t)
∂y2
+
∂X(yt, t)
∂t
)
dt+
(
σ(yt, t)
∂X(yt, t)
∂y
)
dWt.
✭✶✳✷✳✾✮
✸✵ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
y
Y
+
h
Y
-
h
q
h
1-q
h
❋✐❣✉r❡ ✶✳✷✳✸✿ ❚❤❡ s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ s❡q✉❡♥❝❡✳
◆♦✇ ❝❤♦♦s❡ X (y, t) t♦ s❛t✐s❢②
X (y, t) =
ˆ
dZ
σ (Z, t)
✭✶✳✷✳✶✵✮
♦♥ t❤❡ s✉♣♣♦rt ♦❢ y✳ ❚❤❡♥ t❤❡ t❡r♠
∂X (y, t)
∂y
σ (y, t) dWt
✐♥ ✭✶✳✷✳✾✮ ❜❡❝♦♠❡s dWt ❛♥❞ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❝❡ss xt = X (yt, t)
✐s ❝♦♥st❛♥t✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❞❡✈❡❧♦♣ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ tr❡❡ ❢♦r x ✇❤❡r❡
t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ t❤❡ ❧♦❝❛❧ ❝❤❛♥❣❡ ✐♥ x ✐s ❝♦♥st❛♥t ❛t ❡✈❡r② ♥♦❞❡✳ ❚♦ ❛rr✐✈❡ ❛t t❤❡ s❡q✉❡♥❝❡
♦❢ ❜✐♥♦♠✐❛❧ ♣r♦❝❡ss❡s ♦♥ y✱ ✇❡ tr❛♥s❢♦r♠ ❢r♦♠ x ❜❛❝❦ t♦ y ❜② ❞❡✜♥✐♥❣
Y (x, t) = {y : X (y, t) = x} . ✭✶✳✷✳✶✶✮
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ∂Y/∂x = σ (y, t) ❛♥❞✱ ❜② ❆ss✉♠♣t✐♦♥ ✶✱ t❤✐s ♠❡❛♥s t❤❛t Y (x, t) ✐s ✇❡❛❦❧②
♠♦♥♦t♦♥❡ ✐♥ x ❢♦r ❛ ✜①❡❞ t✳ ❚❤❡♥ ✇❡ ❝❛♥ ✉s❡ t❤❡ tr❛♥s❢♦r♠ ✐♥ ✭✶✳✷✳✶✶✮ t♦ ❞❡✜♥❡ ❛ tr❡❡ ❢♦r y✱
s♦ t❤❛t
Y +h (x, t) = Y
(
x+
√
h, t+ h
)
Y −h (x, t) = Y
(
x−
√
h, t+ h
)
.
◆♦t❡ t❤❛t t❤❡ tr❡❡ ❢♦r y ❤❛s ✐♥❤❡r✐t❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t② t❤❛t t❤❡ tr❡❡ ❢♦r x ❞✐s♣❧❛②s✳
❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t
∂Y (x, t)
∂x
= σ (Y (x, t) , t) ,
❛ ❚❛②❧♦r✬s s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ Y +h ❛♥❞ Y
−
h ❛r♦✉♥❞ h = 0 ②✐❡❧❞s
Y ±h (x, t) = Y (x, t)± σ (Y (x, t) , t)
√
h+O (h) ,
σ2 (Y (x, t) , t) = σ2 (Y (x, t) , t) +O
(√
h
)
.
❚❤✐s s❤♦✇s t❤❛t t❤❡ ❧♦❝❛❧ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ hyt ❝♦♥✈❡r❣❡s t♦ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ✈❛r✐❛♥❝❡ σ2 (y, t)
❛s h→ 0✳ ❋✐♥❛❧❧②✱ t♦ ❣❡t t❤❡ ❧♦❝❛❧ ❞r✐❢t t♦ ♠❛t❝❤ t❤❡ ❞r✐❢t ♦❢ t❤❡ ❧✐♠✐t ❞✐✛✉s✐♦♥✱ ✇❡ ♥❡❡❞
µh (y, t)→ µ (y, t)
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✸✶
✉♥✐❢♦r♠❧② ♦♥ {(y, t) : |y| , t < δ}✱ ❢♦r ❡✈❡r② δ > 0✳ ❲❡ t❡♥t❛t✐✈❡❧② ❝❤♦♦s❡
qh =
hµ (Y (x, t) , t) + Y (x, t)− Y −h (x, t)
Y +h (x, t)− Y −h (x, t)
✭✶✳✷✳✶✷✮
✇❤✐❝❤✱ ✐❢ ✐t ✐s ❛ ❧❡❣✐t✐♠❛t❡ ♣r♦❜❛❜✐❧✐t② ✭✐✳❡✳✱ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮ s❡ts t❤❡ ❧♦❝❛❧ ❞r✐❢t ❡①❛❝t❧② ❡q✉❛❧
t♦ t❤❡ ❞r✐❢t ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐✛✉s✐♦♥ ✶✳✷✳✻✳ ❚❤✐s ❞❡✈✐❝❡ ✲ t❤❡ ✉s❡ ♦❢ ❛ tr❛♥s❢♦r♠✱ ✐ts ✐♥✈❡rs❡✱ ❛♥❞
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② qh ✲ ❡♥❛❜❧❡s ♦♥❡ t♦ t✉r♥ t♦ ❝♦♥str✉❝t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡
❜✐♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■t t✉r♥s ♦✉t t♦ ❜❡ ❛ ✉s❡❢✉❧ ❞❡✈✐❝❡ ✐♥ ♠❛♥② ❝♦♠♠♦♥❧② ❡♠♣❧♦②❡❞ ❞✐✛✉s✐♦♥
✐♥ ✜♥❛♥❝❡✱ ✇❤❡r❡ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❧✐❦❡ ✭✶✳✷✳✶✵✮ ✐s r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❡①❛♠♣❧❡
♦❢ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❢♦r t❤❡ ▲♦❣♥♦r♠❛❧ ❞✐✛✉s✐♦♥✱ ✇❤❡r❡ µ (y, t) = µy ❛♥❞ σ (y, t) = σy✳ ❚❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ✐s s✐♠♣❧❡ X (y) = σ−1 ln (y)✱ ❛♥❞ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s Y (x) = eσx✳ ❚❤✐s
✇❛s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❡♠♣❧♦②❡❞ ❜② ❈♦①✱ ❘♦ss✱ ❛♥❞ ❘✉❜✐♥st❡✐♥ t♦ ♦❜t❛✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧②
s✐♠♣❧❡ tr❡❡✳ ❙✉❝❤ tr❛♥s❢♦r♠❛t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡ ❢♦r ♦t❤❡r ❞✐✛✉s✐♦♥s✱ ❡✈❡♥ ✐❢ t❤❡✐r ❞r✐❢t ❛♥❞
❞✐✛✉s✐♦♥ ❞❡♣❡♥❞ ♦♥ t✳
❲❡ ♠✉st s♦♠❡t✐♠❡s ❛❧s♦ ❛❧❧♦✇ x t♦ ❥✉♠♣ ✉♣ ♦r ❞♦✇♥ ❜② ❛ q✉❛♥t✐t② ❣r❡❛t❡r t❤❛♥
√
h ✐♥ ♦r❞❡r
t♦ ♠❛✐♥t❛✐♥ t❤❡ ❞r✐❢t r❛t❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞✐✛✉s✐♦♥ ♠❛② ❤❛✈❡ ❛ ❜♦✉♥❞❛r② ❛t 0 ✭♦r s♦♠❡ ♦t❤❡r
✈❛❧✉❡✮✳ ❆t s✉❝❤ ❛ ❜♦✉♥❞❛r② σ (·, t) = 0 ❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛② ♥❡❡❞ t♦ ❜❡ ♠♦❞✐✜❡❞✳
✶✳✷✳✸✳✸ ❘❡t❛✐♥✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✿ ❛ ❣❡♥❡r❛❧ tr❡❛t♠❡♥t
❚❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣❧✐❝❛t✐♦♥s t❤❛t ❛r✐s❡ ✐♥ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ str❛t❡❣② ❝♦♠❡ ❢r♦♠ s✐♥❣✉❧❛r✐t✐❡s ✐♥
σ (·, ·)❀ ❢♦r ❡①❛♠♣❧❡✱ σ (y∗, t) = 0 ❢♦r s♦♠❡ y∗✳ ❙✉❝❤ s✐♥❣✉❧❛r✐t✐❡s ❛r❡ ✉s✉❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤
❜♦✉♥❞❛r✐❡s ♦♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♣r♦❝❡ss✱ ❛♥❞ ♦❢t❡♥ ❛r✐s❡ ✐♥ ✜♥❛♥❝✐❛❧ ❡❝♦♥♦♠✐❝s❀ ❢♦r ❡①❛♠♣❧❡✱
✇✐t❤ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② ❛♥❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡✱ ③❡r♦ ♠✉st ❜❡ ❛ ❧♦✇❡r ❜♦✉♥❞❛r② ❢♦r st♦❝❦
♣r✐❝❡s ❛♥❞ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡s✳
❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♣♦ss✐❜❧❡ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦rs s♦ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥✜♥❡ ♦✉r
❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡s ❧✐❦❡❧② t♦ ❜❡ ♠♦st ✉s❡❢✉❧ ✐♥ ✜♥❛♥❝❡✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
σ (·, ·) ❤❛s ♥♦ s✐♥❣✉❧❛r✐t✐❡s ♦♥ R × [0,∞)✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ σ (0, t) = 0 ❛♥❞
µ (0, t) ≥ 0✱ ❢♦r ❛❧❧ t✱ ✐♠♣❧②✐♥❣ ❛ ❧♦✇❡r ❜♦✉♥❞❛r② ❛t ③❡r♦ ♦♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞✐✛✉s✐♦♥✳
❈❛s❡ ✶✳ ◆♦ s✐♥❣✉❧❛r✐t✐❡s ✐♥ σ (y, t) ❆s ✇❡ ❞✐❞ ❜❡❢♦r❡✱ ✇❡ ❞❡✜♥❡ X (y, t) ❛❧♦♥❣ ✇✐t❤ x ✈❛❧✉❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ y✿
X (y, t) =
ˆ
dZ
σ (Z, t)
,
xU (t) = lim
y→+∞X (y, t) ,
xL (t) = lim
y→−∞X (y, t) . ✭✶✳✷✳✶✸✮
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s ❝♦♥✈❡♥✐❡♥t✱ ❛♥❞ ❝❛♥ ❜❡ r❡❧❛①❡❞ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ s✐♠♣❧✐❝✐t②✳
❆ss✉♠♣t✐♦♥ ✺✳ ❚❤❡ ✈❛❧✉❡s xU (t) ❛♥❞ xL (t) ❛r❡ ❝♦♥st❛♥ts✳
✸✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠ ✐s ♥♦✇ ♠♦❞✐✜❡❞ t♦ r❡❛❞
y (x, t) =


y : X (y, t) = x, ✐❢ xL < x < xU
+∞ ✐❢ xU ≤ x
−∞ ✐❢ x ≤ xL.
✭✶✳✷✳✶✹✮
❲❡ ❛❧s♦ s❡t
q∗h (x, t) = max [0,min [1, qh (x, t)]] . ✭✶✳✷✳✶✺✮
❚♦ ✈❡r✐❢② ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷ ❢♦r t❤❡ ❝✉rr❡♥t ❝❛s❡✱ ✇❡ ❡♠♣❧♦② ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼✳
❆ss✉♠♣t✐♦♥ ✻✳ ❚❤❡ ❢✉♥❝t✐♦♥s µ (y, t) ❛♥❞ σ2 (y, t) ❛r❡ ❝♦♥t✐♥✉♦✉s ❡✈❡r②✇❤❡r❡✳ ❋♦r ❡✈❡r② R > 0
❛♥❞ ❡✈❡r② T > 0 t❤❡r❡ ✐s ❛ ♥✉♠❜❡r ∆T,R > 0 s✉❝❤ t❤❛t
∆T,R ≤ inf
0≤t≤T
|y|≤R
σ (y, t) ✭✶✳✷✳✶✻✮
❘❡❧❛t✐♦♥ ✭✶✳✷✳✶✻✮ ✐s ❛ ♥♦♥✲s✐♥❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥✿ ✐t ❡♥s✉r❡s t❤❛t σ (y, r) ✐s ❜♦✉♥❞❡❞ ❛✇❛②
❢r♦♠ ③❡r♦ ❡①❝❡♣t ❛t t =∞ ❛♥❞✴♦r |y| =∞✳
❲❡ ♠✉st ❛❧s♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣r♦❝❡ss ❢♦r ② ❞♦❡s ♥♦t ❡①♣❧♦❞❡ t♦ ✐♥✜♥✐t② ✐♥ ✜♥✐t❡ t✐♠❡✳
❆ss✉♠♣t✐♦♥ ✼✳ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✷✳✻✮ s❤❛r❡ t❤❡ ♣r♦♣❡rt② t❤❛t✱ ❢♦r ❛❧❧ T ✱ 0 < T <∞✱
lim
B→∞
P
(
sup
0≤t≤T
|yt| > B
)
= 0.
❚♦ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❡ ♥❡❡❞ ♦♥❡ ❧❛st ❛ss✉♠♣t✐♦♥s ♦❢ r❡❣✉❧❛r✐t②✳
❆ss✉♠♣t✐♦♥ ✽✳ ❚❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s
σy, σt, σyt, σtt, Yx, Yxx, Yt, Ytt, Yxt
❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ (y, t) ∈ R× [0,∞)✳
❚❤❡♦r❡♠ ✶✳✷✶✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✺✲✽ ❤♦❧❞✳ ❋♦r h > 0✱ ❞❡✜♥❡ t❤❡ x ❛s ❛ s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ tr❡❡
✇✐t❤ σx = 1✱ ✇✐t❤ hx0 = X (y0, 0)✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢♦r t❤❡ x ♣r♦❝❡ss ❣✐✈❡♥ ❜②
hxh(k+1) =
{
hxhk +
√
h ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗b (hxhk, hk) ,
hxhk −
√
h ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✲q∗b (hxhk, hk) .
❉❡✜♥❡ t❤❡ y✲tr❡❡ ❛s ❛ s✐♠♣❧❡ ❜✐♥♦♠✐❛❧ tr❡❡ ✇❤♦s❡ st❛t❡ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤♦s❡ ♦❢ t❤❡ x✲tr❡❡ ❜②
✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❚❤❛t ✐s✱ ❢♦r h > 0✱ ❞❡✜♥❡ hyt = Y (hXhk, hk)✱ ❢♦r hk ≤ t < h (k + 1)✳
❇② ❝♦♥str✉❝t✐♦♥✱ {hyt} ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡✳ ❚❤❡♥ {hyt} ⇒ {yt} ❛s h→ 0✱ ✇❤❡r❡ {yt} ✐s
❛ s♦❧✉t✐♦♥ ♦♥ ✭✶✳✷✳✻✮✳
❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✱ s❡❡ ❬✸✺❪✳
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✸✸
❈❛s❡ ✷✳ ❆ s✐♥❣✉❧❛r✐t② ❛t y = 0✿ σ (0, t) = 0, µ (0, t) ≥ 0✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t
✈❛♥✐s❤❡s ❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ✭③❡r♦✮✱ ❜✉t t❤❡ ❞r✐❢t r❛t❡ ♠✐❣❤t s❡r✈❡ t♦ r❡t✉r♥ t♦ t❤❡ ♣r♦❝❡ss
❛❜♦✈❡ ✐t✳ ❚❤❡ ❧♦✇❡r ❧✐♠✐t ❢♦r x ✐s r❡❞❡✜♥❡❞ ❛s
xL (t) = lim
y→0
X (y, t) , ✭✶✳✷✳✶✼✮
❛♥❞ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠ ✭✇❤✐❝❤ ✐s ♥♦✇ ❛ ✇❡❛❦❧② ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥ ♦❢ x✮ ❞❡✜♥❡❞ ❛s
Y (x, t) =


y : X (y, t) = x ✐❢ xL < x < xU
+∞ ✐❢ xU < x
0 ✐❢ x ≤ xL.
✭✶✳✷✳✶✽✮
❆s ❜❡❢♦r❡ ✇❡ ❛ss✉♠❡ t❤❛t xL ❛♥❞ xU ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t✳
❆♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ ❈❛s❡ ✷ r❡❧❛t❡s t♦ t❤❡ st❡♣ s✐③❡s✿ t❤✉s ❢❛r t❤❡② ❛r❡ ✭❛♣♣r♦①✐♠❛t❡❧②✮
♣r♦♣♦rt✐♦♥❛❧ t♦ σ (y, t)✳ ❇✉t ✐❢ σ (y, t) ✐s ✈❡r② s♠❛❧❧ ♥❡❛r y = 0 ❛♥❞ µ (y, t) ✐s ♥♦t s♠❛❧❧✱ ✇❡ ♠❛②
♥❡❡❞ t♦ t❛❦❡ ♠✉❧t✐♣❧❡ ❥✉♠♣s ✐♥ t❤✐s r❡❣✐♦♥ ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ t❤❡ ❞r✐❢t ♦❢ t❤❡ ❧✐♠✐t ❞✐✛✉s✐♦♥✳
❈❤♦♦s❡ xB > xL✱ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ J+h (x, t) ❛s
J+h (x, t) =


t❤❡ s♠❛❧❧❡st✱ ♦❞❞✱ ♣♦s✐t✐✈❡✱ ✐♥t❡❣❡r js✉❝❤ t❤❛t
Y
(
x+ j
√
h, t+ h
)
− Y (x, t) ≥ µ (Y (x, t) , t) · h ✐❢ x < xB
1 ✐❢ x ≥ xB
J+h (x, t) ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✉♣✇❛r❞ ❥✉♠♣s t❤❛t ❦❡❡♣s t❤❡ ❥✉♠♣ ♣r♦❜❛❜✐❧✐t② ph ❧❡ss
t❤❛♥ 1 ✇✐t❤♦✉t ❝❡♥s♦r✐♥❣❀ ❛♥❞ ✐t ✐s ♦❞❞ s♦ t❤❛t t❤❡ ❥✉♠♣ ♠♦✈❡s t❤❡ ♣r♦❝❡ss t♦ ❛♥ ❡①✐st✐♥❣
♥♦❞❡ ♦♥ t❤❡ tr❡❡✳ ❇② ♣❡r♠✐tt✐♥❣ t❤❡s❡ ♠✉❧t✐♣❧❡ ❥✉♠♣s ✐♥ ❛ r❡str✐❝t❡❞ r❡❣✐♦♥ ♥❡❛r 0✱ ✇❡ r❡t❛✐♥
❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②❀ ❛t ❧❛r❣❡ ✈❛❧✉❡s ♦❢ y ✇❡ ❞✐s❛❧❧♦✇ ♠✉❧t✐♣❧❡ ✉♣✇❛r❞ ❥✉♠♣s✱ ❜❡❝❛✉s❡
✐❢ J+h ✐s ✉♥❜♦✉♥❞❡❞ ✐t ♠✐❣❤t ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❛t ❛ r❛t❡ r❛♣✐❞ ❡♥♦✉❣❤ t♦ ❛✛❡❝t
❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✳ ❙✐♠✐❧❛r❧②✱ ❞❡✜♥❡ J−h (x, t) ❜②
J−h (x, t) =


t❤❡ s♠❛❧❧❡st✱ ♦❞❞✱ ♣♦s✐t✐✈❡✱ ✐♥t❡❣❡r js✉❝❤ t❤❛t
❡✐t❤❡r ✭❛✮ Y (x, t)− Y
(
x− j√h, t+ h
)
≤ µ (Y (x, t) , t) · h
♦r ✭❜✮ Y
(
x− j√h, t+ h
)
= 0
❍❡r❡✱ J−h (x, t) ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❞♦✇♥✇❛r❞ ❥✉♠♣s t❤❛t ❡✐t❤❡r ❦❡❡♣s t❤❡ ♣r♦❜❛❜✐❧✐t② qh
♣♦s✐t✐✈❡ ✭✇✐t❤♦✉t ❝❡♥s♦r✐♥❣✮ ♦r ❢♦r❝❡s t❤❡ ❞♦✇♥✲st❛t❡ ✈❛❧✉❡ ❢♦r Y −h t♦ ③❡r♦✳ ❚❤❡ tr❛♥s✐t✐♦♥s ✐♥
t❤❡ ✈❛❧✉❡ ❢♦r y ❛r❡ t❤❡♥ r❡st❛t❡❞ ❛s
Y ±h (x, t) = Y
(
x± J±h (x, t) ·
√
h, t+ h
)
, ✭✶✳✷✳✶✾✮
❛♥❞ ✇❡ r❡t❛✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q∗h ❣✐✈❡♥ ✐♥ ✭✶✳✷✳✶✷✮ ❛♥❞ ✭✶✳✷✳✶✺✮✳
❆ss✉♠♣t✐♦♥s ✼ ❛♥❞ ✽ ♥❡❡❞ t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳
✸✹ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❆ss✉♠♣t✐♦♥ ✾✳ ▲❡t σ (y, t) ❛♥❞ µ (y, t) ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ R×[0,∞)✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣✱
♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ρ (u) ❢r♦♠ [0,∞) t♦ [0,∞) s✉❝❤ t❤❛t
ρ (u) > 0, ❢♦r u > 0,
lim
ε→0
ˆ 1
ε
[ρ (u)]−2 du =∞.
❋✉rt❤❡r✱ ❢♦r ❡✈❡r② R > 0 ❛♥❞ T > 0✱ t❤❡r❡ ❡①✐sts ❛ ♥✉♠❜❡r ∆T,R > 0 s✉❝❤ t❤❛t
sup
|y∗|≤R,|y|≤R
0≤t≤T
|σ (y∗, t)− σ (y, t)| ≤ ∆T,Rρ (|y − y∗|) ,
sup
|y∗|≤R,|y|≤R
0≤t≤T
|µ (y∗, t)− µ (y, t)| ≤ ∆T,R |y − y∗| ,
❆ss✉♠♣t✐♦♥ ✶✵✳ ❖♥ ❡✈❡r② ❝♦♠♣❛❝t s✉❜s❡t ♦❢ {(y, t) : 0 < y <∞, 0 ≤ t <∞} , σy, σt, σyt ❛♥❞
σtt ❡①✐st ❛♥❞ ❛r❡ ❜♦✉♥❞❡❞✱ ❛♥❞ σ (y, t) ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✳ ❚❤❡r❡ ❡①✐sts ❛
∆ > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② T > 0
inf
0≤t≤T
0≤y≤∆
σy (y, t) > 0.
❋✉rt❤❡r♠♦r❡✱ Yxx, Yt, Ytt ❛♥❞ Yxt ❡①✐st ❢♦r ❛❧❧ (y, t) ∈ [0,∞)×[0,∞) ❛♥❞ ❛r❡ ❜♦✉♥❞❡❞ ♦♥ ❜♦✉♥❞❡❞
s❡ts✳ ❋♦r ❛❧❧ t ≥ 0✱ σ (0, t) = 0 ❛♥❞ µ (0, t) ≥ 0✳
❚❤❡ t❤❡♦r❡♠ ❢♦r ❈❛s❡ ✷ ❝❛♥ ♥♦✇ ❜❡ st❛t❡❞✳
❚❤❡♦r❡♠ ✶✳✷✷✳ ▲❡t ❛ss✉♠♣t✐♦♥s ✺✱✼✱✾ ❛♥❞ ✶✵ ❤♦❧❞✱ ❛♥❞ ❛ss✉♠❡ y0 > 0✳ ❉❡✜♥❡ hxhk ❛♥❞
hyt ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✷✶✱ r❡♣❧❛❝✐♥❣ r❡❧❛t✐♦♥s ✭✶✳✷✳✶✸✮ ❛♥❞ ✭✶✳✷✳✶✹✮ ✇✐t❤ r❡❧❛t✐♦♥s ✭✶✳✷✳✶✼✮ ❛♥❞
✭✶✳✷✳✶✽✮✱ ❛♥❞ ✉s✐♥❣ ✭✶✳✷✳✶✾✮ t♦ ❞❡✜♥❡ Y ±h ✳ ❚❤❡♥ {hyt} ⇒ {yt} ❛s h→ 0❀ ❛♥❞ ✐❢ xB <∞✱ {hyt}
✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ ❜② ❝♦♥str✉❝t✐♦♥✳ ❋✉rt❤❡r✱ 0 ❜♦✉♥❞s t❤❡ s✉♣♣♦rt ♦❢ {hyt} ❛♥❞ yt ❢r♦♠
❜❡❧♦✇✿
P
(
inf
0≤t<∞h
yt < 0
)
= P
(
inf
0≤t<∞
< 0
)
= 0
❚❤❡♦r❡♠s ✶✳✷✶ ❛♥❞ ✶✳✷✷ s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t ❝♦♠♣✉t❛t✐♦♥❛❧❧② s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s
❢♦r ❞✐✛✉s✐♦♥s ❡♥❝♦✉♥t❡r❡❞ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✜♥❛♥❝❡✳ ❚❤❡ ♣r♦♦❢s ♦❢ t❤❡s❡ ❚❤❡♦r❡♠s ❛r❡
❛✈❛✐❧❛❜❧❡ ✐♥ ❬✸✺❪✳
✶✳✷✳✸✳✹ ❚❤❡ ❍✉❧❧ ❛♥❞ ❲❤✐t❡ ♠♦❞❡❧
❚❤❡ ❍✉❧❧ ❛♥❞ ❲❤✐t❡ ❝❛s❡ ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧ ✐♥ ✜♥❛♥❝❡ t♦ ❞❡s❝r✐❜❡ ✐♥t❡r❡st r❛t❡s ❞②♥❛♠✐❝s✿
s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✼✳
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ s❤♦rt r❛t❡ ♣r♦❝❡ss r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
rt = ωXt + β (t) ,
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✸✺
✇❤❡r❡ X ✐s ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❣✐✈❡♥ ❜②
dXt = −kXtdt+ dWt X0 = 0,
❛♥❞ β (t) ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ Xt ♣r♦❝❡ss ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
♣r♦❝❡ss✱
dyt = β (α− yt) dt+ σdWt ✭✶✳✷✳✷✵✮
❛♥❞ ❢♦r t❤♦s❡ ♣r♦❝❡ss❡s ✇❡ ❡①♣❧❛✐♥ t❤❡ tr❡❡ ❝♦♥str✉❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ {hyt} ♦❢ ❜✐♥♦♠✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥s t♦ ✭✶✳✷✳✷✵✮ ✇✐t❤ ❝♦♠♠♦♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ y0 ❛♥❞
Y +h (y, t) = y + σ
√
h,
Y −h (y, t) = y − σ
√
h,
❛♥❞ ❧❡t
qh =


1
2 +
√
hβ (α− y) / (2σ) ✐❢ 0 ≤ 1/2 +√hβ (α− y) / (2σ) ≤ 1
0, ✐❢ 1/2 +
√
hβ (α− y) / (2σ) < 0
1 ♦t❤❡r✇✐s❡✳
✶✳✷✳✸✳✺ ❚❤❡ ❍❡st♦♥ ♠♦❞❡❧
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ♠♦❞❡❧ t♦ r❡♣r❡s❡♥t st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✿ ❢♦r ♠♦r❡
❞❡t❛✐❧s s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✻✳
❚❤❡ ❙❉❊ ❢♦r t❤❡ ✈♦❧❛t✐❧✐t② ✐♥ t❤✐s ♠♦❞❡❧ ✐s
dvt = k (θ − vt) dt+ ω√vtdW, v0 = v¯0,
✇✐t❤ k ≥ 0✱ µ ≥ 0✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v¯0 ✐s ❛ ♥♦♥ ♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡ ♥❡❝❡ss❛r② tr❛♥s❢♦r✲
♠❛t✐♦♥ ✐s
X (v) =
ˆ
dZ
σ
√
Z
=
2
√
v
σ
,
✇✐t❤ x0 = X (v0)✳ ❩❡r♦ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞❛r② ❢♦r v✳ ❆s ♦✉t❧✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡
t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠
V (x) =
{
σ2x2/4 ✐❢ x > 0
0 ♦t❤❡r✇✐s❡✳
❇❡❝❛✉s❡ t❤❡ ❞r✐❢t ✐♥ ✭✶✳✷✳✷✵✮ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛s r → 0✱ t❤❡ ✈❛❧✉❡ 0 ✐s ♥♦t ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ❢♦r
v ✉♥❧❡ss ❡✐t❤❡r k ♦r θ ❡q✉❛❧s ③❡r♦✳ ❚❤✐s ✐❧❧✉str❛t❡s ✇❤② ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ✐♥tr♦❞✉❝❡ ♠✉❧t✐♣❧❡
❥✉♠♣s✳ ❲❡ ❞❡✜♥❡
J+h (x) =

t❤❡ s♠❛❧❧❡st✱ ♦❞❞✱ ♣♦s✐t✐✈❡✱ ✐♥t❡❣❡r js✉❝❤ t❤❛t4hkθ/σ2 + x2 (1− kh) < (x+ j√h)2
J−h (x) =


t❤❡ s♠❛❧❧❡st✱ ♦❞❞✱ ♣♦s✐t✐✈❡✱ ✐♥t❡❣❡r js✉❝❤ t❤❛t
❡✐t❤❡r 4hkθ/σ2 + x2 (1− kh) ≥
(
x− j√h
)2
♦r x− j√h ≤ 0,
✸✻ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
P
ro
ce
ss
V
t
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A
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j =00 j =01 j =12 j =23 j =44
P
ro
ce
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X
t
Node (n,j)
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D
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B
j (3,8)
A
j (3,8)
C
❋✐❣✉r❡ ✶✳✷✳✹✿ ❚❤❡ tr❡❡s ❢♦r ❍❡st♦♥ ❛♥❞ ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧s✳
V ±h (x) = V
(
x± J±h ·
√
h
)
,
qh (x) =


[
hk(θ−V (x))+V (x)−V −
h
(x)
V +
h
(x)−V −
h
(x)
]
✐❢ R+h (x) > 0
0 ♦t❤❡r✇✐s❡.
❲❡ ❝❤♦♦s❡ J±h (x) ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t 0 ≤ qh (x) ≤ 1✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❧♦❝❛❧
❞r✐❢t ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞✐✛✉s✐♦♥ ❧✐♠✐t✳
✶✳✷✳✹ ◗✉❛❞r✐♥♦♠✐❛❧ tr❡❡s
❚❤❡ tr❡❡s ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ❇❙ ❍❲ ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❆♣♣♦❧❧♦♥✐ ❡t ❛❧✳ ❬✹❪ ♦r
◆❡❧s♦♥ ❛♥❞ ❘❛♠❛s✇❛♠② ❬✸✺❪✱ ❛s ✇❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❡❡s ❛r❡
s✐♠♣❧❡ ❜✐♥❛r② tr❡❡s✿ t❤❡ ♥♦❞❡ ✈❛❧✉❡s✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ s❡t ✐♥ ♦r❞❡r t♦ ♠❛t❝❤
❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✜rst t✇♦ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✳ ❚❤✐s ❦✐♥❞ ♦❢ tr❡❡ ♣❡r❢♦r♠ ✇❡❧❧ ♦♥
s❤♦rt ♠❛t✉r✐t②✱ ❜✉t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ❛❝❝✉♠✉❧❛t❡ ♦♥ ❧♦♥❣ ♠❛t✉r✐t✐❡s✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s
❡rr♦r t❤❛t ❛❝❝✉♠✉❧❛t❡s✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦✈❡❞ t♦ ❜❡ s❧♦✇ ❢♦r ❧♦♥❣ ♠❛t✉r✐t②
♦♣t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ r❡t❤✐♥❦ t❤❡ tr❡❡s✿ t❤❡ ♠❛✐♥ ❛✐♠ ✇❛s t♦ s❡t ✉♣ tr❡❡s
✇❤✐❝❤ ♠❛t❝❤❡❞ ❡①❛❝t❧② s♦♠❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss❡s t♦ ❜❡ ❞✐✛✉s❡❞✳ ❍❡r❡ ✇❡ ♣r❡s❡♥t t✇♦
tr❡❡s ✭s❡❡ ❋✐❣✉r❡ ✶✳✷✳✹✮✱ ♦♥❡ ❢♦r st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ ♦♥❡ ❢♦r st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ❚❤❡②
❛r❡ s✐♠♣❧❡ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡s✱ ❛♥❞ t❤❡② ❛r❡ ❜✉✐❧t t♦ ♠❛t❝❤ t❤❡ ✜rst ✸ ♠♦♠❡♥ts ♦❢ t❤❡ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s✳
❲❡ s✉♣♣♦s❡ t♦ ✜① ❛ ♥✉♠❜❡r N > 0✱ ❛♥❞ ✇❡ ❞❡✜♥❡ h = T/N✳
✶✳✷✳✹✳✶ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡
▲❡t Z ❜❡ ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ❛♥❞ ❧❡t G ❜❡ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✱ ❢♦❧❧♦✇✐♥❣
dGt = a (Gt) dt+ bdZt,
✇✐t❤ ✈❛r✐❛♥❝❡ t❤❛t ❞❡♣❡♥❞s ♦♥❧② ❜② t❤❡ t✐♠❡ ❧❛♣s❡✱ ✐✳❡✳ Gt+s − Gs|Fs ∼ N
(
µ (t, Gs) , σ
2 (t)
)
✳
❲❡ r❡♠❛r❦ t❤❛t µ (t, Gs) ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ σ2 (t) ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✸✼
♣r♦❝❡ss✿
µ (t, Gs) = E [Gs+t −Gs|Fs] = E
[ˆ t+s
s
a (Gu) du+
ˆ t+s
s
bdZu|Fs
]
= E
[ˆ t+s
s
a (Gu) du|Fs
]
,
σ2 (t) = V ar [Gs+t −Gs|Fs] = E
[(ˆ t+s
s
a (Gu) du+
ˆ t+s
s
bdZu
)2
|Fs
]
− E
[ˆ t+s
s
a (Gu) du|Fs
]2
.
❲❡ s❤♦✇ ❤♦✇ t♦ ❜✉✐❧❞ ❛ s✐♠♣❧❡ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡ t❤❛t ❝❛♥ ♠❛t❝❤ t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts✳
❲❡ ❞❡✜♥❡ ❛ q✉❛❞r✐♥♦♠✐❛❧ tr❡❡✳ ▲❡t✬s ✜① ❛ ♠❛t✉r✐t② T ✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s N ✳ ❊❛❝❤
♥♦❞❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② G(n,j) ✇❤❡r❡ n r✉♥s ❢r♦♠ 0 t♦ N ✱ ❛♥❞ j ❢r♦♠ 0 t♦ 3n✳ ▲❡t h = T/N✳
❚❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♥♦❞❡ ✐s
G(n,j) = G0 + (j − 1.5n)
√
σ2 (h).
❲❡ r❡♠❡♠❜❡r t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss G✿
M1 = E [Gt+h −Gt|Ft] = µ (h,Gt) , M2 = E
[
(Gt+h −Gt)2 |Ft
]
= µ2 (h,Gt) + σ
2 (h) ,
M3 = E
[
(Gt+h −Gt)3 |Ft
]
= µ3 (h,Gt) + 3µ (h,Gt)σ
2 (h) .
▲❡t✬s ✜① ❛ ♥♦❞❡ G(n,j)✳ ❚♦ ❜❡ ❜r✐❡❢✱ µ ✇✐❧❧ ❞❡♥♦t❡ µ
(
h,G(n,j)
)
❛♥❞ σ ✇✐❧❧ ❞❡♥♦t❡
√
σ2 (h)✳
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ µ ❢❛❧❧s ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥♦❞❡s ❛t t✐♠❡ (n+ 1)h ✳
❚❤✐s ❤②♣♦t❤❡s✐s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡ t✐♠❡ st❡♣ h ✐s s♠❛❧❧ ❡♥♦✉❣❤✳
❲❡ ❞❡✜♥❡
jA (n, j) = ❝❡✐❧
[
G0 − µ
σ
+ 1.5 (n+ 1)
]
,
✐✳❡✳ t❤❡ ✜rst ♥♦❞❡ ✐♥ t❤❡ ♥❡①t t✐♠❡ st❡♣ ❧❡✈❡❧ ✇❤♦s❡ ✈❛❧✉❡ ✐s ❜✐❣❣❡r t❤❛♥ t❤❡ ♠❡❛♥ ♦❢ t❤❡
♣r♦❝❡ss✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✷✳✹ ✭❜♦t❤ s✐❞❡s✮✿ t❤❡ ❛rr♦✇ ♣♦✐♥ts ♦✉t t♦ t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡ ♦❢ t❤❡ ♣r♦❝❡ss✱ ❛♥❞ jA (n, j) ✐s ♠❛r❦❡❞ ♦♥ t❤❡ ❋✐❣✉r❡✳ ▲❡t
jB (n, j) = jA (n, j)− 1, jC (n, j) = jA (n, j) + 1, jB (n, j) = jD (n, j)− 2.
❚♦ ❜❡ ❜r✐❡❢ ✇❡ ✇✐❧❧ ♦♥❧② ✇r✐t❡ jA, jB, jC , jD✱ ❛♥❞ GA ✇✐❧❧ ❜❡ GA = G(n+1,jA)✱ ❛♥❞ t❤❡ s❛♠❡
❢♦r t❤❡ ♦t❤❡r ❧❡tt❡rs✿ t❤✐s ✐s ❝❧❡❛r ✐♥ ❋✐❣✉r❡ ✶✳✷✳✹✱ ♦♥ t❤❡ r✐❣❤t s✐❞❡✳
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ❛ ▼❛r❦♦✈✐❛♥ ❞✐s❝r❡t❡ t✐♠❡ ♣r♦❝❡ss Gˆn✱ n = 0, . . . , N ✇✐t❤ Gˆ0 = G(0,0)
❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t ✐❢ Gˆn = G(n,j)✱ t❤❡♥ ✐t ❝❛♥ ♠♦✈❡ t♦ GA✱ GB✱ GC ✱ GD✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s
pA = P
[
Gˆn+1 = GA|Gˆn = G(n,j)
]
=
(GA − µ)
(
(GA − σ − µ)2 + σ2
)
2σ3
,
pB = P
[
Gˆn+1 = GB|Gˆn = G(n,j)
]
=
(µ−GA + σ)
(
(GA − µ)2 + σ2
)
2σ3
,
pC = P
[
Gˆn+1 = GC |Gˆn = G(n,j)
]
=
(µ−GA + σ)
(
(GA − σ − µ)2 + 2σ2
)
6σ3
,
✸✽ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
pD = P
[
Gˆn+1 = GD|Gˆn = G(n,j)
]
=
2σ2(GA − µ) + (GA − µ)3
6σ3
.
❙✐♥❝❡ GA − σ < µ ≤ GA✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t t❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✿ ❛❧❧ ✐♥
[0, 1]✱ t❤❡✐r s✉♠ ✐s ❡q✉❛❧ t♦ 1✱ ❛♥❞ t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ✈❛r✐❛❜❧❡
(
Gˆn+1|Gˆn = G(n,j)
)
❛r❡ ❡q✉❛❧ t♦ t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ✈❛r✐❛❜❧❡
(
Gt+h|Gt = G(n,j)
)
✳
◆♦✇✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦❝❡ss G ❜② ❛ ❞✐s❝r❡t❡ ♣r♦❝❡ss G¯ t❤❛t ✐s ❝♦♥st❛♥t ✐♥ ❡❛❝❤ t✐♠❡
❧❛♣s❡✱ ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s G¯t = Gˆ⌊t/N⌋✳ ❚❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s tr❡❡ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❛s ✐♥
◆❡❧s♦♥ ❛♥❞ ❘❛♠❛s✇❛♠② ❬✸✺❪✳
✶✳✷✳✹✳✷ ❚❤❡ ❍❡st♦♥ ▼♦❞❡❧
❚❤❡ ❍❡st♦♥ ♣r♦❝❡ss ✭✸✳✸✳✶✮ ❢♦r ✈♦❧❛t✐❧✐t② ❤❛s ♥♦ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡ ❛♥❞ ✐s♥✬t ●❛✉ss✐❛♥✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss ♦❜t❛✐♥❡❞ ❜② t❤❡ sq✉❛r❡ r♦♦t✿
d
√
Vt =
4k
(
θ −√Vt2
)
− ω2
8
√
Vt
dt+
ω
2
dZt.
❲❡ ❛♣♣r♦①✐♠❛t❡ ✐t ✇✐t❤ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ ✈❛r✐❛♥❝❡ ω
2
4 dt✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
❤❡❧♣❢✉❧ t♦ ❞❡✜♥❡ t❤❡ ❣r✐❞ ♦❢ st❛t❡s✲s♣❛❝❡ ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✿ ✐♥s♣✐r❡❞ ❜② ❬✸✺❪✱ ✇❡ ❞❡✜♥❡
jn = max
(
0, ✢♦♦r
(
1.5n− 2
√
V0
ω
√
h
))
,
❛♥❞ ✇❡ s❡t
V¯(n,j) =
(
max
(
0,
√
V0 + (j + jn − 1.5n) ω
√
h
2
))2
.
❢♦r j = 0, . . . , 3n− jn✳ ❚❤❡ s❤✐❢t ❞✉❡ t♦ jn ❤❡❧♣s t♦ r❡❥❡❝t t❤❡ ♠❛♥② ♥♦❞❡s ✇✐t❤ ✈❛❧✉❡ ❡q✉❛❧
t♦ ③❡r♦✿ ✐❢ jn > 0✱ t❤❡♥ V¯(n,0) = 0 ❛♥❞ V¯(n,1) > 0 ✳
❲❡ ✇♦✉❧❞ r❡♠❛r❦ t❤❛t t❤❡ ♣r♦❝❡ss V¯t ❛♣♣r♦①✐♠❛t❡s Vt ❛♥❞ ♥♦t
√
Vt✿ t❤❡ ♠♦♠❡♥ts ♠❛t❝❤✐♥❣
✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss Vt✳
❲❡ ✜① ♥♦✇ t❤❡ ✈❛❧✉❡s ♦❢ n ❛♥❞ j✳ ❚❤❡ ❞✐s❝r❡t❡ ♣r♦❝❡ss V¯ ❝❛♥ ❥✉♠♣ ❢r♦♠ ❛ ♥♦❞❡ t♦ ❛♥♦t❤❡r✱
❛s ✐♥ ❛ ▼❛r❦♦✈✐❛♥ ❝❤❛✐♥✳ ❲❡ s❤♦✇ ♥♦✇ ❤♦✇ t♦ ✜♥❞ t❤❡ ♣♦ss✐❜❧❡ ✉♣❝♦♠✐♥❣ ♥♦❞❡s✳
❚❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ❢♦r t❤❡ ❍❡st♦♥ ♣r♦❝❡ss ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆❧❢♦♥s✐ ❬✷❪✿
ψ (h) = (1−e
−kh)/k, M1 = E [Vt+h|Vt = v] = ve−kh + θkψ (h) ,
M2 = E
[
(Vt+h)
2 |Vt = v
]
= M21 + ω
2ψ (h)
[
θkψ (h) /2 + ve−kh
]
,
M3 = E
[
(Vt+h)
3 |Vt = v
]
= M1M2 + ω
2ψ (h)
[
2v2e−2kh + ψ (h)
(
kθ +
ω2
2
)(
3ve−kh + θkψ (h)
)]
.
❚❤❡♥✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❆♥②✇❛②✱ t❤❡ ❣r✐❞ ✇❡✬r❡ ✉s✐♥❣ ✐s ❜❛s❡❞ ♦♥ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥✿ s♦ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❜t❛✐♥❡❞ s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠ ♠❛② ♥♦t ❜❡ ♣♦s✐t✐✈❡✳ ■❢
✶✳✷ ▲❛tt✐❝❡ ♠❡t❤♦❞s ✸✾
D
A
E
C
B
F
❋✐❣✉r❡ ✶✳✷✳✺✿ ❚❤❡ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ✉s❡❞ t♦ ❣❡t ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧
tr❡❡✳ ❚❤❡ r❡❞ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✉s❡❞ ♥♦❞❡s✳
✇❡ ❣❡t ❛ ♥❡❣❛t✐✈❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ❣✐✈❡♥ ♥♦❞❡✱ ✇❡ tr② ❛♥♦t❤❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦✉t✲
❝♦♠✐♥❣ ♥♦❞❡s✱ r❡♣❧❛❝✐♥❣ ♦♥❡ ✭♦r t✇♦✮ ♦❢ t❤❡ ♥♦❞❡s A✱ B✱ C✱ D ✇✐t❤ ♦♥❡ ✭♦r t✇♦✮ ❝❧♦s❡ t♦ t❤❡♠✳
❚❤❡ ♥♦❞❡s A ♦r C ♠❛② ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ♥♦❞❡ E ❞❡✜♥❡❞ ❛s t❤❡ ✜rst ♥♦❞❡ ❜✐❣❣❡r t❤❛♥ C✱ ❛♥❞
t❤❡ ♥♦❞❡s B ♦r D ♠❛② ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ♥♦❞❡ F ✱ ❞❡✜♥❡❞ ❛s t❤❡ s♠❛❧❧❡st ❜❡❢♦r❡ ♥♦❞❡ D✳ ❚❤✐s
❣✐✈❡s r✐s❡ t♦ 9 ❝♦♠❜✐♥❛t✐♦♥s t♦ ❜❡ t❡st❡❞✳ ■❢ t❤❡ st❛rt✐♥❣ ♥♦❞❡ ✐s s♠❛❧❧ ❛♥❞ t❤❡ ♥♦❞❡ D ✈❡r✐✜❡s
jD = jn ✇❡ ❝♦✉❧❞ ♥♦t ❞♦ t❤✐s ❧❛st ❝❤❛♥❣❡ ❜❡❝❛✉s❡ t❤❡r❡ ✇♦✉❧❞ ❜❡ ♥♦ F ♥♦❞❡✳ ■♥ t❤✐s ❝❛s❡ ✇❡
❛❧❧♦✇ t❤❡ ♥♦❞❡ D t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ♥♦❞❡ E✿ s❡❡ ❋✐❣✉r❡ ✶✳✷✳✺✳
■❢ t❤❡s❡ ❛tt❡♠♣ts ❞♦♥✬t ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ r❡s✉❧t ✭♥❡❣❛t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s✮✱ ✇❡ ❣✐✈❡ ✉♣ tr②✐♥❣ t♦
♠❛t❝❤ t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts✱ ❛♥❞ ✇❡ ❛r❡ ❝♦♥t❡♥t t♦ ♠❛t❝❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✜rst t✇♦
❛s ✐♥ ❬✸✺❪✱ t❤✉s ❡♥s✉r✐♥❣ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦♥❧② ✉s❡ t❤❡ ♥♦❞❡s A,B,C,D✿
✇❡ ❞❡✜♥❡
pAB =
µ−Gn+1,jB
Gn+1,jA −Gn+1,jB
, pBA = 1− pAB,
pCD =
µ−Gn+1,jD
Gn+1,jC −Gn+1,jD
, pDC = 1− pCD,
❛♥❞
pA =
5
8
pAB, pB =
5
8
pBA, pC =
3
8
pCD, pD =
3
8
pDC .
■t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ✜rst ♠♦♠❡♥t ♦❢ t❤✐s ✈❛r✐❛❜❧❡ ✐s ❡q✉❛❧ t♦ M1✱ ❛♥❞ ❛s h → 0
t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ❛♣♣r♦❛❝❤❡s t♦ M2✱ ❡♥s✉r✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❛s ♣r♦✈❡❞ ✐♥ ❬✸✺❪✳
■♥ ❛❧❧ ♦✉r ♥✉♠❡r✐❝❛❧ t❡sts✱ t❤✐s ❧❛st ♦♣t✐♦♥ ✭♠❛t❝❤✐♥❣ ♦♥❧② t✇♦ ♠♦♠❡♥ts✮ ❤❛s ♥❡✈❡r ❜❡❡♥
♥❡❝❡ss❛r②✿ ❝❤❛♥❣✐♥❣ t❤❡ ♥♦❞❡s✱ ❛❧❧ ♠♦♠❡♥ts ✇❡r❡ ♠❛t❝❤❡❞ ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s✳
✶✳✷✳✹✳✸ ❚❤❡ ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❚❤❡ ♣r♦❝❡ss X ✐♥ ✭✸✳✸✳✷✮ ✐s ●❛✉ss✐❛♥✳ ❆s s❤♦✇♥ ✐♥ ❖str♦✈s❦✐ ❬✸✾❪ t❤❡ ✈❛r✐❛❜❧❡s Xt ❛♥❞
´ t
s Xydy
❛r❡ ❜✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t❡❞ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ Xs ✇✐t❤ ✇❡❧❧ ❦♥♦✇♥ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡✳ ❲❡
❞❡✜♥❡
X(n,j) =
(
j − 3n
2
)√
1− exp (−2kh)
2k
, n = 0, . . . , N ❛♥❞ j = 0, . . . , 3n.
▲❡t✬s ✜① ❛ ♥♦❞❡ X(n,j)✳ ❲❡ ❞❡✜♥❡
H = exp (−kh) , K =
√
1− exp (−2kh)
2k
, M1 = X(n,j)H,
✹✵ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
jA = ❝❡✐❧
[
M1
K
+
3 (n+ 1)
2
]
, XA = X(n+1,jA).
❚❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❣✐✈❡♥ ❜②
pA =
(XA−M1)
2K3
(
K2 + (K +M1 −XA)2
)
, pB =
(K+M1−XA)
2K3
(
K2 + (M1 −XA)2
)
,
pC =
(K+M1−XA)
6K3
(
2K2 + (K +M1 −XA)2
)
, pD =
(XA−M1)
6K3
(
2K2 + (M1 −XA)2
)
.
✶✳✸ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠❡t❤♦❞s
❚❤✐s ♣❛rt ✐s ✐♥s♣✐r❡❞ ❜② ❬✶❪ ❛♥❞ ❬✼❪✳
◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭P❉❊s✮ ✐♥ ❛♣♣❧✐❡❞ ✜♥❛♥❝❡ ❛r❡ ♥♦t
✈❡r② ♣♦♣✉❧❛r✳ ■♥❞❡❡❞✱ t❤❡ ♠♦❞❡❧s ❛r❡ t❤❡r❡❢♦r❡ ♠✉❝❤ ♠♦r❡ ♥❛t✉r❛❧✳ ❙t♦❝❤❛st✐❝ ♠❡t❤♦❞s ❛r❡ ❛❧s♦
♦❢t❡♥ s✐♠♣❧❡r t♦ ✐♠♣❧❡♠❡♥t t❤❛♥ t❤❡ ❛❧❣♦r✐t❤♠s ✉s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ r❡❧❛t❡❞ P❉❊s✳ ❍♦✇❡✈❡r✱
✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡✣❝✐❡♥t❧② ❞✐s❝r❡t✐③❡ t❤❡ P❉❊ ✭✇❤✐❝❤ ✐s ♥♦t ❛❧✇❛②s t❤❡ ❝❛s❡✱ t❤❡ t②♣✐❝❛❧
❝♦✉♥t❡r ❡①❛♠♣❧❡ ❜❡✐♥❣ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✮✱ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s✉❛❧❧② ♠✉❝❤ ♠♦r❡
❡✣❝✐❡♥t✳ ▼♦r❡♦✈❡r✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❣✐✈❡s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥
t❤❡ ❝♦♥t❡①t ♦❢ ♦♣t✐♦♥s ♣r✐❝✐♥❣ ✇✐t❤ ❝♦♥st❛♥t ♣❛r❛♠❡t❡rs✱ ♦♥❡ ♦❜t❛✐♥s ❢♦r ❡①❛♠♣❧❡ t❤❡ ♣r✐❝❡ ♦❢ t❤❡
♦♣t✐♦♥ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ♠❛t✉r✐t② ❛♥❞ ❢♦r ❛❧❧ s♣♦t ♣r✐❝❡s✱ ✇❤✐❧❡ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❢♦r♠✉❧❛t✐♦♥
t②♣✐❝❛❧❧② ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♦♥ ❢♦r ✜①❡❞ ♠❛t✉r✐t② ❛♥❞ ✜①❡❞ s♣♦t ♣r✐❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤✐s ✐s ✉s❡❢✉❧ ❢♦r ❝♦♠♣✉t✐♥❣ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♦♣t✐♦♥✬s ♣r✐❝❡ ✭t❤❡ s♦✲❝❛❧❧❡❞ ✏❣r❡❡❦s✑✮✳
❚❤❡ P❉❊s ♦❜t❛✐♥❡❞ ✐♥ ❋✐♥❛♥❝❡ ❤❛✈❡ s❡✈❡r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❋✐rst✱ t❤❡② ❛r❡ ♣♦s❡❞ ♦♥ ❛
❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ t✐♠❡ [0, T ]✱ ✇✐t❤ t②♣✐❝❛❧❧② ❛ s✐♥❣✉❧❛r ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ❛t t❤❡ ♠❛t✉r✐t② t = T ✱
❛♥❞ ✈❡r② ♦❢t❡♥ ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ t❤❡ s♣♦t ✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ✐♠♣♦s❡ s✉✐t❛❜❧❡
✏❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✑ ❛t ✐♥✜♥✐t② t♦ ❣❡t ✇❡❧❧ ♣♦s❡❞ ♣r♦❜❧❡♠s ❛♥❞ t♦ ✉s❡ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧
❛♣♣r♦①✐♠❛t✐♦♥s ✭tr✉♥❝❛t✐♦♥ t♦ ❛ ❜♦♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✳ ❚❤❡s❡
P❉❊s ❛r❡ ✉s✉❛❧❧② ♦❢ ♣❛r❛❜♦❧✐❝ t②♣❡✱ ❜✉t ♦❢t❡♥ ✇✐t❤ ❞❡❣❡♥❡r❛t❡ ❞✐✛✉s✐♦♥✳ ❇❡❝❛✉s❡ ♦❢ ♦♣❡r❛t✐♦♥❛❧
❝♦♥str❛✐♥ts✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ P❉❊ ♠✉st ❜❡ s✉✣❝✐❡♥t❧② ❢❛st ❛♥❞
❛❝❝✉r❛t❡ t♦ ❜❡ ✉s❡❢✉❧ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤❡s❡ ♣❡❝✉❧✐❛r✐t✐❡s ♦❢ P❉❊s ✐♥ ❋✐♥❛♥❝❡ ❡①♣❧❛✐♥ t❤❡ ♥❡❡❞ ❢♦r
✉♣✲t♦✲❞❛t❡✱ ❛♥❞ s♦♠❡t✐♠❡s ✐♥✈♦❧✈❡❞✱ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳
✶✳✸✳✶ ❚❤❡ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s P❉❊ ❢♦r ❊✉r♦♣❡❛♥ ♦♣t✐♦♥s
❲❡ ❛❞♦♣t t❤❡ st❛♥❞❛r❞ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧ ✇✐t❤ ❛ r✐s❦② ❛ss❡t ✇❤♦s❡ ♣r✐❝❡ ❛t t✐♠❡ t ✐s St
❛♥❞ ❛ r✐s❦ ❢r❡❡ ❜♦♥❞ Bt ✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ s❡❝✉r✐t② ❡✈♦❧✈❡s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ■tô ♣r♦❝❡ss
dS = µSdt+ σSdW,
✇❤✐❧❡ t❤❡ ❜♦♥❞ ❡✈♦❧✈❡s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤
dB = rBdt
✇❤❡r❡ r ✐s t❤❡ r✐s❦ ❢r❡❡ r❛t❡✳
✶✳✸ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠❡t❤♦❞s ✹✶
❚❤❡ ♦♣t✐♦♥ ✈❛❧✉❡ V ❛t ❛ ❣✐✈❡♥ t✐♠❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ✳ ❚❤❡♥✱ ❜② ■tô✬s ▲❡♠♠❛✱
dV =
(
∂V
∂t
+ µS
∂V
∂S
+
1
2
σ2S2
∂2V
∂S2
)
dt+
(
σS
∂V
∂S
)
dW.
❲❡ ❤❛✈❡ ✇r✐tt❡♥ S = S (t)✱ B = B (t)✱ V = V (t) ❛♥❞ dW = dW (t) ❢♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✳
❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❡ ♣♦rt❢♦❧✐♦s ❛r❡ s❡❧❢ ✜♥❛♥❝✐♥❣✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❝❤❛♥❣❡s ✐♥ ♣♦rt❢♦❧✐♦ ✈❛❧✉❡
❛r❡ ❞✉❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❤r❡❡ ✐♥str✉♠❡♥ts✱ ❛♥❞ ♥♦t❤✐♥❣ ❡❧s❡✳ ❯♥❞❡r t❤✐s s❡t✉♣✱
❛♥② ♦❢ t❤❡ ✐♥str✉♠❡♥ts ❝❛♥ ❜❡ r❡♣❧✐❝❛t❡❞ ❜② ❢♦r♠✐♥❣ ❛ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦ ♦❢ t❤❡ ♦t❤❡r t✇♦
✐♥str✉♠❡♥ts✱ ✉s✐♥❣ t❤❡ ❝♦rr❡❝t ✇❡✐❣❤ts✳
❲❡ s❡t ✉♣ ❛ s❡❧❢✲✜♥❛♥❝✐♥❣ ♣♦rt❢♦❧✐♦ Π t❤❛t ✐s ❝♦♠♣r✐s❡❞ ♦❢ ♦♥❡ ♦♣t✐♦♥ ❛♥❞ ❛♥ ❛♠♦✉♥t ∆ ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ st♦❝❦✱ s✉❝❤ t❤❛t t❤❡ ♣♦rt❢♦❧✐♦ ✐s r✐s❦❧❡ss✱ ✐✳❡✳ t❤❛t ✐s ✐♥s❡♥s✐t✐✈❡ t♦ ❝❤❛♥❣❡s ✐♥ t❤❡
♣r✐❝❡ ♦❢ t❤❡ s❡❝✉r✐t②✳ ❍❡♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦ ❛t t✐♠❡ t ✐s Π(t) = V (t) + ∆S (t)✳ ❚❤❡
s❡❧❢✲✜♥❛♥❝✐♥❣ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t dΠ = dV +∆dS s♦ ✇❡ ❝❛♥ ✇r✐t❡
dΠ = dV +∆dS
=
(
∂V
∂t
+ µS
∂V
∂S
+
1
2
σ2S2
∂2V
∂S2
+∆µS
)
dt+
(
σS
∂V
∂S
+∆σS
)
dW. ✭✶✳✸✳✶✮
❚❤❡ ♣♦rt❢♦❧✐♦ ♠✉st ❤❛✈❡ t✇♦ ❢❡❛t✉r❡s✳ ❚❤❡ ✜rst ✐s t❤❛t ✐t ♠✉st ❜❡ r✐s❦❧❡ss✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ dW ✐s ③❡r♦ s♦ t❤❛t ∆ = −∂V∂S ✳ ❙✉❜st✐t✉t✐♥❣ ❢♦r
∆ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✳✶✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣♦rt❢♦❧✐♦ ❢♦❧❧♦✇s t❤❡ ♣r♦❝❡ss
dΠ =
(
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
)
dt.
❚❤❡ s❡❝♦♥❞ ❢❡❛t✉r❡ ✐s t❤❛t t❤❡ ♣♦rt❢♦❧✐♦ ♠✉st ❡❛r♥ t❤❡ r✐s❦ ❢r❡❡ r❛t❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
❞✐✛✉s✐♦♥ ♦❢ t❤❡ r✐s❦❧❡ss ♣♦rt❢♦❧✐♦ ✐s dΠ = rΠdt✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ✇r✐t❡
dΠ = rΠdt(
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
)
dt = r
(
V − ∂V
∂S
S
)
dt
❉r♦♣♣✐♥❣ t❤❡ dt ❢r♦♠ ❜♦t❤ s✐❞❡s ❛♥❞ r❡✲❛rr❛♥❣✐♥❣ ②✐❡❧❞s t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s P❉❊✿
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
+ rS
∂V
∂S
− rV = 0. ✭✶✳✸✳✷✮
❚❤❡ ♣♦rt✐♦♥ ♦❢ s❤❛r❡ t♦ ❜❡ ❤❡❧❞✱ ∆✱ ✐s ❞❡❧t❛✱ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❤❡❞❣❡ r❛t✐♦✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ st✐♣✉❧❛t❡s
t❤❛t ✐♥ ♦r❞❡r t♦ ❤❡❞❣❡ t❤❡ s✐♥❣❧❡ ♦♣t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❤♦❧❞ ∆ s❤❛r❡s ♦❢ t❤❡ st♦❝❦✳ ❚❤✐s ✐s t❤❡
♣r✐♥❝✐♣❧❡ ♦❢ ❞❡❧t❛ ❤❡❞❣✐♥❣✳
❍❡r❡✐♥❛❢t❡r ✇❡ tr❡❛t t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s P❉❊ ✭✶✳✸✳✷✮✳ ❚❤❡ ♣❛②♦✛ ❛t ♠❛t✉r✐t② ✐s ✉s✉❛❧❧②
❞❡s❝r✐❜❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ φ t❤❛t ❞❡♣❡♥❞ ♦♥❧② ❜② t❤❡ t❡r♠✐♥❛❧ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡✳ ❚❤✐s ❣✐✈❡s ❛
t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ {
∂V
∂t +
1
2σ
2S2 ∂
2V
∂S2
+ rS ∂V∂S − rV = 0
V (T, S) = φ (S)
❚❤✐s ✐s ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✳
✹✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✶✳✸✳✷ ◆✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r ❇❧❛❝❦ ❙❝❤♦❧❡s P❉❊
❲❡ ✐♥tr♦❞✉❝❡ ♥♦✇ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ♦♥ t❤❡ s✐♠♣❧❡ P❉❊ ✭✶✳✸✳✷✮✳
❲❡ ✜rst ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✶✳✸✳✷✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ S✳ ❚❤❡
♣r✐♥❝✐♣❧❡ ✐s t♦ ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, Smax] ✐♥t♦ I ✐♥t❡r✈❛❧s ♦❢ ❧❡♥❣t❤ ∆S = Smax/I ✭✇❤❡r❡ Smax
❤❛s t♦ ❜❡ ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✮✱ ❛♥❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✳
❆ ♣♦ss✐❜❧❡ s❡♠✐✲❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✶✳✸✳✷✮ ✐❢✿ ❢♦r i ∈ {0, 1, . . . , I} ,
{
∂Vi
∂t +
1
2σ
2S2i
Vi+1−2Vi+Vi−1
∆S2
+ rSi
Vi+1−Vi−1
2∆S − rVi = 0
Vi (T ) = φ (Si) ,
✭✶✳✸✳✸✮
✇❤❡r❡ Si = i∆S ❞❡♥♦t❡s t❤❡ i✲t❤ ❞✐s❝r❡t✐③❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞ Vi (t) ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ V (t, Si)✳
◆♦✇✱ ✭✶✳✸✳✸✮ ✐s ❛ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❖❉❊s✮✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛✲
t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ t✐♠❡ ❛♥❞ s♣♦t ❞❡♣❡♥❞❡♥t r ♦r σ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ◆♦t✐❝❡ t❤❛t ❢♦r S = 0✱
P0 ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✭s✐♥❝❡ S0 = 0✮✿ V (t, 0) = φ (0) exp
(
− ´ Tt rds
)
✳
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠ ♦❢ ❖❉❊s✱ ♦♥❡ ♥❡❡❞s t♦ ❞❡✜♥❡ ❛♥ ❛♣♣r♦♣r✐❛t❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t S = Smax✳ ■♥❞❡❡❞ ✭✶✳✸✳✸✮ t❛❦❡♥ ❛t i = I ✐♥✈♦❧✈❡s VI+1 ✇❤✐❝❤ ✐s ❛ ♣r✐♦r✐
♥♦t ❞❡✜♥❡❞✳
❚❤❡r❡ ❛r❡ ❜❛s✐❝❛❧❧② t✇♦ ♠❡t❤♦❞s t♦ ❞❡✜♥❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t S = Smax✳
❚❤❡ ✜rst ♦♥❡ ❝♦♥s✐sts ♦❢ ✉s✐♥❣ s♦♠❡ ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ V (t, S) ✇❤❡♥ S ✐s
❧❛r❣❡ ❛♥❞ ♠❛❦✐♥❣ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ V (t, Smax)✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ VI ✐s ❣✐✈❡♥ ❛s
❛ ❞❛t❛ ✭t❤✐s ✐s ❛ s♦✲❝❛❧❧❡❞ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✮✱ ❛♥❞ t❤❡ ✉♥❦♥♦✇♥s ❛r❡ (Vi)0≤i≤I−1✳
❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣✉t ♦♣t✐♦♥ ✭φ (S) = (S −K)−✮ ✭r❡s♣✳ ❛ ❝❛❧❧ ♦♣t✐♦♥ ✇✐t❤ φ (S) =
(S −K)+✮✱ ✐t ✐s ❦♥♦✇♥ t❤❛t limS→+∞ V (t, S) = 0 ✭r❡s♣✳ VI (t) = Smax −K exp
(
− ´ Tt rds
)
✮✳
❚❤❡ ❡rr♦r ✐♥tr♦❞✉❝❡❞ ❜② t❤❡s❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳
❆♥♦t❤❡r ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ s♦♠❡ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s
♦❢ V ✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣✉t ♦♣t✐♦♥✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s
◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✇r✐t❡s ∂V/∂S (t, Smax) = 0 ❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧✱ ❛♥❞
VI+1 (t) = VI (t) ❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✉♥❦♥♦✇♥s ❛r❡ (Vi)0≤i≤I ✳
❋♦r ❜♦t❤ ♠❡t❤♦❞s✱ Smax s❤♦✉❧❞ ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
♠❡t❤♦❞ ♠❛② ❜❡ ❛ss❡ss❡❞ ❜② ♠❡❛s✉r✐♥❣ ❤♦✇ s❡♥s✐t✐✈❡ t❤❡ r❡s✉❧t ✐s t♦ t❤❡ ✈❛❧✉❡ ♦❢ Smax✳
▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ✐❞❡❛ ✐s t♦ ❞✐✈✐❞❡ t❤❡ t✐♠❡
✐♥t❡r✈❛❧ [0, T ] ✐♥t♦ N ✐♥t❡r✈❛❧s ♦❢ ❧❡♥❣t❤ ∆t = T/N ❛♥❞ t♦ r❡♣❧❛❝❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ❜② ❛
✜♥✐t❡ ❞✐✛❡r❡♥❝❡✳ ❚❤r❡❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ❝❧❛ss✐❝❛❧❧② ✉s❡❞✿
✶✳✸ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠❡t❤♦❞s ✹✸
✭❊❊✮
{Vn+1i −Vni
∆t +
σ2S2i
2
Vn+1i+1 −2Vn+1i +Vn+1i−1
∆S2
+ rSi
Vn+1i+1 −Vn+1i−1
∆S − rVn+1i = 0
VNi = φ (Si)
✭✶✳✸✳✹✮
✭■❊✮
{Vn+1i −Vni
∆t +
σ2S2i
2
Vni+1−2Vni +Vni−1
∆S2
+ rSi
Vni+1−Vni−1
∆S − rVni = 0
VNi = φ (Si)
✭✶✳✸✳✺✮
✭❈◆✮


Vn+1i −Vni
∆t +
1
2
(
σ2S2i
2
Vni+1−2Vni +Vni−1
∆S2
+ rSi
Vni+1−Vni−1
∆S − rVni
)
+
+12
(
σ2S2i
2
Vn+1i+1 −2Vn+1i +Vn+1i−1
∆S2
+ rSi
Vn+1i+1 −Vn+1i−1
∆S − rVn+1i
)
= 0
VNi = φ (Si) .
✭✶✳✸✳✻✮
❚❤❡ ✈❛r✐❛❜❧❡ Vni ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦♥ V (tn, Si)✱ ✇✐t❤ tn = n∆t✳ ◆♦t✐❝❡
t❤❛t ✉s✐♥❣ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✭✶✳✸✳✺✮ ✭t❤❡ s♦✲❝❛❧❧❡❞ ❊①♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡✮✱ t❤❡ ✈❛❧✉❡s ♦❢
(Vni )0≤i≤I ❛r❡ ❡①♣❧✐❝✐t❧② ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✈❛❧✉❡s ♦❢
(Vn+1i )0≤i≤I ✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ t❤❡ t✇♦
♦t❤❡r s❝❤❡♠❡s ✭✶✳✸✳✺✮ ✭✐♠♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡✮ ♦r ✭✶✳✸✳✻✮ ✭❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡✮✱ t❤❡ ✈❛❧✉❡s
♦❢ (Vni )0≤i≤I ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✈❛❧✉❡s ♦❢
(Vn+1i )0≤i≤I t❤r♦✉❣❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r
s②st❡♠✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❞❡♠❛♥❞✐♥❣ ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✈✐❡✇♣♦✐♥t✳
❱❛r✐♦✉s ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠❀ ❤❡r❡ ✇❡ ❞♦♥✬t ❞❡s❝r✐❜❡
t❤❡♠ ✐♥ ❞❡t❛✐❧s✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ❜❛s✐❝❛❧❧②✱ t❤❡r❡ ❡①✐sts t✇♦ ❝❧❛ss❡s ♦❢ ♠❡t❤♦❞s✿ t❤❡ ❞✐r❡❝t
♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥✱ ❛♥❞ t❤❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ✇❤✐❝❤ ❝♦♥s✐st ♦❢
❝♦♠♣✉t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛s t❤❡ ❧✐♠✐t ♦❢ ❛s s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ✇❤✐❝❤ r❡q✉✐r❡s ♠❛tr✐①✲
✈❡❝t♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✳
✶✳✸✳✸ ◆♦t✐♦♥s ♦❢ st❛❜✐❧✐t② ❛♥❞ ❝♦♥s✐st❡♥❝②
■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ t❤r❡❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ✭✶✳✸✳✹✮✱ ✭✶✳✸✳✺✮✱ ❛♥❞
✭✶✳✸✳✻✮✱ ❛♥❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡s❡ s❝❤❡♠❡s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t✇♦
✐♠♣♦rt❛♥t ♥♦t✐♦♥s✳ ❚❤❡ ✜rst ✐s t❤❡ ❝♦♥s✐st❡♥❝②✳ ❆ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s s❛✐❞ t♦ ❜❡ ❝♦♥s✐st❡♥t
✐❢✱ ✇❤❡♥ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ♣❧✉❣❣❡❞ ✐♥t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ t❤❡ ❡rr♦r t❡♥❞s t♦ ③❡r♦ ✇❤❡♥
t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❡♥❞ t♦ ③❡r♦✳ ■♥ ♦✉r ❝♦♥t❡①t✱ ✐t ❝♦♥s✐sts ♦❢ r❡♣❧❛❝✐♥❣ Vni ✐♥ ✭✶✳✸✳✹✮✱
✭✶✳✸✳✺✮✱ ♦r ✭✶✳✸✳✻✮ ❜② V (tn, Si)✱ ❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s t❡♥❞ t♦ ③❡r♦ ✇❤❡♥ ∆t
❛♥❞ ∆S t❡♥❞ t♦ ③❡r♦✳ ❇② ✉s✐♥❣ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ❢♦r ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✸✳✺✮
✭r❡s♣❡❝t✐✈❡❧② ❢♦r ✭✶✳✸✳✻✮✮✱ t❤❡ r❡♠✐♥❞❡r t❡r♠s ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② C
(
∆t+∆S2
)
✭r❡s♣✳
C
(
∆t2 +∆S2
)
✮✱ ✇❤❡r❡ C ❞❡♥♦t❡s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ s♦♠❡ ♥♦r♠s ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢
V ✳ ❚❤❡r❡❢♦r❡ ✭✶✳✸✳✹✮ ❛♥❞ ✭✶✳✸✳✺✮ ✭r❡s♣✳ ✭✶✳✸✳✻✮✮ ❛r❡ ❝♦♥s✐st❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ♦❢ ♦r❞❡r ✷ ✐♥
t❤❡ s♣♦t ✈❛r✐❛❜❧❡✱ ❛♥❞ ♦❢ ♦r❞❡r 1 ✭r❡s♣✳ ✷✮ ✐♥ t✐♠❡✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ♥♦t✐♦♥ ✐s t❤❡ st❛❜✐❧✐t②✳
❆ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s s❛✐❞ t♦ ❜❡ st❛❜❧❡ ✐❢ t❤❡ ♥♦r♠ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡
✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ❛ ❝♦♥st❛♥t ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✮ t✐♠❡s
t❤❡ ♥♦r♠ ♦❢ t❤❡ ❞❛t❛ ✭✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ r✐❣❤t✲❤❛♥❞ s✐❞❡✮✳ ❚❤✐s ♣r♦♣❡rt②
✐s ❝❧❡❛r❧② s❛t✐s✜❡❞ ✐❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s ❝♦♥✈❡r❣❡♥t✱ ✐✳❡✳ ✐❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ P❉❊ ✇❤❡♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t❡♥❞ t♦ ③❡r♦✳ ❆ ❣❡♥❡r❛❧
r❡s✉❧t st❛t❡s t❤❛t✱ ❝♦♥✈❡rs❡❧②✱ ❛ ❝♦♥s✐st❡♥t ❛♥❞ st❛❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡ ✐s ✐♥❞❡❡❞ ❝♦♥✈❡r❣❡♥t✳
✹✹ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
❚❤❡ ❡st✐♠❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❡st✐♠❛t❡ ♦❢ ❝♦♥s✐st❡♥❝② ❡rr♦r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
❡rr♦r ❢♦r t❤❡ ❊■ s❝❤❡♠❡ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② C
(
∆t+∆S2
)
✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥t C
✐♥ t❤❡s❡ ❡st✐♠❛t❡s ❞❡♣❡♥❞s ♦♥ t❤❡ s♦❧✉t✐♦♥ V ✿ ❢♦r ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡s✱ ♦♥❡ ♥❡❡❞s ♠♦r❡ r❡❣✉❧❛r✐t②
♦♥ V. ❋♦r ❡①❛♠♣❧❡✱ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡rs✱ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❈◆
s❝❤❡♠❡ ❛r♦✉♥❞ t = T ❛r❡ ♥♦t ❜❡tt❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛♥ ♦r❞❡r ♦♥❡ s❝❤❡♠❡ ✭■❊ ♦r ❊❊✮
s✐♥❝❡ t❤❡ s♦❧✉t✐♦♥ ✐s ♥♦t s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ✐♥ t✐♠❡ ❛r♦✉♥❞ t = T ✳
❚♦ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ♠❡❛♥✐♥❣ t♦ ❛❧❧ t❤❡s❡ r❡s✉❧ts ✇♦✉❧❞ r❡q✉✐r❡ t♦ s♣❡❝✐❢② t❤❡ ♥♦r♠s ✉s❡❞ t♦
♠❡❛s✉r❡ t❤❡ ❡rr♦rs✳ ▲❡t ✉s s✐♠♣❧② ♠❡♥t✐♦♥ t❤❛t t✇♦ ♥♦r♠s ❛r❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✿ t❤❡ st❛❜✐❧✐t②
✐♥ L∞✲♥♦r♠ ✭t❤❡ s✉♣r❡♠✉♠ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✮ ✐s r❡❧❛t❡❞ t♦ ❛ ❞✐s❝r❡t❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡❀ ❛♥❞ t❤❡ st❛❜✐❧✐t② ✐♥ L2✲♥♦r♠ ✭t❤❡ ❊✉❝❧✐❞❡❛♥ ♦❢ t❤❡ ✈❡❝t♦r✮ ✐s r❡❧❛t❡❞ t♦ ❛♥
❡♥❡r❣② ❡st✐♠❛t❡ ♦♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳
❘❡♠❛r❦ ✶✳✷✸ ✭❉✐s❝r❡t❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✮✳ ❚❤❡ ❞✐s❝r❡t❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐s t❤❡ ❝♦✉♥t❡r♣❛rt
❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❧❡✈❡❧✳ ■t st❛t❡s t❤❛t ✐❢ t❤❡
❞❛t❛ ❢♦r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ♣♦s✐t✐✈❡✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✐s ♣♦s✐t✐✈❡✳ ❙✉❝❤ s❝❤❡♠❡s ❛r❡ ❜②
❝♦♥str✉❝t✐♦♥ st❛❜❧❡ ✐♥ L∞✲♥♦r♠✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❜✐♥♦♠✐❛❧ t♦ tr✐♥♦♠✐❛❧ tr❡❡s
❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❡①♣❧✐❝✐t ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ P❉❊ ✭✶✳✸✳✸✮✱ ✇❤✐❝❤ ♥❛t✉r❛❧❧②
s❛t✐s❢② ❛ ❞✐s❝r❡t❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳
▲❡t✬s ❞✐s❝✉ss ♥♦✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❤r❡❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s✳ ❲❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞
t❤❛t t❤❡② ❛r❡ ❛❧❧ ❝♦♥s✐st❡♥t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡
✭✶✳✸✳✹✮ ✐s st❛❜❧❡ ✉♥❞❡r ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ✭❛ s♦✲❝❛❧❧❡❞ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ s❡❡ ❬✶✻❪✮ ♦❢ t❤❡ ❢♦r♠
∆t ≤ C∆S2✱ ✇❤❡r❡ C ❞❡♥♦t❡s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡ ♦t❤❡r t✇♦ s❝❤❡♠❡s ✭✶✳✸✳✺✮ ❛♥❞ ✭✶✳✸✳✻✮
❛r❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t s❝❤❡♠❡✱ t❤❡ ✈❛❧✉❡s ♦❢ (Vni )0≤i≤I ❝❛♥
❜❡ ✈❡r② r❛♣✐❞❧② ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✈❛❧✉❡s ♦❢
(Vn+1i )0≤i≤I ✱ ❜✉t t❤❡ t✐♠❡ st❡♣ ♠✉st ❜❡ s✉✣❝✐❡♥t❧②
s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣♦t st❡♣ t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t② ❛♥❞ ❤❡♥❝❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡s ✭✶✳✸✳✺✮ ❛♥❞ ✭✶✳✸✳✻✮ r❡q✉✐r❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ❛t ❡❛❝❤
t✐♠❡✲st❡♣✱ ❜✉t ❝♦♥✈❡r❣❡ ✇✐t❤♦✉t ❛♥② r❡str✐❝t✐♦♥ ♦♥ t❤❡ t✐♠❡✲st❡♣✳ ■♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦sts✱ t❤❡ ❜❛❧❛♥❝❡ ✐s ❣❡♥❡r❛❧❧② ✐♥ ❢❛✈♦r ♦❢ t❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡s✱ s✐♥❝❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❛♣♣❡❛rs
t♦ ❜❡ ✈❡r② str✐♥❣❡♥t ✐♥ ♣r❛❝t✐❝❡✳
❘❡♠❛r❦ ✶✳✷✹✳ ❆s S ✐s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛♥❞ t❤✐s q✉❛♥t✐t② ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ ✇❡ ❝❛♥
❞❡✜♥❡ ✐ts ❧♦❣❛r✐t❤♠✿ ✇❡ ❞❡✜♥❡ L = ln (S)✳ ❚❤✐s ✐s ❛ ♣r♦❝❡ss ❛❞❛♣t❡❞ t♦ t❤❡ ✜❧tr❛t✐♦♥ ✐♥❞✉❝❡❞
❜② S✳ ❲❡ ❛❧s♦ ✇r✐t❡ P (t, L) = V (t, exp (L))✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♦♥ ❛t t✐♠❡ t ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡ ✈❛r✐❛❜❧❡ L✳ ❚❤❡♥✱ ❜② ■tô✬s ▲❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❛t P ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊
✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿
{
∂P
∂t +
1
2σ
2 ∂2P
∂L2
+
(
r − σ22
)
∂P
∂L − rP = 0
P (T, L) = φ (exp (L))
❚❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ❧❡t ✉s ❣❡t r✐❞ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝② ✐♥ S ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥
t❡r♠s ✐♥ ✭✶✳✸✳✸✮✳ ■t ✐s♥✬t ❜❡tt❡r t♦ ❞✐s❝r❡t✐③❡ t❤❡ P❉❊ ❛❢t❡r t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ s✐♥❝❡ ✐t
❝♦rr❡s♣♦♥❞s t♦ t❛❦❡ ❛ ❣r✐❞ r❡✜♥❡❞ ♥❡❛r S = 0✱ ✇❤✐❝❤ ✐s ✉s❡❧❡ss ✐♥ t❤✐s ❝❛s❡✳ ❲❤❛t ❛❝t✉❛❧❧②
♠❛tt❡rs ✐s t♦ r❡✜♥❡ t❤❡ ❣r✐❞ ❛r♦✉♥❞ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ V ✳
✶✳✸ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♠❡t❤♦❞s ✹✺
0 1 2 3
4 5 6 7
8 9 10 11
12 13 14 15
(0,0) (1,0) (2,0) (3,0)
(0,1) (1,1) (2,1) (3,1)
(0,2) (1,2) (2,2) (3,2)
(0,3) (1,3) (2,3) (3,3)
(a) (b)
❋✐❣✉r❡ ✶✳✸✳✶✿ ❆ r❡❝t❛♥❣✉❧❛r ❞♦♠❛✐♥ Ω ❞✐s❝r❡t✐③❡❞ ❜② t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✳ ■♥ ❝❛s❡ (a)
t❤❡ ❣r✐❞ ♣♦✐♥ts ❛r❡ ♥✉♠❜❡r❡❞ ✉s✐♥❣ ❧❡①✐❝♦❣r❛♣❤✐❝✱ ✇❤✐❧❡ ✐♥ ❝❛s❡ (b) ❣r✐❞ ♣♦✐♥ts ❛r❡ ♥✉♠❜❡r❡❞
✉s✐♥❣ t✇♦ ✐♥❞✐❝❡s✳
✶✳✸✳✹ P❉❊ ❆❉■ ♠❡t❤♦❞s
▲❡t✬s ❝♦♥s✐❞❡r ♣r✐❝✐♥❣ ✐♥ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧✱ s✉❝❤ ❛s t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✭s❡❡ ✶✳✶✳✻✮ ♦r t❤❡
❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ✭s❡❡ ✶✳✶✳✼✮✳ ❯s✐♥❣ ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡
❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♦♥ Vt ✐s t❤❡ s♦❧✉t✐♦♥
♦❢ ❛ P❉❊ ❞❡✜♥❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥ R+ × Rd ✇✐t❤ d = 2 ♦r d ≥ 2 ✐♥ ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ P❉❊ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✐s
∂V
∂t
+
vS2
2
∂2V
∂S2
+
ω2v
2
∂2V
∂v2
+ rS
∂V
∂S
+ ρωSv
∂2V
∂S∂v
+ k (θ − v) ∂V
∂v
− rV = 0
✇❤✐❧❡ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ✐t ✐s
∂V
∂t
+
σ2S2
2
∂2V
∂S2
+
ω2
2
∂2V
∂r2
+ rS
∂V
∂S
+ ρωSσ
∂2V
∂S∂r
+ k (θt − r) ∂V
∂r
− rV = 0
❚❤❡s❡ P❉❊ ❛r❡ ♣❛rt✐❝✉❧❛r❧② st✐✛ ❜❡❝❛✉s❡ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❝r❡❛t❡s ♣r♦❜❧❡♠s ✐♥
❛♣♣❧②✐♥❣ ✐♠♣❧✐❝✐t ❛❧❣♦r✐t❤♠s✳ ■♥ ❢❛❝t✱ ❛♥ ✐♠♣❧✐❝✐t ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❜❛♥❞ ♠❛tr✐①✳ ❆
✇❛② t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s ✐s ❆❉■ ❛❧❣♦r✐t❤♠✳
❚❤❡ ❆❧t❡r♥❛t✐♥❣ ❉✐r❡❝t✐♦♥ ■♠♣❧✐❝✐t ✭❆❉■✮ ♠❡t❤♦❞ ✇❛s ✜rst ✉s❡❞ ❜② P❡❛❝❡♠❛♥ ❛♥❞ ❘❛❝❤❢♦rs
✭s❡❡ ❬✹✵❪✮ ❢♦r s♦❧✈✐♥❣ ♣❛r❛❜♦❧✐❝ P❉❊s ✐♥ ✶✾✺✵s✳ ❙✐♥❝❡ t❤❡♥✱ ✐t ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♠❛♥②
❛♣♣❧✐❝❛t✐♦♥s✳
❆❉■ ❛❧❣♦r✐t❤♠
❚❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ❆❉■ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❜❡st ❡①♣❧❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥
∂u
∂t
=
∂2u
∂x2
+
∂2u
∂y2
(x, y, t) ∈ Ω× [0, T ] , ✭✶✳✸✳✼✮
u (x, y, t) = 0 (x, y) ∈ ∂Ω, t > 0
u (x, y, 0) = u0 (x, y) (x, y) ∈ Ω,
✹✻ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✇❤❡r❡ Ω ✐s ❛ ✉♥✐t sq✉❛r❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✸✳✶✱ ∂Ω ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✳ ■❢ t❤❡ ❝❡♥tr❛❧ ✜♥✐t❡
❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✇✐t❤ ✜✈❡✲♣♦✐♥t st❡♥❝✐❧ ✐s ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ ❡q✉❛t✐♦♥s
✭✶✳✸✳✼✮✱ ✇❡ ✇✐❧❧ ❤❛✈❡✱ ❛t ♣♦✐♥t (i, j)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿
∂ui,j
∂t
=
ui−1,j − 2ui,j + ui+1,j
h2
+
ui,j−1 − 2ui,j + ui,j+1
h2
✭✶✳✸✳✽✮
i = 1, 2, . . . , NI , j = 1, 2, . . . , NJ .
■♥st❡❛❞ ♦❢ tr❡❛t✐♥❣ ❜♦t❤ t❡r♠s ✐♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✸✳✽✮ ✐♠♣❧✐❝✐t✱ ✇❡ ❝❛♥ tr❡❛t ♦♥❡
t❡r♠ ✐♠♣❧✐❝✐t ❛♥❞ t❤❡ ♦t❤❡r t❡r♠ ❡①♣❧✐❝✐t✱ ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s
u
n+ 1
2
i,j − uni,j
1
2∆t
=
u
n+ 1
2
i−1,j − 2u
n+ 1
2
i,j + u
n+ 1
2
i+1,j
h2
+
uni,j−1 − 2uni,j + uni,j+1
h2
, ✭✶✳✸✳✾✮
❛♥❞
un+1i,j − u
n− 1
2
i,j
1
2∆t
=
u
n+ 1
2
i−1,j − 2u
n+ 1
2
i,j + u
n+ 1
2
i+1,j
h2
+
un+1i,j−1 − 2un+1i,j + un+1i,j+1
h2
. ✭✶✳✸✳✶✵✮
■❢ ✇❡ ❛ss❡♠❜❧❡ ❛❧❧ ❡q✉❛t✐♦♥s ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❡①♣❧✐❝✐t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡q✉❛t✐♦♥s ♦♥ ❞✐✛❡r❡♥t
✈❡rt✐❝❛❧ ❧✐♥❡s✱ ✇❡ ✇✐❧❧ ❤❛✈❡(
INI −
∆t
2
A
)
u
n+ 1
2
∗,j = Eu
n
∗,j−1 +Du
n
∗,j + Fu
n
∗,j+1, ✭✶✳✸✳✶✶✮
j = 1, 2, . . . , NJ ,
✇❤❡r❡ INI ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ ❛♥❞
un∗,j =
{
un1,j , u
n
2,j , . . . , u
n
NI ,j
}T
, j = 1, 2, . . . , NJ
un∗,0 = u
n
∗,NJ+1 = 0,
un0,j = u
n
NI+1,j
= 0,
A =
1
h2


−2 1
1
✳ ✳ ✳ ✳ ✳ ✳
✳ ✳ ✳ ✳ ✳ ✳ 1
1 −2︸ ︷︷ ︸
NI


,
D =
1
h2


h2 −∆t
✳ ✳ ✳
✳ ✳ ✳
h2 −∆t

 ,
✶✳✹ ❚❤❡ ❍②❜r✐❞ ♠❡t❤♦❞s ✹✼
E = F = INI .
❚❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② NJ ✐♥❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥ s②st❡♠s ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✳✶✶✮ ✇✐t❤ tr✐✲❞✐❛❣♦♥❛❧
❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s✳
❆❢t❡r ✜♥✐s❤✐♥❣ t❤❡ ✜rst st❡♣ ❞❡s❝r✐❜❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✳✾✮✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥t✐♥✉❡ t♦ t❤❡ s❡❝♦♥❞
st❡♣ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✶✳✸✳✶✵✮✳ ■❢ ✇❡ st✐❧❧ ✉s❡ t❤❡ s❛♠❡ ♦r❞❡r✐♥❣ ❛s ✇❛s ✉s❡❞ ❢♦r ✇r✐t✐♥❣ ❡q✉❛t✐♦♥
✭✶✳✸✳✶✶✮✱ t❤❡♥ t❤❡ ❛ss❡♠❜❧❡❞ ♠❛tr✐① ❡q✉❛t✐♦♥ s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✶✳✸✳✶✵✮ ✐s(
INJ −
∆t
2
A
)
un+1i,∗ = Eu
n+ 1
2
i−1,∗ +Du
n+ 1
2
i,∗ + Fu
n+ 1
2
i+1,∗, ✭✶✳✸✳✶✷✮
i = 1, 2, . . . , NI .
❚❤❡ ♠❛tr✐❝❡s ✐♥ ✭✶✳✸✳✶✷✮ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✭✶✳✸✳✶✶✮✱ ❡①❝❡♣t t❤❛♥ t❤❡✐r ♦r❞❡r ✐s NJ × NJ
r❛t❤❡r t❤❛♥ NI ×NI ✳ ❆ ❝♦♠♣❧❡t❡ ❆❉■ st❡♣ ❝❛♥ ♥♦✇ ❜❡ ❣✐✈❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳
❆❧❣♦r✐t❤♠ ✶✳✷✺ ✭❆❉■✮✳
✶✳ ❙♦❧✈❡ t❤❡ NJ ✐♥❞❡♣❡♥❞❡♥t ❧✐♥❡❛r ❡q✉❛t✐♦♥ s②st❡♠s ✇✐t❤ tr✐❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ✐♥
❡q✉❛t✐♦♥ ✭✶✳✸✳✶✶✮ t♦ ❣❡t u
n+ 1
2
∗,j , j = 1, . . . , NJ ✳
✷✳ ❘❡♦r❞❡r t❤❡ ❣r✐❞ ♣♦✐♥ts✳
✸✳ ❙♦❧✈❡ t❤❡ NI ✐♥❞❡♣❡♥❞❡♥t ❧✐♥❡❛r ❡q✉❛t✐♦♥ s②st❡♠s ✇✐t❤ tr✐❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ✐♥
❡q✉❛t✐♦♥ ✭✶✳✸✳✶✷✮ t♦ ❣❡t un+1i,∗ , j = 1, . . . , NI ✳
✶✳✹ ❚❤❡ ❍②❜r✐❞ ♠❡t❤♦❞s
❚❤❡ ❍②❜r✐❞ ♠❡t❤♦❞s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✶❪✳ ❚❤❡② ❛r❡ ❝❛❧❧❡❞ ✏❍②❜r✐❞✑ ❜❡❝❛✉s❡
t❤❡ ❜♦t❤ ✉s❡ tr❡❡s ♠❡t❤♦❞s ❛♥❞ P❉❊ ♦r ▼❈ ♠❡t❤♦❞s✳ ❍❡r❡ ✇❡ ♣r❡s❡♥t t❤❡ t✇♦ ♠❡t❤♦❞s ✉s✐♥❣
q✉❛❞r✐♥♦♠✐❛❧ tr❡❡s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✳✹✳
✶✳✹✳✶ ❚❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ▼❡t❤♦❞
❚❤✐s ♠❡t❤♦❞ ✐s ❛ s✐♠♣❧❡ ❛♥❞ ❡✣❝✐❡♥t ✇❛② t♦ ♣r♦❞✉❝❡ ▼❈ s❝❡♥❛r✐♦s ❢♦r ❞✐✛❡r❡♥t ♠♦❞❡❧s✳ ❚❤✐s
♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ✏❤②❜r✐❞✑ ❜❡❝❛✉s❡ ✐t ❝♦♠❜✐♥❡s tr❡❡s ❛♥❞ ▼❈ ♠❡t❤♦❞s✳ ❋✐rst✱ ❛ s✐♠♣❧❡ tr❡❡
♥❡❡❞s t♦ ❜❡ ❜✉✐❧t✿ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ ❆♣♣♦❧❧♦♥✐ ❡t ❛❧✳ ❬✹❪ ❛♥❞ ❛❧s♦ ❬✸✺❪✱ ♦r ❛s ✇❡ ❞✐❞
✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✹✳ ❚❤❡♥✱ ✉s✐♥❣ ❛ ✈❡❝t♦r ♦❢ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❡ ♠♦✈❡ ❢r♦♠ t❤❡ r♦♦t
t❤r♦✉❣❤ t❤❡ tr❡❡✱ ❞❡s❝r✐❜✐♥❣ t❤❡ s❝❡♥❛r✐♦ ❢♦r t❤❡ ✈♦❧❛t✐❧✐t② ♦r t❤❡ ✐♥t❡r❡st r❛t❡✳ ❚❤❡ ✈❛❧✉❡s ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣ ❛t ❡❛❝❤ t✐♠❡ st❡♣ ❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛♥ ❊✉❧❡r s❝❤❡♠❡✳
❚❤❡ ❣❡♥❡r❛t✐♦♥s ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss ❛♥❞ ♦❢ t❤❡ ✐♥t❡r❡st r❛t❡ ♣r♦❝❡ss ❜❡❤❛✈❡s ✐♥ ❛ s✐♠✐❧❛r
✇❛②✿ ✇❡ st❛rt ❢r♦♠ t❤❡ ♥♦❞❡ (0, 0) ♦❢ t❤❡ tr❡❡ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♥❞
t♦ t❤❡ ♥♦❞❡ ♣r♦❜❛❜✐❧✐t✐❡s✱ ✇❡ ♠♦✈❡ t♦ t❤❡ ♥❡①t ♥♦❞❡ ❛♥❞ s♦ ♦♥✳ ▲❡t R ❜❡ ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ t❤❛t ❝❛♥ ❛ss✉♠❡ ✈❛❧✉❡ A,B,C,D ✇✐t❤ ♣r♦❜❛❜✐❧✐t✐❡s pA, pB, pC , pD✿ s❛♠♣❧✐♥❣ s✉❝❤ ❛
✈❛r✐❛❜❧❡ ❛t ❡❛❝❤ ♥♦❞❡✱ ✇❡ ❣❡t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣r♦❝❡ss ❛t ❡❛❝❤ t✐♠❡ st❡♣✳
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s✳
✹✽ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
✶✳✹✳✶✳✶ ❚❤❡ ❍❡st♦♥ ▼♦❞❡❧
❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦✉♣❧❡ (St, vt) ✐♥ [0, T ] ❜② ❛ ❞✐s❝r❡t❡ ♣r♦❝❡ss
(
S¯k∆t, v¯k∆t
)
k=0,...,T/∆t
✱ ✇✐t❤(
S¯0, v¯0
)
= (S0, v0)✳ ❋♦r ❡❛❝❤ s❝❡♥❛r✐♦✱ ✇❡ ❣❡♥❡r❛t❡ t❤❡ ✈♦❧❛t✐❧✐t②✳
▲❡t N ∼ N (0, 1) ❛♥❞ B ∼ B (0.5)✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ S¯t+∆t ❜②
S¯t+∆t =

S¯t exp
[(
r − ρ
σ
kθ
)
∆t+
(
ρ
σ
k − 12
)(v¯t+∆t+v¯t
2
)
∆t+ ρ
σ
(v¯t+∆t − v¯t)+
√
(1− ρ2)∆tv¯tN
]
✐❢ B = 0,
S¯t exp
[(
r − ρ
σ
kθ
)
∆t+
(
ρ
σ
k − 12
)(v¯t+∆t+v¯t
2
)
∆t+ ρ
σ
(v¯t+∆t − v¯t)+
√
(1− ρ2)∆tv¯t+∆tN
]
✐❢ B = 1.
❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✸✳✶✮✱ ✇❡ ✉s❡ t❤❡ ♥♦r♠❛❧ ✈❛r✐❛❜❧❡ N t♦ ❣❡♥❡r❛t❡ t❤❡ ●❛✉ss✐❛♥ ✐♥❝r❡♠❡♥t ♦❢
S✱ ❛♥❞ t❤❡ ❇❡r♥♦✉❧❧✐ ✈❛r✐❛❜❧❡ B t♦ s♣❧✐t t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❍❡st♦♥ ♣r♦❝❡ss✳ ❚❤✐s
s❝❤❡♠❡ ✭✇✐t❤♦✉t s♣❧✐tt✐♥❣✮ ❛♣♣❡❛rs ✐♥ ❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✶❪ ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ ♠❡t❤♦❞ ❛♣♣❡❛rs ✐♥
❆❧❢♦♥s✐ ❬✷❪✳
✶✳✹✳✶✳✷ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❲❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦✉♣❧❡ (St, Xt) ✐♥ [0, T ] ❜② ❛ ❞✐s❝r❡t❡ ♣r♦❝❡ss
(
S¯k∆t, X¯k∆t
)
k=0,...,T/∆t
✱ ✇✐t❤(
S¯0, X¯0
)
= (S0, 0)✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ ✐♥t❡r❡st r❛t❡ ❜② r¯t = ωX¯t + β (t)✳ ▲❡t N ∼ N (0, 1)✳ ❲❡
❞❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ S¯t+∆t ❜②
S¯t+∆t = S¯t exp
[(
r¯t∆t + r¯t
2
− σ
2
2
)
∆t+ σ
((
X¯t+∆t + X¯t (k∆t− 1)
)
ρ+
√
∆tρ¯N
)]
.
✶✳✹✳✷ ❚❤❡ ❍②❜r✐❞ P❉❊ ▼❡t❤♦❞
❚❤❡ ❍②❜r✐❞ P❉❊ ▼❡t❤♦❞ ✐s ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ❜♦t❤ ♦♥ tr❡❡ ❛♥❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞s✳ ■t
❝❛♥ ❜❡ ✉s❡❞ t♦ ♣❡r❢♦r♠ ♣r✐❝✐♥❣ ✐♥ s❡✈❡r❛❧ ♠♦❞❡❧ s✉❝❤ ❛s t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s
❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✳
❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ♦✉r ♠❡t❤♦❞ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❈■❘ t②♣❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss ✭♦r t❤❡ ❖r♥st❡✐♥✲
❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✮ t❤r♦✉❣❤ ❛ tr❡❡ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ✈❡r② r♦❜✉st ❛♥❞ r❡❧✐❛❜❧❡✳
❆♥❞ ❛t ❡❛❝❤ st❡♣✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ s✉✐t❛❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛ss❡t ♣r✐❝❡ ♣r♦❝❡ss ❛❧❧♦✇✐♥❣ ♦♥❡
t♦ t❛❦❡ ❝❛r❡ ♦❢ ❛ ♥❡✇ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇✐t❤ ♥✉❧❧ ❝♦rr❡❧❛t✐♦♥ ✇✳r✳t✳ t❤❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss✳ ❚❤❡♥✱
❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡❤❛✈✐♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t②
♣r♦❝❡ss✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✭tr❛♥s❢♦r♠❡❞✮
✉♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡ ♣r♦❝❡ss✳ ❲❡ str❡ss t❤❛t ❥✉♠♣s ♠❛② ❜❡ ❛❧❧♦✇❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝s ❢♦r t❤❡
✉♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡s ♣r♦❝❡ss✱ ❜✉t t❤✐s s❤❛❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ ❛ ❢✉rt❤❡r ✇♦r❦✳
✶✳✹✳✷✳✶ ❚❤❡ ❍❡st♦♥ ▼♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ✐♥ ✭✸✳✸✳✶✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZSt = ρZVt + ρ¯Z¯St ✱ ✇❤❡r❡
Z¯S ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ ZV ✳ ❚❤❡♥✱{
dSt = rStdt+
√
vtSt
(
ρdZVt + ρ¯dZ¯
S
t
)
v0 = v¯0,
dvt = k (θ − vt) dt+ ω√vtdZVt S0 = S¯0,
d
〈
Z¯St , Z
V
t
〉
= 0,
✶✳✹ ❚❤❡ ❍②❜r✐❞ ♠❡t❤♦❞s ✹✾
✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Y Et = ln (St)−
ρ
ω
vt, Y
E
0 = ln (S0)−
ρ
ω
v0,
St = exp
(
Y Et +
ρ
ω
Vt
)
. ✭✶✳✹✳✶✮
❚❤❡♥
dY Et =
(
r − vt
2
− ρ
ω
k (θ − vt)
)
dt+ ρ¯
√
vtdZ¯
S
t .
❚❤✐s ♣r♦❝❡ss Y Et ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Vt✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡❞
✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞ ❛❧♦♥❣ t❤❡ tr❡❡✳
✶✳✹✳✷✳✷ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ✭✸✳✸✳✷✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZSt = ρZrt + ρ¯Z¯St ✱ ✇❤❡r❡ Z¯S
✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Zr✳ ❚❤❡♥✱

dSt = rtStdt+ σSt
(
ρdZrt + ρ¯dZ¯
S
t
)
S0 = S¯0,
dXt = −kXtdt+ dZrt X0 = 0,
rt = ωXt + β (t) ,
d
〈
Z¯St , Z
r
t
〉
= 0,
✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Y Ut = ln (St)− ρσXt, Y U0 = ln (S0) ,
St = exp
(
Y Ut + ρσXt
)
. ✭✶✳✹✳✷✮
❚❤❡♥
dY Ut =
(
rt − σ
2
2
+ σρkXt
)
dt+ σρ¯dZ¯St .
❚❤✐s ♣r♦❝❡ss Y Ut ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤Xt✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡❞
✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞ ❛❧♦♥❣ t❤❡ tr❡❡✳
✶✳✹✳✷✳✸ ❆❧❣♦r✐t❤♠ str✉❝t✉r❡
❚❤❡ str✉❝t✉r❡s ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ❝♦♥s✐st ✐♥ ❛ tr❡❡ ❛♥❞ ❛ P❉❊ s♦❧✈❡r✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❇r✐❛♥✐ ❡t
❛❧✳ ❬✶✵❪✱ ❬✶✶❪✱ ✇❡ ✉s❡ ❛ tr❡❡ t♦ ❞✐✛✉s❡ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r t❤❡ ✐♥t❡r❡st r❛t❡✮ ❛❧♦♥❣ t❤❡ ❧✐❢❡ ♦❢ t❤❡
♣r♦❞✉❝t✱ ❛♥❞ ✇❡ s♦❧✈❡ ❜❛❝❦✇❛r❞ ❛ ✶❉ P❉❊ ❢r❡❡③✐♥❣ ❛t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r
t❤❡ ✐♥t❡r❡st r❛t❡✮✳ ❚❤❡ tr❡❡ ✐s ❜✉✐❧t ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✶✳✷✳✹ ✭q✉❛❞r✐♥♦♠✐❛❧ tr❡❡✱ ♠❛t❝❤✐♥❣ t❤❡
✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✮✱ ❛♥❞ t❤❡ P❉❊ ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦❛❝❤✳
❲❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ P❉❊ ❜❡t✇❡❡♥ ❡✈❡♥t t✐♠❡s✱ ❛♥❞ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ✇❡ ❛♣♣❧② t❤❡ ❝❤❛♥❣❡s
t♦ t❤❡ st❛t❡s t♦ r❡♣r♦❞✉❝❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡✈❡♥ts✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ s♦❧✈❡ t❤❡ P❉❊s ❞♦✐♥❣ ❛ s✐♥❣❧❡ t✐♠❡ st❡♣ t❤❛t r❡q✉✐r❡s ♦♥❧② ❛ ❧✐♥❡❛r
❝♦♠♣❧❡①✐t② ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ tr✐❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st ✐s ❧♦✇ ❛s ♦❜s❡r✈❡❞ ✐♥ ❬✶✵❪ ❛♥❞ ❬✶✶❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t Xt ❛♥❞ Vt ♣r♦❝❡ss❡s ❛r❡ ♠❡❛♥ r❡✈❡rt✐♥❣✳
❚❤❛♥❦s t♦ t❤❡ ✇❛② t❤❡ tr❡❡s ❛r❡ ❜✉✐❧t✱ t❤❡r❡ ❛r❡ ♠❛♥② ♥♦❞❡s ✐♥ t❤❡ tr❡❡s t❤❛t ❝❛♥♥♦t ❜❡ ✈✐s✐t❡❞
❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡r❡❢♦r❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t② pn,j t♦ ❜❡ ✈✐s✐t❡❞ ✐s ✇♦rt❤ 0
❛♥❞ t❤❡② ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ✈❛❧✉❡s ❛t t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✳ ❚❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❞♦ ❛♥②
✺✵ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝❡ ❛♥❞ ■♥s✉r❛♥❝❡
♦♣❡r❛t✐♦♥ ❢♦r t❤♦s❡ ♥♦❞❡s✳ ❙♦✱ t♦ s❛✈❡ t✐♠❡✱ ✇❡ ❞♦ t❤❡ st❛♥❞❛r❞ st❡♣ ✭s♦❧✈❡ ❜❛❝❦✇❛r❞ t❤❡ ❢♦✉r
P❉❊s ❛♥❞ ♠✐① ✉♣ t❤❡ ✈❡❝t♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✮ ♦♥❧② ❢♦r t❤♦s❡ ♥♦❞❡s
❤❛✈✐♥❣ pn,j > 0✳ ❚❤✐s ❝✉rt❛✐❧✐♥❣ t❡❝❤♥✐q✉❡ r❡❞✉❝❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♠❡t❤♦❞ ✐s ♣r❡s❡r✈❡❞✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❬✸❪✳
❈❤❛♣t❡r ✷
❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
✷✳✶ ■♥tr♦❞✉❝t✐♦♥
■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s✳ ❚❤❡s❡ ♣r♦❞✉❝ts ✇✐❧❧ ❜❡
♦✉r ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st✳
✷✳✶✳✶ ❲❤❛t ✐s ❛ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t②❄
❚❤❡ t❡r♠ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t② ✭❤❡r❡✐♥❛❢t❡r✱ ✇❡ ✇✐❧❧ ❛❜❜r❡✈✐❛t❡ ✐t ✇✐t❤ ❱❆✮ ✐s ✉s❡❞ t♦ r❡❢❡r t♦ ❛
✇✐❞❡ r❛♥❣❡ ♦❢ ❧✐❢❡ ✐♥s✉r❛♥❝❡ ♣r♦❞✉❝ts✱ ✇❤♦s❡ ❜❡♥❡✜ts ❝❛♥ ❜❡ ♣r♦t❡❝t❡❞ ❛❣❛✐♥st ✐♥✈❡st♠❡♥t ❛♥❞
♠♦rt❛❧✐t② r✐s❦s ❜② s❡❧❡❝t✐♥❣ ♦♥❡ ♦r ♠♦r❡ ❣✉❛r❛♥t❡❡s ♦✉t ♦❢ ❛ ❜r♦❛❞ s❡t ♦❢ ♣♦ss✐❜❧❡ ❛rr❛♥❣❡♠❡♥ts✳
❉❡s♣✐t❡ t❤❡ ✉♥✐q✉❡ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❝❤❛♥❣❡✱ t❤❡r❡ ❛r❡ s♦♠❡ ❝♦♠♠♦♥ t♦ ❛❧❧ ♦❢ t❤❡♠✿ ❛ ❱❆ ✐s
❛ ❧♦♥❣✲t❡r♠✱ t❛①✲❞❡❢❡rr❡❞ ✐♥✈❡st♠❡♥t✱ ❞❡s✐❣♥❡❞ ❢♦r ♦❜t❛✐♥✐♥❣ ❛ ♣♦st✲r❡t✐r❡♠❡♥t ✐♥❝♦♠❡✳
❋♦r♠❛❧❧②✱ ❛ ❱❆ ✐s ❛ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ ❛ ♣♦❧✐❝② ❤♦❧❞❡r ✭❤❡r❡✐♥❛❢t❡r✱ ✇❡ ✇✐❧❧ ❛❜❜r❡✈✐❛t❡ ✐t ✇✐t❤
P❍ ✮ ❛♥❞ ❛ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✱ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ✐♥s✉r❡r ❛❣r❡❡s t♦ ♠❛❦❡ ♣❡r✐♦❞✐❝ ♣❛②♠❡♥ts t♦
t❤❡ P❍ ❜❡❣✐♥♥✐♥❣ ❡✐t❤❡r ✐♠♠❡❞✐❛t❡❧② ♦r ❛t s♦♠❡ ❢✉t✉r❡ ❞❛t❡✳ ❚❤❡ ❤♦❧❞❡r ❜✉②s ❛ ❱❆ ❝♦♥tr❛❝t
❜② ♠❛❦✐♥❣ ❡✐t❤❡r ❛ s✐♥❣❧❡ ♣✉r❝❤❛s❡ ♣❛②♠❡♥t ✭❧✉♠♣ s✉♠✮ ♦r ❛ s❡r✐❡s ♦❢ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts✳
❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✶✾✼✵s ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ❛♥❞ ✐♥ t❤❡ ✜rst ②❡❛rs
♦❢ ✷✵✵✵ t❤❡② ❜❡❝❛♠❡ ♣♦♣✉❧❛r ❛❧s♦ ✐♥ ❊✉r♦♣❡ ✭❡①♣❡❝✐❛❧❧② ●❡r♠❛♥②✱ ❯❑✱ ❛♥❞ ❋r❛♥❝❡✮ ❛♥❞ ❦♥♦✇♥
✐♥ ■t❛❧② ✭s❡❡ ❬✽❪✮✳ ❚❤❡ ❝❛✉s❡ ♦❢ t❤❡ s✉❝❝❡ss ♦❢ t❤❡s❡ ♣♦❧✐❝✐❡s ✐s t❤❛t t❤❡② ♦✛❡r ❛ r❛♥❣❡ ♦❢
✐♥✈❡st♠❡♥t ♦♣t✐♦♥s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ✇✐❧❧ ❝❤❛♥❣❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥s ❝❤♦s❡♥✳ ❚❤❡ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥s ❢♦r ❛ ❱❆ ❛r❡ t②♣✐❝❛❧❧② ♠✉t✉❛❧ ❢✉♥❞s
t❤❛t ✐♥✈❡st ✐♥ st♦❝❦s✱ ❜♦♥❞s✱ ♠♦♥❡② ♠❛r❦❡t ✐♥str✉♠❡♥ts✱ ♦r s♦♠❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡✳
❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❜❡ ❧♦♥❣✲t❡r♠ ✐♥✈❡st♠❡♥ts✱ t♦ ♠❡❡t r❡t✐r❡♠❡♥t ❛♥❞ ♦t❤❡r
❧♦♥❣✲r❛♥❣❡ ❣♦❛❧s✳ ❱❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ❛❧s♦ ✐♥✈♦❧✈❡ ✐♥✈❡st♠❡♥t r✐s❦s✱ ❥✉st ❛s ♠✉t✉❛❧ ❢✉♥❞s ❞♦✳
✷✳✶✳✷ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❱✳❆✳ ❛♥❞ ♦t❤❡r ✐♥str✉♠❡♥ts
❆❧t❤♦✉❣❤ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❛r❡ t②♣✐❝❛❧❧② ✐♥✈❡st❡❞ ✐♥ ♠✉t✉❛❧ ❢✉♥❞s✱ t❤❡② ❞✐✛❡r ❢r♦♠ ♠✉t✉❛❧
❢✉♥❞s ✐♥ s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ✇❛②s✳
❋✐rst✱ ❱❆s ♠❛② ❧❡t t❤❡ P❍ r❡❝❡✐✈❡ ♣❡r✐♦❞✐❝ ♣❛②♠❡♥ts ❢♦r t❤❡ r❡st ♦❢ ❤✐s ❧✐❢❡ ✭♦r t❤❡ ❧✐❢❡ ♦❢
❛♥② ♦t❤❡r ♣❡rs♦♥ ❞❡s✐❣♥❛t❡❞✮✳ ❚❤✐s ❢❡❛t✉r❡ ♦✛❡rs ♣r♦t❡❝t✐♦♥ ❛❣❛✐♥st t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t✱ ❛❢t❡r
✺✶
✺✷ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
r❡t✐r❡✱ t❤❡ P❍ ✇✐❧❧ ♦✉t❧✐✈❡ ❤✐s ❛ss❡ts✳
❙❡❝♦♥❞✱ ❱❆s ♠❛② ❤❛✈❡ ❛ ❞❡❛t❤ ❜❡♥❡✜t✳ ■❢ t❤❡ P❍ ❞✐❡s ❜❡❢♦r❡ t❤❡ ✐♥s✉r❡r ❤❛s st❛rt❡❞ ♠❛❦✐♥❣
♣❛②♠❡♥ts✱ t❤❡ ❜❡♥❡✜❝✐❛r② ✐s ❣✉❛r❛♥t❡❡❞ t♦ r❡❝❡✐✈❡ ❛ s♣❡❝✐✜❡❞ ❛♠♦✉♥t✖t②♣✐❝❛❧❧② ❛t ❧❡❛st t❤❡
❛♠♦✉♥t ♦❢ t❤❡ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts✳ ❚❤❡ ♣♦❧✐❝② ❜❡♥❡✜❝✐❛r② ✇✐❧❧ ❛❧s♦ ❣❡t ❛ ❜❡♥❡✜t ❢r♦♠ t❤✐s
❢❡❛t✉r❡ ✐❢✱ ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ❞❡❛t❤ ♦❢ t❤❡ ❤♦❧❞❡r✱ ❤✐s ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s ❧❡ss t❤❛♥ t❤❡ ❣✉❛r❛♥t❡❡❞
❛♠♦✉♥t✳
❚❤✐r❞✱ ❱❆s ❛r❡ t❛①✲❞❡❢❡rr❡❞✳ ❚❤❛t ♠❡❛♥s t❤❡ P❍ ♣❛②s ♥♦ t❛①❡s ♦♥ t❤❡ ✐♥❝♦♠❡ ❛♥❞ ✐♥✈❡st✲
♠❡♥t ❣❛✐♥s ❢r♦♠ ❤✐s ❛♥♥✉✐t② ✉♥t✐❧ ❤❡ ✇✐t❤❞r❛✇s ❤✐s ♠♦♥❡②✳ ❍❡ ♠❛② ❛❧s♦ tr❛♥s❢❡r ❤✐s ♠♦♥❡② ❢r♦♠
♦♥❡ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥ t♦ ❛♥♦t❤❡r ✇✐t❤✐♥ ❛ ❱❆ ✇✐t❤♦✉t ♣❛②✐♥❣ t❛① ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ tr❛♥s❢❡r✳
❲❤❡♥ t❤❡ P❍ t❛❦❡s ❤✐s ♠♦♥❡② ♦✉t ♦❢ t❤❡ ❱❆✱ ❤♦✇❡✈❡r✱ ❤❡ ✇✐❧❧ ❜❡ t❛①❡❞ ♦♥ t❤❡ ❡❛r♥✐♥❣s ❛t
♦r❞✐♥❛r② ✐♥❝♦♠❡ t❛① r❛t❡s ✭❢♦r ❡①❛♠♣❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ ■t❛❧✐❛♥ ▲❛✇✱ t❤❡ ✜♥❛♥❝✐❛❧ r❡t✉r♥✱ ❡q✉❛❧
t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♠♦✉♥t ♣❛✐❞ ❛♥❞ t❤❡ ♣r❡♠✐✉♠s ♣❛✐❞✱ s❤❛❧❧ ❜❡ s✉❜❥❡❝t t♦ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ s✉❜st✐t✉t❡ t❛① ♦♥ ✐♥❝♦♠❡✱ ❛t t❤❡ t✐♠❡ ♦❢ ♣❛②♠❡♥t ♦❢ t❤❡ ❜❡♥❡✜t✱ ❛❝❝♦r❞✐♥❣ t♦
✇❤❛t ♣r♦✈✐❞❡❞ ❜② t❤❡ ❉✳▲✳ ❆✉❣✉st ✶✸✱ ✷✵✶✶ ♥✳ ✶✸✽✱ ❝♦♥✈❡rt❡❞ ✐♥t♦ ▲❛✇ ✶✹✽ ♦❢ ✶✹ ❙❡♣t❡♠❜❡r
✷✵✶✶✮✳ ❋♦r ♦t❤❡r ✐♥❢♦r♠❛t✐♦♥ s❡❡ ❬✹✼❪✳
✷✳✷ ❍♦✇ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ✇♦r❦
❆ ❱❆ ❤❛s ✉s✉❛❧❧② t✇♦ ♣❤❛s❡s✿ ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡ ❛♥❞ ❛ ♣❛②♦✉t ♣❤❛s❡✳
✷✳✷✳✶ ❚❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡
❉✉r✐♥❣ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡✱ t❤❡ P❍ ♠❛❦❡s ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts✱ ✇❤✐❝❤ ❤❡ ❝❛♥ ❛❧❧♦❝❛t❡ t♦ ❛
♥✉♠❜❡r ♦❢ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❤❡ ❝♦✉❧❞ ❞❡s✐❣♥❛t❡ ✹✵✪ ♦❢ ❤✐s ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts
t♦ ❛ ❜♦♥❞ ❢✉♥❞✱ ✹✵✪ t♦ ❛ ❯✳❙✳ st♦❝❦ ❢✉♥❞✱ ❛♥❞ ✷✵✪ t♦ ❛♥ ✐♥t❡r♥❛t✐♦♥❛❧ st♦❝❦ ❢✉♥❞✳ ❚❤❡ ♠♦♥❡②
❤❡ ❤❛s ❛❧❧♦❝❛t❡❞ t♦ ❡❛❝❤ ♠✉t✉❛❧ ❢✉♥❞ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥ ✇✐❧❧ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ♦✈❡r t✐♠❡✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢✉♥❞✬s ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❱❆ ♦❢t❡♥ ❛❧❧♦✇ t❤❡ P❍ t♦ ❛❧❧♦❝❛t❡ ♣❛rt ♦❢
❤✐s ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts t♦ ❛ ✜①❡❞ ❛❝❝♦✉♥t✳ ❆ ✜①❡❞ ❛❝❝♦✉♥t✱ ✉♥❧✐❦❡ ❛ ♠✉t✉❛❧ ❢✉♥❞✱ ♣❛②s ❛ ✜①❡❞
r❛t❡ ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ♠❛② r❡s❡t t❤✐s ✐♥t❡r❡st r❛t❡ ♣❡r✐♦❞✐❝❛❧❧②✱ ❜✉t ✐t ✇✐❧❧
✉s✉❛❧❧② ♣r♦✈✐❞❡ ❛ ❣✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠ ✭❡✳❣✳✱ 3% ♣❡r ②❡❛r✮✳
❉✉r✐♥❣ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡✱ t❤❡ P❍ ❝❛♥ t②♣✐❝❛❧❧② tr❛♥s❢❡r ❤✐s ♠♦♥❡② ❢r♦♠ ♦♥❡ ✐♥✈❡st♠❡♥t
♦♣t✐♦♥ t♦ ❛♥♦t❤❡r ✇✐t❤♦✉t ♣❛②✐♥❣ t❛① ♦♥ ❤✐s ✐♥✈❡st♠❡♥t ✐♥❝♦♠❡ ❛♥❞ ❤✐s ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡✱ ❤❡
♠❛② ❤❛✈❡ t♦ ♣❛② ✏s✉rr❡♥❞❡r ❝❤❛r❣❡s✱✑ ✇❤✐❝❤ ❛r❡ ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳
✷✳✷✳✷ ❚❤❡ ♣❛②♦✉t ♣❤❛s❡
❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣❛②♦✉t ♣❤❛s❡✱ t❤❡ P❍ ♠❛② r❡❝❡✐✈❡ ❤✐s ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ♣❧✉s ✐♥✈❡st✲
♠❡♥t ✐♥❝♦♠❡ ❛♥❞ ❣❛✐♥s ✭✐❢ ❛♥②✮ ❛s ❛ ❧✉♠♣✲s✉♠ ♣❛②♠❡♥t✱ ♦r ❤❡ ♠❛② ❝❤♦♦s❡ t♦ r❡❝❡✐✈❡ t❤❡♠ ❛s ❛
str❡❛♠ ♦❢ ♣❛②♠❡♥ts ❛t r❡❣✉❧❛r ✐♥t❡r✈❛❧s ✭❣❡♥❡r❛❧❧② ♠♦♥t❤❧②✮✳ ■❢ ❤❡ ❝❤♦♦s❡s t♦ r❡❝❡✐✈❡ ❛ str❡❛♠
♦❢ ♣❛②♠❡♥ts✱ ❤❡ ♠❛② ❤❛✈❡ ❛ ♥✉♠❜❡r ♦❢ ❝❤♦✐❝❡s ♦❢ ❤♦✇ ❧♦♥❣ t❤❡ ♣❛②♠❡♥ts ✇✐❧❧ ❧❛st✳ ❯♥❞❡r ♠♦st
❛♥♥✉✐t② ❝♦♥tr❛❝ts✱ ❤❡ ❝❛♥ ❝❤♦♦s❡ t♦ ❤❛✈❡ ❤✐s ❛♥♥✉✐t② ♣❛②♠❡♥ts ❧❛st ❢♦r ❛ ♣❡r✐♦❞ t❤❛t ❤❡ s❡ts
✭s✉❝❤ ❛s ✷✵ ②❡❛rs✮ ♦r ❢♦r ❛♥ ✐♥❞❡✜♥✐t❡ ♣❡r✐♦❞ ✭s✉❝❤ ❛s ❤✐s ❧✐❢❡t✐♠❡ ♦r t❤❡ ❧✐❢❡t✐♠❡ ♦❢ ❤✐♠ ❛♥❞ ❤✐s
s♣♦✉s❡ ♦r ♦t❤❡r ❜❡♥❡✜❝✐❛r②✮✳ ❉✉r✐♥❣ t❤❡ ♣❛②♦✉t ♣❤❛s❡✱ ❤♦❧❞❡r✬s ❛♥♥✉✐t② ❝♦♥tr❛❝t ♠❛② ♣❡r♠✐t
✷✳✸ ❚❤❡ ❉❡❛t❤ ❇❡♥❡✜t ❛♥❞ ♦t❤❡r ❢❡❛t✉r❡s ✺✸
❤✐♠ t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ r❡❝❡✐✈✐♥❣ ♣❛②♠❡♥ts t❤❛t ❛r❡ ✜①❡❞ ✐♥ ❛♠♦✉♥t ♦r ♣❛②♠❡♥ts t❤❛t ✈❛r②
❜❛s❡❞ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠✉t✉❛❧ ❢✉♥❞ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥s✳
❚❤❡ ❛♠♦✉♥t ♦❢ ❡❛❝❤ ♣❡r✐♦❞✐❝ ♣❛②♠❡♥t ✇✐❧❧ ❞❡♣❡♥❞✱ ✐♥ ♣❛rt✱ ♦♥ t❤❡ t✐♠❡ ♣❡r✐♦❞ t❤❛t t❤❡ P❍
s❡❧❡❝ts ❢♦r r❡❝❡✐✈✐♥❣ ♣❛②♠❡♥ts✳ ❙♦♠❡ ❛♥♥✉✐t✐❡s ❞♦ ♥♦t ❛❧❧♦✇ t♦ ✇✐t❤❞r❛✇ ♠♦♥❡② ❢r♦♠ t❤❡ ❛❝❝♦✉♥t
♦♥❝❡ t❤❡ ❤♦❧❞❡r ❤❛s st❛rt❡❞ r❡❝❡✐✈✐♥❣ r❡❣✉❧❛r ❛♥♥✉✐t② ♣❛②♠❡♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ❛♥♥✉✐t②
❝♦♥tr❛❝ts ❛r❡ str✉❝t✉r❡❞ ❛s ✐♠♠❡❞✐❛t❡ ❛♥♥✉✐t✐❡s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ❛❝❝✉♠✉❧❛t✐♦♥
♣❤❛s❡ ❛♥❞ t❤❡ ❤♦❧❞❡r ✇✐❧❧ st❛rt r❡❝❡✐✈✐♥❣ ❛♥♥✉✐t② ♣❛②♠❡♥ts r✐❣❤t ❛❢t❡r ❤❡ ♣✉r❝❤❛s❡s t❤❡ ❛♥♥✉✐t②✳
✷✳✸ ❚❤❡ ❉❡❛t❤ ❇❡♥❡✜t ❛♥❞ ♦t❤❡r ❢❡❛t✉r❡s
❆ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ❱❆ ✐s t❤❡ ❞❡❛t❤ ❜❡♥❡✜t✳ ■❢ t❤❡ ❤♦❧❞❡r ❞✐❡s✱ ❛ ♣❡rs♦♥ ❤❡ s❡❧❡❝ts ❛s ❛
❜❡♥❡✜❝✐❛r② ✭s✉❝❤ ❛s ❤✐s s♣♦✉s❡ ♦r ❝❤✐❧❞✮ ✇✐❧❧ r❡❝❡✐✈❡ t❤❡ ❣r❡❛t❡r ♦❢✿ ✭✐✮ ❛❧❧ t❤❡ ♠♦♥❡② ✐♥ t❤❡
❤♦❧❞❡r✬s ❛❝❝♦✉♥t✱ ♦r ✭✐✐✮ s♦♠❡ ❣✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠ ✭s✉❝❤ ❛s ❛❧❧ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ♠✐♥✉s ♣r✐♦r
✇✐t❤❞r❛✇❛❧s✮✳ ❚❤✐s s❡❝♦♥❞ ❝❛s❡ ✐s ❦♥♦✇♥ ❛s ●▼❉❇ ✭●✉❛r❛♥t❡❡❞ ▼✐♥✐♠✉♠ ❉❡❛t❤ ❇❡♥❡✜t✮✳
❙♦♠❡ ❱❆ ❛❧❧♦✇ t❤❡ P❍ t♦ ❝❤♦♦s❡ ❛ ✏st❡♣♣❡❞✲✉♣✑ ❞❡❛t❤ ❜❡♥❡✜t✳ ❯♥❞❡r t❤✐s ❢❡❛t✉r❡✱ t❤❡ ❣✉❛r❛♥✲
t❡❡❞ ♠✐♥✐♠✉♠ ❞❡❛t❤ ❜❡♥❡✜t ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ❛ ❣r❡❛t❡r ❛♠♦✉♥t t❤❛♥ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ♠✐♥✉s
✇✐t❤❞r❛✇❛❧s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❣✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠ ♠✐❣❤t ❜❡ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❛s ♦❢ ❛ s♣❡❝✲
✐✜❡❞ ❞❛t❡✱ ✇❤✐❝❤ ♠❛② ❜❡ ❣r❡❛t❡r t❤❛♥ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ♠✐♥✉s ✇✐t❤❞r❛✇❛❧s ✐❢ t❤❡ ✉♥❞❡r❧②✐♥❣
✐♥✈❡st♠❡♥t ♦♣t✐♦♥s ❤❛✈❡ ♣❡r❢♦r♠❡❞ ✇❡❧❧✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ ❛ st❡♣♣❡❞✲✉♣ ❞❡❛t❤ ❜❡♥❡✜t ✐s t♦ ✏❧♦❝❦
✐♥✑ t❤❡ ✐♥✈❡st♠❡♥t ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ♣r❡✈❡♥t ❛ ❧❛t❡r ❞❡❝❧✐♥❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛❝❝♦✉♥t ❢r♦♠
❡r♦❞✐♥❣ t❤❡ ❛♠♦✉♥t t❤❛t t❤❡ ❤♦❧❞❡r ❡①♣❡❝ts t♦ ❧❡❛✈❡ t♦ ❤✐s ❤❡✐rs✳ ❚❤✐s ❢❡❛t✉r❡ ❝❛rr✐❡s ❛ ❝❤❛r❣❡✱
❤♦✇❡✈❡r✱ ✇❤✐❝❤ ✇✐❧❧ r❡❞✉❝❡ ❛❝❝♦✉♥t ✈❛❧✉❡✳
❱❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s s♦♠❡t✐♠❡s ♦✛❡r ♦t❤❡r ♦♣t✐♦♥❛❧ ❢❡❛t✉r❡s✱ ✇❤✐❝❤ ❛❧s♦ ❤❛✈❡ ❡①tr❛ ❝❤❛r❣❡s✳
❚❤❡ P❍ ♣❛②s ❢♦r ❡❛❝❤ ❜❡♥❡✜t ♣r♦✈✐❞❡❞ ❜② ❤✐s ❱❆✳ ❚❤❡s❡ ❝❤❛r❣❡s ❛r❡ ✉s✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞
t✐❡❞ t♦ t❤❡ r❡❧❛t✐✈❡ ❜❡♥❡✜t✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ t❤❡ ♠♦st ❝♦♠♠♦♥ ♦♣t✐♦♥❛❧ ❢❡❛t✉r❡s ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✺❪✿
• ●▼❆❇ ✭●✉❛r❛♥t❡❡❞ ▼✐♥✐♠✉♠ ❆❝❝✉♠✉❧❛t✐♦♥ ❇❡♥❡✜t✮✿ t❤✐s ❢❡❛t✉r❡s ♣r♦✈✐❞❡s t♦ ❣✉❛r❛♥✲
t❡❡s t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t r❡❝❡✐✈❡❞ ❜② t❤❡ ❛♥♥✉✐t❛♥t ❛❢t❡r t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❡r✐♦❞✱ ♣r♦✲
t❡❝t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛♥♥✉✐t② ❛♥❞ t❤❡ ❛♥♥✉✐t❛♥t ❢r♦♠ ♠❛r❦❡t ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ●▼❆❇
✇✐❧❧ ❜❡ ✉s❡❞ ♦♥❧② ✐❢ t❤❡ ♠❛r❦❡t ✈❛❧✉❡ ♦❢ t❤❡ ❛♥♥✉✐t② ✐s ❜❡❧♦✇ t❤❡ ♠✐♥✐♠✉♠ ❣✉❛r❛♥t❡❡❞
✈❛❧✉❡✳
• ●▼■❇ ✭●✉❛r❛♥t❡❡❞ ▼✐♥✐♠✉♠ ■♥❝♦♠❡ ❇❡♥❡✜t✮✿ ❛ ❝♦♠♠♦♥ ❢❡❛t✉r❡ t❤❛t ❣✉❛r❛♥t❡❡s ❛ ♣❛r✲
t✐❝✉❧❛r ♠✐♥✐♠✉♠ ❧❡✈❡❧ ♦❢ ❛♥♥✉✐t② ♣❛②♠❡♥ts✱ ❡✈❡♥ ✐❢ t❤❡ ❤♦❧❞❡r ❞♦❡s ♥♦t ❤❛✈❡ ❡♥♦✉❣❤ ♠♦♥❡②
✐♥ ❤✐s ❛❝❝♦✉♥t ✭♣❡r❤❛♣s ❜❡❝❛✉s❡ ♦❢ ✐♥✈❡st♠❡♥t ❧♦ss❡s✮ t♦ s✉♣♣♦rt t❤❛t ❧❡✈❡❧ ♦❢ ♣❛②♠❡♥ts✳
❲❤❡♥ t❤❡ ❛♥♥✉✐t② ❤❛s ❜❡❡♥ ❛♥♥✉✐t✐③❡❞ ✭st❛rt t❤❡ ♣❛②✐♥❣ ♦❢ t❤❡ ❛♥♥✉✐t✐❡s✮✱ t❤✐s s♣❡❝✐✜❝
♦♣t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❛♥♥✉✐t❛♥t ✇✐❧❧ r❡❝❡✐✈❡ ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡✬s ✇♦rt❤ ♦❢ ♣❛②♠❡♥ts✳
• ●▼❲❇ ✭●✉❛r❛♥t❡❡❞ ▼✐♥✐♠✉♠ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t✮✿ t❤✐s s♣❡❝✐✜❝ ♦♣t✐♦♥ ❣✐✈❡s ❛♥♥✉✐t❛♥ts
t❤❡ ❛❜✐❧✐t② t♦ ♣r♦t❡❝t t❤❡✐r r❡t✐r❡♠❡♥t ✐♥✈❡st♠❡♥ts ❛❣❛✐♥st ❞♦✇♥s✐❞❡ ♠❛r❦❡t r✐s❦ ❜② ❛❧❧♦✇✲
✐♥❣ t❤❡ ❛♥♥✉✐t❛♥t t❤❡ r✐❣❤t t♦ ✇✐t❤❞r❛✇ ❛ ♠❛①✐♠✉♠ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡✐r ❡♥t✐r❡ ✐♥✈❡st♠❡♥t
❡❛❝❤ ②❡❛r ✉♥t✐❧ t❤❡ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ❛♠♦✉♥t ❤❛s ❜❡❡♥ r❡❝♦✉♣❡❞✳ ❚❤❡ ●▼❲❇ ✐s t❤❡ r❡❛❧
♥♦✈❡❧t② ♦❢ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ✐♥ r❡s♣❡❝t ♦❢ tr❛❞✐t✐♦♥❛❧ ❧✐❢❡ ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝ts✳
✺✹ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
❚❤❡s❡ t❤r❡❡ ♦♣t✐♦♥s ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ ●▼①❇s ❣✉❛r❛♥t❡❡s ✭♥❛♠❡❧②✱ ●✉❛r❛♥t❡❡❞ ▼✐♥✐♠✉♠ ❇❡♥❡✜ts
♦❢ t②♣❡ ❵①✬✮✳ ❆♥♦t❤❡r ❱❆ ❛❞❞s t♦ t❤❡ ♣r❡✈✐♦✉s t❤r❡❡✿
• ●▲❲❇ ✭●✉❛r❛♥t❡❡❞ ▲✐❢❡❧♦♥❣ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t✮✿ t❤✐s ♦♣t✐♦♥ ✐s s✐♠✐❧❛r t♦ ●▼❲❇✱ ❜✉t
t❤✐s ♣♦❧✐❝② ❤❛s ♥♦ ✜①❡❞ ♠❛t✉r✐t②✳ ❚❤❡ ❛♥♥✉✐t❛♥ts ❤❛s t❤❡ r✐❣❤t t♦ ♣❡r❢♦r♠ ♣❡r✐♦❞✐❝
✇✐t❤❞r❛✇❛❧s✱ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇❛❧✱ ❢♦r ❛❧❧ ❤✐s ❧✐❢❡✳ ❆ ♣r✐♦r✐✱ t❤❡r❡ ❛r❡
♥♦ ❧✐♠✐ts ♦♥ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇❛❧s✱ ❛♥❞ ♦♥ t❤❡ t♦t❛❧ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇❛❧✳ ❯s✉❛❧❧②✱ ❛
❞❡❛t❤ ❜❡♥❡✜t ✐s ❛❧✇❛②s ✐♥❝❧✉❞❡❞✳
❚❤❡s❡ ❝♦♥tr❛❝ts ♠❛② ✐♥❝❧✉❞❡ ♦t❤❡r ❢❡❛t✉r❡s s✉❝❤ ❛s ❧♦♥❣✲t❡r♠ ❝❛r❡ ✐♥s✉r❛♥❝❡ ✭▲❚❈✮✱ ✇❤✐❝❤ ♣❛②s
❢♦r ❤♦♠❡ ❤❡❛❧t❤ ❝❛r❡ ♦r ♥✉rs✐♥❣ ❤♦♠❡ ❝❛r❡ ✐❢ t❤❡ P❍ ❜❡❝♦♠❡s s❡r✐♦✉s❧② ✐❧❧✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥
❢♦r♠s ♦❢ ❣✉❛r❛♥t❡❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❜❡♥❡✜t ❜❛s❡ ❛r❡✿
• ❘♦❧❧✲✉♣s✿ t❤✐s ✐s t❤❡ s✐♠♣❧❡st ❢♦r♠ ♦❢ r❡t✉r♥ ❣✉❛r❛♥t❡❡✳ ❆ r♦❧❧✲✉♣ ♣r♦✈✐❞❡s ❣✉❛r❛♥t❡❡❞
❛♣♣r❡❝✐❛t✐♦♥ ♦❢ t❤❡ ❜❡♥❡✜ts ❜❛s❡ ❛t ❛ s♣❡❝✐✜❝ ✐♥t❡r❡st r❛t❡✳ ❚❤❡ ❣✉❛r❛♥t❡❡ ♠❛② ❛❝❝r✉❡ ♦♥ ❛
s✐♠♣❧❡ ♦r ❝♦♠♣♦✉♥❞ ✐♥t❡r❡st ❜❛s✐s✳ ❆ 0 ♣❡r ❝❡♥t r♦❧❧✲✉♣ ✐s t❤❡ s❛♠❡ ❛s ❛ r❡t✉r♥✲♦❢✲♣r✐♥❝✐♣❛❧
❣✉❛r❛♥t❡❡✳
• ❘❛t❝❤❡ts✿ ❛❧s♦ ❝❛❧❧❡❞ ❛ ✏❤✐❣❤ ✇❛t❡r♠❛r❦✳✑ ❲✐t❤ ❛ r❛t❝❤❡t✱ t❤❡ ❜❡♥❡✜ts ❜❛s❡ ✐s s❡t ❡q✉❛❧
t♦ t❤❡ ❤✐❣❤❡st ♦❢ ❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❞s t❤r♦✉❣❤♦✉t t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡✱
❡✈❛❧✉❛t❡❞ ❛t ❛ ♣r❡✲❞❡✜♥❡❞ t✐♠❡ ✐♥t❡r✈❛❧ ✭❡✳❣✳ ❛♥♥✉❛❧❧②✮✳ ❆t ✈❛r✐♦✉s ❢r❡q✉❡♥❝✐❡s t❤❡ ❡①✐st✐♥❣
❜❡♥❡✜ts ❜❛s❡ ✐s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❛♥❞ ✐❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s ❤✐❣❤❡r✱ t❤❡
❜❡♥❡✜ts ❜❛s❡ ✐s ✏r❛t❝❤❡t❡❞✑ ✉♣ t♦ t❤❡ ♥❡✇ ❧❡✈❡❧✳
• ❘❡s❡ts✿ r❡s❡ts ❛r❡ tr✐❣❣❡r❡❞ ❛t t❤❡ ❞✐s❝r❡t✐♦♥ ♦❢ t❤❡ P❍✳ ❚❤❡② ✐♥✈♦❧✈❡ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡
❝✉rr❡♥t ❛❝❝♦✉♥t ✈❛❧✉❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❛♥❞ t❤❡ ❜❡♥❡✜ts ❜❛s❡ ✐s r❡s❡t t♦ t❤❡
❤✐❣❤❡r ❧❡✈❡❧✳ ❖t❤❡r ♣♦❧✐❝② ♣r♦✈✐s✐♦♥s s✉❝❤ ❛s ❛ ✇❛✐t✐♥❣ ♣❡r✐♦❞ ♠❛② ❜❡ r❡s❡t ❛s ✇❡❧❧✳
• ❙♦♠❡ ❱❆ ♦✛❡r ❣✉❛r❛♥t❡❡❞ ❛♣♣r❡❝✐❛t✐♦♥ ♦❢ t❤❡ ❜❡♥❡✜ts ❜❛s❡ t❤❛t ❝♦♠❜✐♥❡s ♦♥❡ ♦r ♠♦r❡
♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠s ♦❢ ❣✉❛r❛♥t❡❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❝♦♠♠♦♥ ❝♦♠❜✐♥❛t✐♦♥ ❣✉❛r❛♥t❡❡ ✐s t❤❡
♠❛①✐♠✉♠ ♦❢ ❛ r♦❧❧✲✉♣ ❛♥❞ ❛ r❛t❝❤❡t✳
❊①❛♠♣❧❡ ✷✳✶✳ ❆ ♠❛♥ ♦✇♥s ❛ ❱❆ t❤❛t ♦✛❡rs ❛ ❞❡❛t❤ ❜❡♥❡✜t ❡q✉❛❧ t♦ t❤❡ ❣r❡❛t❡r ♦❢ ❛❝❝♦✉♥t
✈❛❧✉❡ ♦r t♦t❛❧ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ♠✐♥✉s ✇✐t❤❞r❛✇❛❧s✳ ❍❡ ❤❛s ♠❛❞❡ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts t♦t❛❧✐♥❣
e ✺✵✵✵✵✳ ■♥ ❛❞❞✐t✐♦♥✱ ❤❡ ❤❛s ✇✐t❤❞r❛✇♥ e ✺✵✵✵ ❢r♦♠ ❤✐s ❛❝❝♦✉♥t✳ ❇❡❝❛✉s❡ ♦❢ t❤❡s❡ ✇✐t❤❞r❛✇❛❧s
❛♥❞ ✐♥✈❡st♠❡♥t ❧♦ss❡s✱ ❤✐s ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s ❝✉rr❡♥t❧② e ✹✵✵✵✵✳ ■❢ ❤❡ ❞✐❡s✱ ❤✐s ❞❡s✐❣♥❛t❡❞ ❜❡♥✲
❡✜❝✐❛r② ✇✐❧❧ r❡❝❡✐✈❡ e ✹✺✵✵✵ ✭t❤❡ e ✺✵✵✵✵ ✐♥ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts ❤❡ ♣✉t ✐♥✱ ♠✐♥✉s e ✺✵✵✵ ✐♥
✇✐t❤❞r❛✇❛❧s✮✳
✷✳✹ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❝❤❛r❣❡s
❆ ♣❡rs♦♥ ✇❤♦ ✐♥✈❡sts ✐♥ ❛ ❱❆✱ ♣❛②s s❡✈❡r❛❧ ❝❤❛r❣❡s✳ ❚❤❡s❡ ❝❤❛r❣❡s ✇✐❧❧ r❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ ❤✐s
❛❝❝♦✉♥t ❛♥❞ t❤❡ r❡t✉r♥ ♦♥ ❤✐s ✐♥✈❡st♠❡♥t✳ ❖❢t❡♥✱ t❤❡② ✇✐❧❧ ✐♥❝❧✉❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳
✷✳✹ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s ❝❤❛r❣❡s ✺✺
●✉❛r❛♥t❡❡ ❝❤❛r❣❡s
❚❤❡s❡ ❝❤❛r❣❡s ❛r❡ ✉s❡❞ ❜② t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② t♦ ❝♦✈❡r t❤❡ ❣✉❛r❛♥t❡❡s ♦❢ t❤❡ ♣♦❧✐❝②✳ ❚❤❡②
❛r❡ ❛ ✜①❡❞ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❛♥❞ ❛r❡ ✉s✉❛❧❧② ✇✐t❤❞r❛✇s ❝♦♥t✐♥✉♦✉s❧②✳ ❚❤❡s❡
❝❤❛r❣❡s ❛r❡ ❛❝t✐✈❡ ❢♦r t❤❡ ✇❤♦❧❡ ♣r♦❞✉❝t ❧✐❢❡ ❛♥❞ ❛r❡ ✜①❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣❀ ✜♥❞✐♥❣ t❤❡ ❢❛✐r
✈❛❧✉❡ ♦❢ t❤❡s❡ ❢❡❡s✱ ❝♦♥s✐sts ✐♥ ♣r✐❝✐♥❣ t❤❡ ♣r♦❞✉❝t✳
❊①❛♠♣❧❡ ✷✳✷✳ ❚❤❡ ❣✉❛r❛♥t❡❡ ❝❤❛r❣❡s ♦❢ ❛ ❱❆ ❛r❡ 2%✳ ■❢ t❤❡ ✐♥✐t✐❛❧ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s e 100✱
❛♥❞ t❤❡ ❧✐♥❦❡❞ ❢♦✉♥❞ ✐♥❝r❡❛s❡s ♦❢ 5✪✱ t❤❡♥ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s e 100 · 1.05 ·
(1− 0.02) =e 102.9✳
❙✉rr❡♥❞❡r ❝❤❛r❣❡s
■❢ t❤❡ P❍ ✇✐t❤❞r❛✇s ♠♦♥❡② ❢r♦♠ ❛ ❱❆ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ ♣❡r✐♦❞ ❛❢t❡r ❛ ♣✉r❝❤❛s❡ ♣❛②♠❡♥t
✭t②♣✐❝❛❧❧② ✇✐t❤✐♥ s✐① t♦ ❡✐❣❤t ②❡❛rs✱ ❜✉t s♦♠❡t✐♠❡s ❛s ❧♦♥❣ ❛s t❡♥ ②❡❛rs✮✱ t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②
✉s✉❛❧❧② ✇✐❧❧ ❛ss❡ss ❛ ✏s✉rr❡♥❞❡r✑ ❝❤❛r❣❡✱ ✇❤✐❝❤ ✐s ❛ t②♣❡ ♦❢ s❛❧❡s ❝❤❛r❣❡✳ ❚❤✐s ❝❤❛r❣❡ ✐s ✉s❡❞
t♦ ♣❛② ❛ ❝♦♠♠✐ss✐♦♥ t♦ ❤✐s ✜♥❛♥❝✐❛❧ ♣r♦❢❡ss✐♦♥❛❧ ❢♦r s❡❧❧✐♥❣ t❤❡ ❱❆✳ ●❡♥❡r❛❧❧②✱ t❤❡ s✉rr❡♥❞❡r
❝❤❛r❣❡ ✐s ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❛♠♦✉♥t ✇✐t❤❞r❛✇♥✱ ❛♥❞ ❞❡❝❧✐♥❡s ❣r❛❞✉❛❧❧② ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ s❡✈❡r❛❧
②❡❛rs✱ ❦♥♦✇♥ ❛s t❤❡ ✏s✉rr❡♥❞❡r ♣❡r✐♦❞✳✑ ❋♦r ❡①❛♠♣❧❡✱ ❛ 7% ❝❤❛r❣❡ ♠✐❣❤t ❛♣♣❧② ✐♥ t❤❡ ✜rst ②❡❛r
❛❢t❡r ❛ ♣✉r❝❤❛s❡ ♣❛②♠❡♥t✱ 6% ✐♥ t❤❡ s❡❝♦♥❞ ②❡❛r✱ 5% ✐♥ t❤❡ t❤✐r❞ ②❡❛r✱ ❛♥❞ s♦ ♦♥ ✉♥t✐❧ t❤❡
❡✐❣❤t❤ ②❡❛r✱ ✇❤❡♥ t❤❡ s✉rr❡♥❞❡r ❝❤❛r❣❡ ♥♦ ❧♦♥❣❡r ❛♣♣❧✐❡s✳
❖❢t❡♥✱ ❝♦♥tr❛❝ts ✇✐❧❧ ❛❧❧♦✇ t❤❡ ❤♦❧❞❡r t♦ ✇✐t❤❞r❛✇ ♣❛rt ♦❢ ❤✐s ❛❝❝♦✉♥t ✈❛❧✉❡ ❡❛❝❤ ②❡❛r ✭10%
♦r 15% ♦❢ ❤✐s ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❢♦r ❡①❛♠♣❧❡✮ ✇✐t❤♦✉t ♣❛②✐♥❣ ❛ s✉rr❡♥❞❡r ❝❤❛r❣❡✳
❊①❛♠♣❧❡ ✷✳✸✳ ❆ ♠❛♥ ♣✉r❝❤❛s❡s ❛ ❱❆ ❝♦♥tr❛❝t ✇✐t❤ ❛ e 10000 ♣✉r❝❤❛s❡ ♣❛②♠❡♥t✳ ❚❤❡ ❝♦♥tr❛❝t
❤❛s ❛ s❝❤❡❞✉❧❡ ♦❢ s✉rr❡♥❞❡r ❝❤❛r❣❡s✱ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ ❛ 7% ❝❤❛r❣❡ ✐♥ t❤❡ ✜rst ②❡❛r✱ ❛♥❞ ❞❡❝❧✐♥✐♥❣
❜② 1% ❡❛❝❤ ②❡❛r✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❤♦❧❞❡r ✐s ❛❧❧♦✇❡❞ t♦ ✇✐t❤❞r❛✇ 10% ♦❢ ❤✐s ❝♦♥tr❛❝t ✈❛❧✉❡ ❡❛❝❤
②❡❛r ❢r❡❡ ♦❢ s✉rr❡♥❞❡r ❝❤❛r❣❡s✳ ■♥ t❤❡ ✜rst ②❡❛r✱ ❤❡ ❞❡❝✐❞❡s t♦ ✇✐t❤❞r❛✇ e 5000✱ ♦r ♦♥❡✲❤❛❧❢ ♦❢
❤✐s ❝♦♥tr❛❝t ✈❛❧✉❡ ♦❢ e 10000 ✭❛ss✉♠✐♥❣ t❤❛t ❤✐s ❝♦♥tr❛❝t ✈❛❧✉❡ ❤❛s ♥♦t ✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞
❜❡❝❛✉s❡ ♦❢ ✐♥✈❡st♠❡♥t ♣❡r❢♦r♠❛♥❝❡✮✳ ■♥ t❤✐s ❝❛s❡✱ ❤❡ ❝♦✉❧❞ ✇✐t❤❞r❛✇ e 1000 ✭10% ♦❢ ❝♦♥tr❛❝t
✈❛❧✉❡✮ ❢r❡❡ ♦❢ s✉rr❡♥❞❡r ❝❤❛r❣❡s✱ ❜✉t ❤❡ ✇♦✉❧❞ ♣❛② s✉rr❡♥❞❡r ❝❤❛r❣❡ ♦❢ 7%✱ ♦r e 280✱ ♦♥ t❤❡
♦t❤❡r e 4000 ✇✐t❤❞r❛✇♥✳
▼♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡
❚❤✐s ❝❤❛r❣❡ ✐s ❡q✉❛❧ t♦ ❛ ❝❡rt❛✐♥ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ t②♣✐❝❛❧❧② ✐♥ t❤❡ r❛♥❣❡ ♦❢ 1.25%
♣❡r ②❡❛r✳ ❚❤✐s ❝❤❛r❣❡ ❝♦♠♣❡♥s❛t❡s t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ❢♦r ✐♥s✉r❛♥❝❡ r✐s❦s ✐t ❛ss✉♠❡s ✉♥❞❡r
t❤❡ ❛♥♥✉✐t② ❝♦♥tr❛❝t✳ Pr♦✜t ❢r♦♠ t❤❡ ♠♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡ ✐s s♦♠❡t✐♠❡s ✉s❡❞ t♦
♣❛② t❤❡ ✐♥s✉r❡r✬s ❝♦sts ♦❢ s❡❧❧✐♥❣ t❤❡ ❱❆✱ s✉❝❤ ❛s ❛ ❝♦♠♠✐ss✐♦♥ ♣❛✐❞ t♦ t❤❡ ✜♥❛♥❝✐❛❧ ♣r♦❢❡ss✐♦♥❛❧
❢♦r s❡❧❧✐♥❣ t❤❡ ❱❆✳
❊①❛♠♣❧❡ ✷✳✹✳ ❆ ❱❆ ❤❛s ❛ ♠♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡ ❛t ❛♥ ❛♥♥✉❛❧ r❛t❡ ♦❢ 1.25% ♦❢
❛❝❝♦✉♥t ✈❛❧✉❡✳ ❚❤❡ ❛✈❡r❛❣❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❞✉r✐♥❣ t❤❡ ②❡❛r ✐s e 20000 s♦ t❤❡ ❤♦❧❞❡r ✇✐❧❧ ♣❛②
e 250 ✐♥ ♠♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡s t❤❛t ②❡❛r✳
✺✻ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
❆❞♠✐♥✐str❛t✐✈❡ ❢❡❡s
❚❤❡ ✐♥s✉r❡r ♠❛② ❞❡❞✉❝t ❝❤❛r❣❡s t♦ ❝♦✈❡r r❡❝♦r❞✲❦❡❡♣✐♥❣ ❛♥❞ ♦t❤❡r ❛❞♠✐♥✐str❛t✐✈❡ ❡①♣❡♥s❡s✳
❚❤✐s ♠❛② ❜❡ ❝❤❛r❣❡❞ ❛s ❛ ✢❛t ❛❝❝♦✉♥t ♠❛✐♥t❡♥❛♥❝❡ ❢❡❡ ✭♣❡r❤❛♣s e 25 ♦r e 30 ♣❡r ②❡❛r✮ ♦r ❛s
❛ ♣❡r❝❡♥t❛❣❡ ♦❢ ❤✐s ❛❝❝♦✉♥t ✈❛❧✉❡ ✭t②♣✐❝❛❧❧② ✐♥ t❤❡ r❛♥❣❡ ♦❢ 0.15% ♣❡r ②❡❛r✮✳
❊①❛♠♣❧❡ ✷✳✺✳ ❆ ❱❆ ❝❤❛r❣❡s ❛❞♠✐♥✐str❛t✐✈❡ ❢❡❡s ❛t ❛♥ ❛♥♥✉❛❧ r❛t❡ ♦❢ 0.15% ♦❢ ❛❝❝♦✉♥t ✈❛❧✉❡✳
❚❤❡ ❛✈❡r❛❣❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❞✉r✐♥❣ t❤❡ ②❡❛r ✐s e 50000✳ ❚❤❡ P❍ ✇✐❧❧ ♣❛② e 75 ✐♥ ❛❞♠✐♥✐str❛t✐✈❡
❢❡❡s✳
❋❡❡s ❛♥❞ ❝❤❛r❣❡s ❢♦r ♦t❤❡r ❢❡❛t✉r❡s
❙♣❡❝✐❛❧ ❢❡❛t✉r❡s ♦✛❡r❡❞ ❜② s♦♠❡ ❱❆s✱ s✉❝❤ ❛s ❛ st❡♣♣❡❞✲✉♣ ❞❡❛t❤ ❜❡♥❡✜t✱ ❛ ❣✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠
✐♥❝♦♠❡ ❜❡♥❡✜t✱ ♦r ❧♦♥❣✲t❡r♠ ❝❛r❡ ✐♥s✉r❛♥❝❡✱ ♦❢t❡♥ ❝❛rr② ❛❞❞✐t✐♦♥❛❧ ❢❡❡s ❛♥❞ ❝❤❛r❣❡s✳
✗
❖t❤❡r ❝❤❛r❣❡s✱ s✉❝❤ ❛s ✐♥✐t✐❛❧ s❛❧❡s ❧♦❛❞s✱ ♦r ❢❡❡s ❢♦r tr❛♥s❢❡rr✐♥❣ ♣❛rt ♦❢ t❤❡ ❛❝❝♦✉♥t ❢r♦♠
♦♥❡ ✐♥✈❡st♠❡♥t ♦♣t✐♦♥ t♦ ❛♥♦t❤❡r✱ ♠❛② ❛❧s♦ ❛♣♣❧②✳
✷✳✺ ❇♦♥✉s ❝r❡❞✐ts
❙♦♠❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ♦✛❡r ❱❆ ❝♦♥tr❛❝ts ✇✐t❤ ✏❜♦♥✉s ❝r❡❞✐t✑ ❢❡❛t✉r❡s✳ ❚❤❡s❡ ❝♦♥tr❛❝ts
♣r♦♠✐s❡ t♦ ❛❞❞ ❛ ❜♦♥✉s t♦ t❤❡ ❝♦♥tr❛❝t ✈❛❧✉❡ ❜❛s❡❞ ♦♥ ❛ s♣❡❝✐✜❡❞ ♣❡r❝❡♥t❛❣❡ ✭t②♣✐❝❛❧❧② r❛♥❣✐♥❣
❢r♦♠ 1✪ t♦ 5✪✮ ♦❢ ♣✉r❝❤❛s❡ ♣❛②♠❡♥ts✳
❊①❛♠♣❧❡ ✷✳✻✳ ❆ ♠❛♥ ♣✉r❝❤❛s❡s ❛ ❱❆ ❝♦♥tr❛❝t t❤❛t ♦✛❡rs ❛ ❜♦♥✉s ❝r❡❞✐t ♦❢ 3✪ ♦♥ ❡❛❝❤
♣✉r❝❤❛s❡ ♣❛②♠❡♥t✳ ❍❡ ♠❛❦❡s ❛ ♣✉r❝❤❛s❡ ♣❛②♠❡♥t ♦❢ e 20000✳ ❚❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ✐ss✉✐♥❣
t❤❡ ❝♦♥tr❛❝t ❛❞❞s ❛ ❜♦♥✉s ♦❢ e 600 t♦ t❤❡ ❛❝❝♦✉♥t✳
❱❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ✇✐t❤ ❜♦♥✉s ❝r❡❞✐ts ♠❛② ❝❛rr② ❛ ❞♦✇♥s✐❞❡❀ ❤✐❣❤❡r ❡①♣❡♥s❡s ❝❛♥ ♦✉t✇❡✐❣❤
t❤❡ ❜❡♥❡✜t ♦❢ t❤❡ ❜♦♥✉s ❝r❡❞✐t ♦✛❡r❡❞✳
❋r❡q✉❡♥t❧②✱ ✐♥s✉r❡rs ✇✐❧❧ ❝❤❛r❣❡ t❤❡ ❤♦❧❞❡r ❢♦r ❜♦♥✉s ❝r❡❞✐ts ✐♥ ♦♥❡ ♦r ♠♦r❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛②s✿
❍✐❣❤❡r s✉rr❡♥❞❡r ❝❤❛r❣❡s
❙✉rr❡♥❞❡r ❝❤❛r❣❡s ♠❛② ❜❡ ❤✐❣❤❡r ❢♦r ❛ ❱❆ t❤❛t ♣❛②s ❛ ❜♦♥✉s ❝r❡❞✐t t❤❛♥ ❢♦r ❛ s✐♠✐❧❛r ❝♦♥tr❛❝t
✇✐t❤ ♥♦ ❜♦♥✉s ❝r❡❞✐t✳
▲♦♥❣❡r s✉rr❡♥❞❡r ♣❡r✐♦❞s
❚❤❡ P❍ ♣✉r❝❤❛s❡s ♣❛②♠❡♥ts ♠❛② ❜❡ s✉❜❥❡❝t t♦ s✉rr❡♥❞❡r ❝❤❛r❣❡s ❢♦r ❛ ❧♦♥❣❡r ♣❡r✐♦❞ t❤❛♥ t❤❡②
✇♦✉❧❞ ❜❡ ✉♥❞❡r ❛ s✐♠✐❧❛r ❝♦♥tr❛❝t ✇✐t❤ ♥♦ ❜♦♥✉s ❝r❡❞✐t✳
✷✳✻ ❆ ❢❡✇ r❡❛❧ ❡①❛♠♣❧❡s ✺✼
❍✐❣❤❡r ♠♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡s ❛♥❞ ♦t❤❡r ❝❤❛r❣❡s
❍✐❣❤❡r ❛♥♥✉❛❧ ♠♦rt❛❧✐t② ❛♥❞ ❡①♣❡♥s❡ r✐s❦ ❝❤❛r❣❡s ♠❛② ❜❡ ❞❡❞✉❝t❡❞ ❢♦r ❛ ❱❆ t❤❛t ♣❛②s t❤❡
❤♦❧❞❡r ❛ ❜♦♥✉s ❝r❡❞✐t✳ ❆❧t❤♦✉❣❤ t❤❡ ❞✐✛❡r❡♥❝❡ ♠❛② s❡❡♠ s♠❛❧❧✱ ♦✈❡r t✐♠❡ ✐t ❝❛♥ ❛❞❞ ✉♣✳ ■♥
❛❞❞✐t✐♦♥✱ s♦♠❡ ❝♦♥tr❛❝ts ♠❛② ✐♠♣♦s❡ ❛ s❡♣❛r❛t❡ ❢❡❡ s♣❡❝✐✜❝❛❧❧② t♦ ♣❛② ❢♦r t❤❡ ❜♦♥✉s ❝r❡❞✐t✳
✷✳✻ ❆ ❢❡✇ r❡❛❧ ❡①❛♠♣❧❡s
✷✳✻✳✶ ■t❛❧✐❛♥ ♠❛r❦❡t
❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ❱❆ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ■t❛❧✐❛♥ ♠❛r❦❡t ✭s❡❡ ❬✹✾❪✮✳
❚❤❡s❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts ❛r❡ ❡♥t❡r✐♥❣ s❧♦✇❧② ✐♥ t❤❡ ■t❛❧✐❛♥ ♠❛r❦❡t t❤r♦✉❣❤ s♦♠❡ ❝♦♠♣❛♥✐❡s
s✉❝❤ ❛s ❆❳❆✱ ✇✐t❤ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❆❝❝✉♠✉❧❛t♦r ❧✐♥❡✱ ❛♥❞ ❆ss✐❝✉r❛③✐♦♥✐ ●❡♥❡r❛❧✐✱ ✇✐t❤
●❡♥❡r❛❧✐ ❆❝t✐✈❡✳
❚❤❡ s❡❧❡❝t✐♦♥ ❆❝❝✉♠✉❧❛t♦r ♦❢ ❆❳❆ ♦✛❡rs ❛ ♠✐♥✐♠✉♠ r❡t✉r♥ ♦❢ 25% ✐♥ ✶✵ ②❡❛rs ♦r 13% ✐♥
✜✈❡ ②❡❛rs ✐♥ r❡t✉r♥ ❢♦r ♣❛②♠❡♥t ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣r✐③❡ ❢✉♥❞ ♦❢ ❛t ❧❡❛st e 2500✳ ■❢ t❤❡ P❍ ❦❡❡♣s t❤❡
✐♥✈❡st♠❡♥t ❛❢t❡r t❤❡ ❡①♣✐r② ♦❢ t❤❡ ❝♦♥tr❛❝t✱ ✐t t✉r♥s ✐♥t♦ ❛ tr❛❞✐t✐♦♥❛❧ ✉♥✐t✲❧✐♥❦❡❞ ✭s♦✱ ❜② t❤❛t
❞❛t❡✱ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ ♦❢ ❝❛♣✐t❛❧✮ ✐♥ t❤❡ ❡✈❡♥t ♦❢ ❡❛r❧② r❡❞❡♠♣t✐♦♥ ✐♥ t❤❡ ✜rst ❢♦✉r ②❡❛rs
✐♥st❡❛❞ t❤❡ ❤♦❧❞❡r ♣❛②s ❛ ♣❡♥❛❧t② ♦❢ 1%✳ ❙♦✱ t❤✐s ♣♦❧✐❝② ♦✛❡rs ❛ ●▼❆❇ ♦♣t✐♦♥❛❧ ❢❡❛t✉r❡✳
●❡♥❡r❛❧✐ ❆❝t✐✈❡ ❙❛✈✐♥❣s✱ ✐♥st❡❛❞✱ ❝♦♥s✐sts ♦❢ ❛ s❝❤❡❞✉❧❡❞ ♣r♦❣r❛♠ ♦❢ r❡❝✉rr✐♥❣ s✐♥❣❧❡ ♣r❡♠✐✲
✉♠s✱ ❜② ✐♥st❛❧❧♠❡♥ts✱ ♦❢ t❤❡ ❛♥♥✉❛❧ ♠✐♥✐♠✉♠ ♦❢ e 600✳ ❚❤✐s ♣r♦❞✉❝t ♣r♦✈✐❞❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡
❛❝❝✉♠✉❧❛t✐♦♥ ♣❤❛s❡ ✭♠✐♥✐♠✉♠ ✶✺✱ ♠❛①✐♠✉♠ ✷✺ ②❡❛rs✮ ❛ ❝❛♣✐t❛❧ ❣✉❛r❛♥t❡❡❞ t♦t❛❧ ❝❛♣✐t❛❧✐③❛t✐♦♥
❢♦r ❡❛❝❤ ✐♥st❛❧❧♠❡♥t ♣❛✐❞✱ t❤❡ ♣r❡♠✐✉♠ ✐♥✈❡st❡❞ ❛t 2% ♣❡r ②❡❛r ❢♦r t❤❡ ♣❡r✐♦❞ ❜❡t✇❡❡♥ t❤❡
❝♦♠♠❡♥❝❡♠❡♥t ♦❢ s✐♥❣❧❡ ✐♥st❛❧❧♠❡♥t ❛♥❞ t❤❡ ❡①♣✐r❛t✐♦♥ ♦❢ ♣❧❛♥ ♣r❡♠✐✉♠s✱ ♦r t❤❡ ❞❛t❡ ♦❢ ❞❡❛t❤✱
✐♥ ❝❛s❡ ♦❢ ❞❡❛t❤ ❜❡❢♦r❡ t❤❡ ❡①♣✐r② ♦❢ t❤❡ ♣❛②♠❡♥t ♦❢ ♣r❡♠✐✉♠s✳ ❙♦✱ t❤❛t ♣♦❧✐❝② ♦✛❡rs ❛ ●▼❆❇
♦♣t✐♦♥❛❧ ❢❡❛t✉r❡ ❛s ❆❳❆ ♦♥❡✳
✷✳✻✳✷ ❏❛♣❛♥❡s❡ ♠❛r❦❡t
❆♥ ❡♠❜❧❡♠❛t✐❝ ❡①❛♠♣❧❡ ♦❢ ❱❆ ✐s t❤❡ ❨❡♥ ❱❆✰✰ s♦❧❞ ❜② ❆❳❆ ✐♥ t❤❡ ❏❛♣❛♥❡s❡ ♠❛r❦❡t✳ ■t✬s ❛
❱❆ ✇✐t❤ ●▼■❇ ❛♥❞ ●▼❉❇✱ ✇✐t❤ ❜♦t❤ r♦❧❧✲✉♣ ✭✉♣ t♦ ✶✵ t✐♠❡s✮ ❛♥❞ ②❡❛r❧② r❛t❝❤❡t✳
❚❤❡r❡ ❡①✐st t✇♦ ✈❡rs✐♦♥s ♦❢ t❤✐s ♣r♦❞✉❝t✿ ❛ ✷✺ ②❡❛rs ❚❈ ✭t✐♠❡ ❝❡rt❛✐♥✮ ❛♥❞ ❛ ✇❤♦❧❡ ❧✐❢❡
✭❲▲✮✳ ❚❤❡ ♣r❡♠✐✉♠ ✐s ♣❛✐❞ ❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✭s✐♥❣❧❡ ♣r❡♠✐✉♠✮✳ ❚❤❡ P❍ ❝❛♥ ❧❛♣s❡ ❛♥②t✐♠❡
✇✐t❤ ♥♦ s✉rr❡♥❞❡r ❝❤❛r❣❡s✳
❚❤❡ r❛t❝❤❡ts t❛❦❡ ♣❧❛❝❡ ②❡❛r❧②✱ ❡✈❡r② ❛♥♥✐✈❡rs❛r② ❞❛t❡ t❤r♦✉❣❤♦✉t t❤❡ ❝♦♥tr❛❝t✳ ❚❤❡ ✐♥✐t✐❛❧
✐♥❝♦♠❡ ❜❡♥❡✜t ♦❢ t❤❡ r❛t❝❤❡t ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ❣r♦ss ♣r❡♠✐✉♠✱ ❛♥❞ ❡❛❝❤ ②❡❛r ❞✉r✐♥❣ t❤❡
❞❡❢❡rr❛❧ ♣❡r✐♦❞✱ ✐t ✐s ✉♣❞❛t❡❞ ❛s ❢♦❧❧♦✇s
IB❴ratchett = max (IB❴ratchett−1, AVt) ✭✷✳✻✳✶✮
❋♦r t❤❡ ❛♥♥✉✐t② ♣❛②♠❡♥t ♣❡r✐♦❞ t❤❡ ❜❡♥❡✜t ✐s ✉♣❞❛t❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ❢♦r t❤❡ t✇♦
♣r♦❞✉❝t t②♣❡s✳ ❋♦r t❤❡ ❚❈ ♣r♦❞✉❝t ✇❡ ❝♦♥t✐♥✉❡ t♦ ✉s❡ ❢♦r♠✉❧❛ ✭✷✳✻✳✶✮✱ ✇❤✐❧❡ ❢♦r t❤❡ ❲▲ ♣r♦❞✉❝t
✇❡ ❤❛✈❡
IB❴ratchett =
{
max
(
IB❴ratchett−1, AVt +
∑
s<t Payouts
)
✐❢ AVt > 0
IB❴ratchett−1 ✐❢ AVt = 0
.
✺✽ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
❚❤❡ r♦❧❧ ✉♣ ❜❡♥❡✜t ✐s ❝❛❧❝✉❧❛t❡❞ ❡❛❝❤ ②❡❛r ❛t t❤❡ ❝♦♥tr❛❝t ❛♥♥✐✈❡rs❛r✐❡s✱ ✉♣ t♦ ✶✵ ②❡❛rs ❛♥❞
♦♥❧② ❞✉r✐♥❣ t❤❡ ❞❡❢❡rr❛❧ ♣❡r✐♦❞✳ ❚❤❡ r♦❧❧ ✉♣ r❛t❡ ✐s ❡q✉❛❧ t♦ 1.5% ❢♦r t❤❡ ❚❈✱ ❛♥❞ 2.5% ❢♦r t❤❡
❲▲✳ ❚❤❡ ✐♥✐t✐❛❧ r♦❧❧ ✉♣ ❜❡♥❡✜t ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ❣r♦ss ♣r❡♠✐✉♠✱ ❛♥❞ ❛t ❡❛❝❤ ❛♥♥✐✈❡rs❛r②
✇❡ ❤❛✈❡
IB❴rullupt = Initial❴premium · (1 + t · rollup❴rate) .
❚❤❡ ●▼■❇ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ♠❛① ❜❡t✇❡❡♥ t❤❡ r❛t❝❤❡t ❜❡♥❡✜t ❛♥❞ t❤❡ r♦❧❧✲✉♣ ❜❡♥❡✜t
IBt = max (IB❴ratchett, IB❴rollupt)
❆t ❡❛❝❤ ❛♥♥✐✈❡rs❛r②✱ ✐❢ t❤❡ P❍ ✐s st✐❧❧ ❛❧✐✈❡✱ ❤❡ r❡❝❡✐✈❡s ❛ s✉♠ ❡q✉❛❧ t♦
Payoutt = IBt × IBRate
✇❤❡r❡ t❤❡ IBRate ✐s ✇♦rt❤ 3% ❢♦r t❤❡ ❲▲✱ ❛♥❞ 1/ (contrac❴period− deferral❴period) ❢♦r
t❤❡ ❚❈✳
❚❤❡ ❧❛st ♦❢ t❤❡ ❞❡❢❡rr❛❧ ♣❡r✐♦❞ ✐s ❝❤♦s❡♥ ❜② t❤❡ P❍ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♥tr❛❝t ✇✐t❤
s♦♠❡ ❞✉r❛t✐♦♥ ❧✐♠✐ts✳
❚❤❡ ❞❡❛t❤ ❜❡♥❡✜t ✐s ❝❛❧❝✉❧❛t❡❞ ❛s
DBt = max
(
AVt, IBt −
∑
s<t
Payouts
)
.
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝❤❛r❣❡s✿ ❛t t❤❡ ❡♥tr② ❛ 5% ✐s ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡ s✐♥❣❧❡ ♣r❡♠✐✉♠ ♣❛✐❞✳
❊✈❡r②❞❛② t❤r♦✉❣❤♦✉t t❤❡ ❝♦♥tr❛❝t ❧✐❢❡✱ ♠♦rt❛❧✐t②✱ ❡①♣❡♥s❡✱ ❛♥❞ ❢✉♥❞ ♠❛♥❛❣❡♠❡♥t ❝❤❛r❣❡s ❛r❡
❝❛❧❝✉❧❛t❡❞ ❛s ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❆❱✱ ❛♥❞ ✇✐t❤❞r❛✇♥✳
■♥ ✜❣✉r❡ ✭✷✳✻✳✶✮ t❤❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❨❊◆ ❱❆✰✰ ❲▲ ❝♦♥tr❛❝t✳
✷✳✼ ❙tr✉❝t✉r❡
❯♥❧✐❦❡ t❤❡ ✇✐t❤✲♣r♦✜t ♦r ♣❛rt✐❝✐♣❛t✐♥❣ ❜✉s✐♥❡ss✱ r❡❢❡r❡♥❝❡ ❢✉♥❞s ❜❛❝❦✐♥❣ ❱❆ ❛r❡ ♥♦t r❡q✉✐r❡❞ t♦
r❡♣❧✐❝❛t❡ t❤❡ ❣✉❛r❛♥t❡❡s s❡❧❡❝t❡❞ ❜② t❤❡ P❍✱ ❛s t❤❡s❡ ❛r❡ ❤❡❞❣❡❞ ❜② s♣❡❝✐✜❝ ❛ss❡ts✳ ❚❤❡r❡❢♦r❡✱
r❡❢❡r❡♥❝❡ ❢✉♥❞ ♠❛♥❛❣❡rs ❤❛✈❡ ♠♦r❡ ✢❡①✐❜✐❧✐t② ✐♥ ❝❛t❝❤✐♥❣ ✐♥✈❡st♠❡♥t ♦♣♣♦rt✉♥✐t✐❡s✳
❚❤❡ ♣❡❝✉❧✐❛r✐t② ♦❢ ❱❆✱ ❛♥❞ t❤❡✐r ❞✐st✐♥❝t✐✈❡ ❝♦♠♣❛r❡❞ t♦ ❊✉r♦♣❡❛♥ ♣r♦❞✉❝ts✱ ✐s t❤❛t t❤❡
❣✉❛r❛♥t❡❡ ✐s ❡①t❡r♥❛❧ t♦ t❤❡ ❢✉♥❞ ❛♥❞ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❛ss❡t ❛❧❧♦❝❛t✐♦♥✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❱❆
♣r♦❞✉❝ts✱ r❡❣❛r❞❧❡ss ♦❢ ❢❛❝t♦rs s♣❡❝✐✜❝ t♦ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❞✉❝ts ❛♥❞✴♦r ✐♥❞✐✈✐❞✉❛❧ ❣✉❛r❛♥t❡❡s✱ ♠❛②
❜❡ ❞❡✜♥❡❞ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❣✉❛r❛♥t❡❡❞ ♣r♦❞✉❝ts ❛s ♦♣♣♦s❡❞ t♦ ❣✉❛r❛♥t❡❡❞ ■t❛❧✐❛♥s ♣r♦❞✉❝ts✱
✇❤♦ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✳
●✉❛r❛♥t❡❡s ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✉♥✐t✲❧✐♥❦❡❞ ♣r♦❞✉❝ts ♦❢ t❤❡ ✜rst ❣❡♥❡r❛t✐♦♥ ❛r❡
♥♦r♠❛❧❧② ♠❛❞❡ t❤r♦✉❣❤ t❤❡ ❛♥♥❡①❛t✐♦♥ ♦❢ ❛ ❣✉❛r❛♥t❡❡❞ ❢✉♥❞ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❞s ❛✈❛✐❧❛❜❧❡
❢♦r t❤❡ ♣r♦❞✉❝t ❝♦♥❝❡r♥❡❞✳ ❚❤❡ ✜♥❛♥❝✐❛❧ ❣✉❛r❛♥t❡❡ ✭♦❢ ♣❡r❢♦r♠❛♥❝❡✱ ❝❛♣✐t❛❧ ❡t❝ ✳✳✳✮ ✐s t❤❡♥
✏✐♥❝❧✉❞❡❞✑ ✐♥ s♣❡❝✐✜❝ ❢✉♥❞s ✇✐t❤ ❛ss❡ts s♣❡❝✐✜❝❛❧❧② ❝❤♦s❡♥ t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❣✉❛r❛♥t❡❡ ♦✛❡r❡❞
❜② t❤❡ ❢✉♥❞s t❤❡♠s❡❧✈❡s✳ ❆ t②♣✐❝❛❧ ✉♥✐t✲❧✐♥❦❡❞ ✭❣✉❛r❛♥t❡❡❞✮ ■t❛❧✐❛♥ ❝♦✉❧❞ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❝❤❡♠❡✳ ■♥ t❤❡ ❝❛s❡✱ ❢♦r ❡①❛♠♣❧❡ ♦❢ ❛ ♣r♦❞✉❝t ✇✐t❤ ✺ ❢✉♥❞s ✷ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡❞
✐t ✇♦✉❧❞ ❜❡✿
✷✳✼ ❙tr✉❝t✉r❡ ✺✾
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Anniversaries
A YEN VA++ C ONTRACT
BEN BASE DEATH BEN ANNUITIES TOTAL PAID
FUND AV RATCHET ROLLUP
0
❋✐❣✉r❡ ✷✳✻✳✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❱❆ ❝♦♥tr❛❝t✳
❋✉♥❞ ✴ ❲❛rr❛♥t② P❡r❝❡♥t❛❣❡
◆♦t ❣✉❛r❛♥t❡❡❞ ❋✉♥❞ ★✶ ✵✪
◆♦t ❣✉❛r❛♥t❡❡❞ ❋✉♥❞ ★✷ ✷✺✪
◆♦t ❣✉❛r❛♥t❡❡❞ ❋✉♥❞ ★✸ ✶✺✪
●✉❛r❛♥t❡❡❞ ❋✉♥❞ ★✶ ✹✵✪
●✉❛r❛♥t❡❡❞ ❋✉♥❞ ★✷ ✷✵✪
❚❤❡ r❡t✉r♥ ❣✉❛r❛♥t❡❡s✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❱❆s✱ ❛r❡ r❡❛❧ ♦♣t✐♦♥s ❛ss♦❝✐❛t❡❞ ❝♦♥tr❛❝t✱ ❛t t❤❡
♦♣t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✐♥❣ ♣❛rt②✱ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❢✉♥❞s ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ♣r♦❞✉❝t✳ ❱❆ ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞♦✉❜❧❡ ❡♥tr② t❛❜❧❡✳ ■❢✱ ❢♦r ❡①❛♠♣❧❡✱ ✐t ❝♦♥s✐sts ♦❢ ✸ ❢✉♥❞s ❛♥❞ ✸ ❢✉♥❞s ❣✉❛r❛♥t❡❡s✱
✐t ✇♦✉❧❞ ❜❡✿
❋✉♥❞ P❡r❝❡♥t❛❣❡ ❲❛rr❛♥t② ★✶ ❲❛rr❛♥t② ★✷ ❲❛rr❛♥t② ★✸
❋✉♥❞ ★✶ ✸✵✪
❋✉♥❞ ★✷ ✷✵✪
❋✉♥❞ ★✸ ✺✵✪
❆t ❡❛❝❤ ❢✉♥❞ ✭♥♦t ❣✉❛r❛♥t❡❡❞✮ ❛♥❞ ❛t ❡❛❝❤ ❜❡♥❡✜t ✐s ❛ss♦❝✐❛t❡❞ ❛ ❝♦st✿ t❤❡ t♦t❛❧ ❝♦st ✐s
t❤❡♦r❡t✐❝❛❧❧② ❡q✉❛❧✱ ❢♦r ❡❛❝❤ ❢✉♥❞ s❡❧❡❝t❡❞ ❜② ❡❛❝❤ ✐♥s✉r❛♥❝❡ ♣♦s✐t✐♦♥✱ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ❝♦st ♦❢
t❤❡ ❢✉♥❞ ❛♥❞ ♦❢ t❤❡ ❣✉❛r❛♥t❡❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t✳
✻✵ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
✷✳✽ ❱❛r✐❛❜❧❡ ❛♥♥✉✐t② r✐s❦ ♠❛♥❛❣❡♠❡♥t
❚❤❡r❡ ❛r❡ ❣❡♥❡r❛❧❧② t❤r❡❡ ❜✉❝❦❡ts ♦❢ r✐s❦ t❤❛t ❡①✐st ✇✐t❤ ❛❧♠♦st ❛❧❧ ❧✐❢❡ ✐♥s✉r❛♥❝❡ ♣r♦❞✉❝ts✱ ❱❆
✐♥❝❧✉❞❡❞✳ ❚❤❡s❡ ❛r❡✿
• ✐♥s✉r❛♥❝❡ r✐s❦
• ♠❛r❦❡t r✐s❦
• ❜❡❤❛✈✐♦r❛❧ ♦r ✉t✐❧✐③❛t✐♦♥ r✐s❦✳
❋♦r ❱❆ s♣❡❝✐✜❝❛❧❧②✿
• ▲♦♥❣❡✈✐t② r✐s❦ ✐s t❤❡ ♣r✐♠❛r② ✐♥s✉r❛♥❝❡ r✐s❦ ❞✉❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥❝♦♠❡ ❣✉❛r❛♥✲
t❡❡s t❤❛t ❛r❡ ♦✛❡r❡❞❀ s♦♠❡ ♠♦rt❛❧✐t② r✐s❦ ❡①✐sts ❞✉❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❞❡❛t❤ ❜❡♥❡✜t
❣✉❛r❛♥t❡❡s t❤❛t ❛r❡ ♦✛❡r❡❞✳
• ❊q✉✐t② r✐s❦ ❛♥❞ ✐♥t❡r❡st r❛t❡ r✐s❦ ❛r❡ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t r✐s❦s ❞✉❡ t♦ ✶✮ t❤❡ ✉♥❞❡r❧②✐♥❣
❡q✉✐t② ❛♥❞ ✜①❡❞✲✐♥❝♦♠❡ ✐♥✈❡st♠❡♥ts t❤❛t ❞r✐✈❡ t❤❡ P❍✬s ❛❝❝♦✉♥t ✈❛❧✉❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞
✷✮ t❤❡ ❧♦♥❣✲t❡r♠ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥❝♦♠❡ ❣✉❛r❛♥t❡❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ❝r❡❞✐t r✐s❦ ❛❧s♦ ✐s
♣r❡s❡♥t ✐♥ t❤❡ ✜①❡❞✲✐♥❝♦♠❡ ✐♥✈❡st♠❡♥ts✳
• P❡rs✐st❡♥❝❡ r✐s❦ ❛♥❞ ❜❡♥❡✜t ✉t✐❧✐③❛t✐♦♥ r✐s❦ ❛r❡ t❤❡ ♣r✐♠❛r② ❜❡❤❛✈✐♦r❛❧ ♦r ✉t✐❧✐③❛t✐♦♥ r✐s❦s
❞✉❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❞✉❝t str✉❝t✉r❡ ✇❤✐❝❤ ❣❡♥❡r❛❧❧② ❤❛s t❤❡ ✐♥s✉r❡r r❡❝❡✐✈✐♥❣
r❡✈❡♥✉❡ ♦✈❡r t✐♠❡ ❛♥❞ ✐♥s✉r❛♥❝❡ ❝❧❛✐♠s ❜❡✐♥❣ ♣❛✐❞ ✇❡❧❧ ✐♥t♦ t❤❡ ❢✉t✉r❡✳
Pr✐♠❛r② ✏▲✐♥❡s ♦❢ ❉❡❢❡♥s❡✑
■♥s✉r❡rs ✉s❡ ❛ ♥✉♠❜❡r ♦❢ ❧✐♥❡s ♦❢ ❞❡❢❡♥s❡ t♦ ♠❛♥❛❣❡ t❤❡ ❛❜♦✈❡ ❜✉❝❦❡ts ♦❢ r✐s❦s✳ ❚❤❡s❡ ❛r❡✿
• ♣r♦❞✉❝t ❞❡s✐❣♥ ❛♥❞ ♣r✉❞❡♥❝❡ ✐♥ ❛ss✉♠♣t✐♦♥s
• r✐s❦ ♣♦♦❧✐♥❣ ✭✏❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✑✮
• ♥❛t✉r❛❧ ❤❡❞❣❡s ❛♥❞ ❛ ❞✐✈❡rs❡ ❜❛❧❛♥❝❡ s❤❡❡t
• ❛ss❡t ❧✐❛❜✐❧✐t② ♠❛♥❛❣❡♠❡♥t ✭❆▲▼✮ ❛♥❞ r❡✐♥s✉r❛♥❝❡
• str❡ss s❝❡♥❛r✐♦ ❛♥❛❧②s✐s ❢♦r s✐♥❣❧❡ ❛♥❞ ❝♦♠❜✐♥❡❞ s❤♦❝❦s ❛♥❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣r♦✈✐s✐♦♥ ❛♥❞
♠❛♥❛❣❡♠❡♥t ♦❢ ❡❝♦♥♦♠✐❝ r✐s❦ ❝❛♣✐t❛❧✳
❚❤❡s❡ ❧✐♥❡s ♦❢ ❞❡❢❡♥s❡ ❛r❡ ❡♠♣❧♦②❡❞ t♦ ✈❛r②✐♥❣ ❞❡❣r❡❡s ✐♥ ❛♥ ✐♥s✉r❡r✬s r✐s❦ ♠❛♥❛❣❡♠❡♥t str❛t❡❣②✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ r✐s❦ ❛♥❞ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❡❛❝❤ ♠❡t❤♦❞✳ ◆♦t
❛❧❧ ♦❢ t❤❡ ❧✐♥❡s ♦❢ ❞❡❢❡♥s❡ ❧✐st❡❞ ❛r❡ ✉s❡❞ ✇✐t❤ ❛❧❧ r✐s❦s ♦r t②♣❡s ♦❢ ✐♥s✉r❛♥❝❡✳ ❋♦r ✐♥st❛♥❝❡✱
r❡✐♥s✉r❛♥❝❡ ✐s ❣❡♥❡r❛❧❧② ♥♦t ✉s❡❞ ❛s ❛ ♣r✐♠❛r② r✐s❦ ♠❛♥❛❣❡♠❡♥t str❛t❡❣② ❞✉❡ t♦ t❤❡ ❝✉rr❡♥t
❧✐♠✐t❡❞ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ r❡✐♥s✉r❛♥❝❡ ❢♦r ❱❆ ❣✉❛r❛♥t❡❡❞ ❜❡♥❡✜ts✳
✷✳✾ Pr✐❝✐♥❣ ✻✶
✷✳✾ Pr✐❝✐♥❣
❆s ❝❛♥ ❜❡ ❡❛s✐❧② ✉♥❞❡rst♦♦❞✱ ♠❛♥② r✐s❦s ❛✛❡❝t t❤❡ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t② ❜✉s✐♥❡ss❀ ♠♦rt❛❧✐t②✴❧♦♥❣❡✈✐t②✱
✜♥❛♥❝✐❛❧✱ ♣♦❧✐❝②❤♦❧❞❡r ❜❡❤❛✈✐♦r r✐s❦s ❛r❡ t❤❡ ♠♦st r❡❧❡✈❛♥t✳ ■t ✐s ♥♦t ❢✉❧❧② ❦♥♦✇♥ ❤♦✇ t❤❡s❡
r✐s❦s ✐♥t❡r❛❝t✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ r❡❢❡rr✐♥❣ t♦ t❤❡ ♣♦st✲r❡t✐r❡♠❡♥t ♣❤❛s❡✳
❆♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ♣❤❛s❡s ♦❢ t❤❡ r✐s❦ ♠❛♥❛❣❡♠❡♥t ♣r♦❝❡ss✱ t❤❡ ♣r✐❝✐♥❣ ❛♥❞ ❤❡❞❣✐♥❣ ♦❢
❣✉❛r❛♥t❡❡s✱ ✐✳❡✳ ♦❢ t❤❡ r❡❧❡✈❛♥t ✜♥❛♥❝✐❛❧ ♦♣t✐♦♥s✱ s❤♦✉❧❞ ❜❡ ❛ ♠❛❥♦r ❝♦♥❝❡r♥ ❢♦r t❤❡ ✐♥s✉r❡r
✇❤❡♥ ❞❡s✐❣♥✐♥❣ t❤❡ ❝♦♥tr❛❝t✳ ❆♣♣r♦♣r✐❛t❡ ❡✈❛❧✉❛t✐♦♥ t❡❝❤♥✐q✉❡s ♥❡❡❞ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ♦r❞❡r
t♦ ❛❝❝♦✉♥t ♦♥ ♦♥❡ ❤❛♥❞ ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜♥❛♥❝✐❛❧ ❛♥❞ ♠♦rt❛❧✐t②✴❧♦♥❣❡✈✐t② ✐ss✉❡s✱ ♦♥
t❤❡ ♦t❤❡r ❢♦r t❤❡ P❍ ❜❡❤❛✈✐♦r✳
✻✷ ❱❛r✐❛❜❧❡ ❆♥♥✉✐t✐❡s
❈❤❛♣t❡r ✸
Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇ ✐♥ t❤❡
❍❡st♦♥ ❛♥❞ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✇✐t❤
❙t♦❝❤❛st✐❝ ■♥t❡r❡st ❘❛t❡ ▼♦❞❡❧s
✸✳✶ ■♥tr♦❞✉❝t✐♦♥
❚❤✐s ❈❤❛♣t❡r ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ❛❜♦✉t t❤❡ r❡s❡❛r❝❤ ♣❛♣❡r ❬✷✸❪✳ ❲❡ ❝♦♥s✐❞❡r ❛ ●✉❛r❛♥t❡❡❞
▲✐❢❡❧♦♥❣ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t ✭●▲❲❇✮ ❛♥♥✉✐t②✳ ❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ s✐♠♣❧✐✜❡❞ ❢♦r♠
♦❢ ❛ ●▲❲❇ ✇❤✐❝❤ ✐s ✐♥✐t✐❛t❡❞ ❜② ♠❛❦✐♥❣ ❛ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t t♦ ❛♥ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳ ❚❤✐s
❧✉♠♣ s✉♠ ✐s t❤❡♥ ✐♥✈❡st❡❞ ✐♥ r✐s❦② ❛ss❡ts✱ ✉s✉❛❧❧② ❛ ♠✉t✉❛❧ ❢✉♥❞✳ ❚❤❡ ❜❡♥❡✜t ❜❛s❡✱ ♦r ❣✉❛r❛♥t❡❡
❛❝❝♦✉♥t ❜❛❧❛♥❝❡✱ ✐s ✐♥✐t✐❛❧❧② s❡t t♦ t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t✳ ❚❤❡ ❤♦❧❞❡r ♦❢ t❤❡
♣♦❧✐❝② ✭❤❡r❡✐♥❛❢t❡r✱ ✇❡ ✇✐❧❧ ❛❜❜r❡✈✐❛t❡ ✐t ✇✐t❤ P❍ ✮ ✐s ❡♥t✐t❧❡❞ t♦ ✇✐t❤❞r❛✇ ❛ ✜①❡❞ ❢r❛❝t✐♦♥ ♦❢
t❤❡ ❜❡♥❡✜t ❜❛s❡ ❢♦r ❧✐❢❡✱ ❡✈❡♥ ✐❢ t❤❡ ❛❝t✉❛❧ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ r✐s❦② ❛ss❡t ✭❛❝❝♦✉♥t ✈❛❧✉❡✮ ❞❡❝❧✐♥❡s
t♦ ③❡r♦✳ ❯♣♦♥ t❤❡ ❞❡❛t❤ ♦❢ t❤❡ P❍✱ ❤✐s ✭❤❡r✮ ❤❡✐rs r❡❝❡✐✈❡s t❤❡ r❡♠❛✐♥✐♥❣ ❛♠♦✉♥t ✐♥ t❤❡ r✐s❦②
❛ss❡t ❛❝❝♦✉♥t✳ ❚②♣✐❝❛❧❧②✱ t❤❡s❡ ❝♦♥tr❛❝ts ❤❛✈❡ r❛t❝❤❡t ♣r♦✈✐s✐♦♥s ✭st❡♣✲✉♣s✮✱ t❤❛t ♣❡r✐♦❞✐❝❛❧❧②
✐♥❝r❡❛s❡ t❤❡ ❜❡♥❡✜t ❜❛s❡ ✐❢ t❤❡ r✐s❦② ❛ss❡t ✐♥✈❡st♠❡♥t ❤❛s ✐♥❝r❡❛s❡❞ t♦ ❛ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥
t❤❡ ❣✉❛r❛♥t❡❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❛♥❞ r♦❧❧ ✉♣ ♣r♦✈✐s✐♦♥s✱ t❤❛t ♣❡r✐♦❞✐❝❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ❜❡♥❡✜t ❜❛s❡
❛❝❝♦r❞✐♥❣ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❜❡♥❡✜t ❜❛s❡ ♠❛② ❛❧s♦ ❜❡ ✐♥❝r❡❛s❡❞ ✐❢ t❤❡
P❍ ❞♦❡s♥✬t ✇✐t❤❞r❛✇ ✐♥ ❛ ❣✐✈❡♥ ②❡❛r ✭❜♦♥✉s✮✳ ❋✐♥❛❧❧②✱ t❤❡ P❍ ♠❛② ✇✐t❤❞r❛✇ ♠♦r❡ t❤❛♥ t❤❡
❝♦♥tr❛❝t✉❛❧❧② s♣❡❝✐✜❡❞ ❛♠♦✉♥t✱ ✐♥❝❧✉❞✐♥❣ ❝♦♠♣❧❡t❡ s✉rr❡♥❞❡r ♦❢ t❤❡ ❝♦♥tr❛❝t✱ ✉♣♦♥ ♣❛②♠❡♥t ♦❢
❛ ♣❡♥❛❧t②✳ ❈♦♠♣❧❡t❡ s✉rr❡♥❞❡r ❤❡r❡ ♠❡❛♥s t❤❛t t❤❡ P❍ ✇✐t❤❞r❛✇s t❤❡ ❡♥t✐r❡ ❛♠♦✉♥t r❡♠❛✐♥✐♥❣
✐♥ t❤❡ ✐♥✈❡st♠❡♥t ❛❝❝♦✉♥t✱ ❛♥❞ t❤❡ ❝♦♥tr❛❝t t❡r♠✐♥❛t❡s✳ ■♥ ♠♦st ❝❛s❡s✱ t❤✐s ♣❡♥❛❧t② ❢♦r ❢✉❧❧ ♦r
♣❛rt✐❛❧ s✉rr❡♥❞❡r ❞❡❝❧✐♥❡s t♦ ③❡r♦ ❛❢t❡r ✜✈❡ t♦ s❡✈❡♥ ②❡❛rs✳
❚❤❡ ❤❡❞❣✐♥❣ ❝♦sts ❢♦r t❤✐s ❣✉❛r❛♥t❡❡ ❛r❡ ♦✛s❡t ❜② ❞❡❞✉❝t✐♥❣ ❛ ♣r♦♣♦rt✐♦♥❛❧ ❢❡❡ ❢r♦♠ t❤❡
r✐s❦② ❛ss❡t ❛❝❝♦✉♥t✳ ❋r♦♠ ❛♥ ✐♥s✉r❛♥❝❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡s❡ ♣r♦❞✉❝ts ❛r❡ tr❡❛t❡❞ ❛s ✜♥❛♥❝✐❛❧
♦♥❡s✿ t❤❡ ♣r♦❞✉❝ts ❛r❡ ❤❡❞❣❡❞ ❛s ✐❢ t❤❡② ✇❡r❡ ♣✉r❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts✱ ❛♥❞ t❤❡ ♠♦rt❛❧✐t② r✐s❦ ✐s
❤❡❞❣❡❞ ✉s✐♥❣ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t ❢♦r ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s
t♦ ❜❡ ❛❜❧❡ t♦ ♣r✐❝❡ q✉✐❝❦❧② t❤❡s❡ ♣r♦❞✉❝ts✳ ▼♦r❡♦✈❡r t❤❡s❡ ♣r♦❞✉❝ts ❤❛✈❡ ❧♦♥❣ ♠❛t✉r✐t✐❡s
t❤❛t ❝♦✉❧❞ ❧❛st ❛❧♠♦st ✻✵ ②❡❛rs✳ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ ✇✐t❤ ✐ts ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡ ❛♥❞
✈♦❧❛t✐❧✐t②✱ s❡❡♠s t♦ ❜❡ ✉♥s✉✐t❛❜❧❡ ❢♦r t❤❡s❡ ♣r♦❞✉❝ts✿ t❤❛t✬s ✇❤② ✇❡ ♣r❡s❡♥t ♦✉r ♣r✐❝✐♥❣ ♠❡t❤♦❞s
✻✸
✻✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✐♥ t✇♦ ❢r❛♠❡✇♦r❦s✱ ♠♦❞❡❧✐♥❣ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ✭❍❡st♦♥ ♠♦❞❡❧ ❬✷✻❪✮ ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st
r❛t❡ ✭❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❬✷✽❪✮ ✳
❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ s❡✈❡r❛❧ r❡❝❡♥t ❛rt✐❝❧❡s ♦♥ ♣r✐❝✐♥❣ ●▲❲❇s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇♦✉❧❞ r❡♠❡♠❜❡r
t❤❡ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧✬s ✇♦r❦ ❬✷✶❪✿ t❤❡② ✉s❡❞ ❛ P❉❊ ❛♣♣r♦❛❝❤ ✐♥ ❛ ♠✉❧t✐ r❡❣✐♠❡s ♠♦❞❡❧ t♦
♣r✐❝❡ ●▲❲❇s ❝♦♥tr❛❝ts✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ❢❛st ❛♥❞ ❛❝❝✉r❛t❡✱ ❛♥❞ ✇❡ ✉s❡❞ ✐t ❛s ❛
r❡❢❡r❡♥❝❡ ❢♦r ♦✉r ✇♦r❦✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ✉s❡ ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ ❑❧✐♥❣ ❡t ❛❧✳ ❬✸✵❪ ✉s❡❞ ❛ ▼♦♥t❡
❈❛r❧♦ ❛♣♣r♦❛❝❤ t♦ ♣r✐❝❡ ♣r♦❞✉❝ts✳ ❲❡ ❤❛✈❡ ♠❛❞❡ r❡❢❡r❡♥❝❡ ❛❧s♦ t♦ ❇❛❝✐♥❡❧❧♦ ❡t ❛❧✳ ❬✺❪✿ ✈❛r✐❛❜❧❡
❛♥♥✉✐t✐❡s ✭✐♥❝❧✉❞✐♥❣ ●▲❲❇s✮ ❛r❡ ♣r✐❝❡❞ ✉s✐♥❣ ❛ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✳ ❚❤❡ P❍✬s ❜❡❤❛✈✐♦r
✐s ❛ss✉♠❡❞ t♦ ❜❡ s❡♠✐✲❙t❛t✐❝✱ ✐✳❡✳ t❤❡ ❤♦❧❞❡r ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t r❛t❡ ♦r s✉rr❡♥❞❡rs t❤❡
❝♦♥tr❛❝t✳
■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ♣r✐❝❡ ●▲❲❇s ❣✉❛r❛♥t❡❡s✱ ❛♥❞ ✇❡ ✜♥❞ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡✱ ✐♥ t❤❡ ❍❡st♦♥
♠♦❞❡❧ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✇✐t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✭❇❙ ❍❲ ♠♦❞❡❧✮✳ ❋✐rst✱ ✇❡
tr❡❛t ❛ ❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✿ t❤❡ P❍ ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t r❛t❡✳ ❚❤❡♥✱ t❛❦✐♥❣ t❤❡
♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ✇♦rst ❝❛s❡ ❢♦r t❤❡ ❤❡❞❣❡r✱ ✇❡ ♣r✐❝❡ t❤❡ ❣✉❛r❛♥t❡❡s ❛ss✉♠✐♥❣ t❤❛t t❤❡ P❍
❢♦❧❧♦✇s ❛♥ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✳ ❲❡ ❛❧s♦ ✉s❡❞ t❤❡s❡ ♠❡t❤♦❞s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ●r❡❡❦s
❢♦r ❤❡❞❣✐♥❣ ❛♥❞ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t✳ ▼♦r❡♦✈❡r ✇❡ ♣❡r❢♦r♠❡❞ ❛ ♠♦rt❛❧✐t② s❤♦❝❦ ✉s❡❢✉❧ ✐♥ ❘✐s❦
▼❛♥❛❣❡♠❡♥t ❢r❛♠❡✇♦r❦✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ♣r❡s❡♥t ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✿ ❛ ❤②❜r✐❞ tr❡❡✲
✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ❛♥❞ ❛ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✭❜♦t❤ ✐♥tr♦❞✉❝❡❞ ❜② ❇r✐❛♥✐ ❡t ❛❧✳
❬✶✵❪✮✱ ❛♥ ❆❉■ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✭❍❛❡♥t❥❡♥s ❛♥❞ ❍♦✉t ❬✷✺❪✮✱ ❛♥❞ ❛ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦
♠❡t❤♦❞ ✇✐t❤ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ✭▲♦♥❣st❛✛ ❛♥❞ ❙❝❤✇❛rt③ ❬✸✸❪✮✳
❲❡ ✉s❡ t❤❡ t❡r♠ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤✐s ✐s t❤❡ ❢❡❡ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ♠❛✐♥t❛✐♥
❛ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦✳ ❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦ ❢♦r t❤❡s❡ t②♣❡s ♦❢ ❣✉❛r❛♥t❡❡s
✐s ❣✐✈❡♥ ✐♥ ❈❤❡♥ ❡t ❛❧✳ ❬✶✹❪ ❛♥❞ ❇❡❧❛♥❣❡r ❡t ❛❧✳ ❬✻❪✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❈❤❛♣t❡r ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
• ❲❡ ❢♦r♠✉❧❛t❡ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ ✭✐✳❡✳ t❤❡ ❝♦st ♦❢ ♠❛✐♥t❛✐♥✐♥❣
❛ r❡♣❧✐❝❛t✐♥❣ ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦✮ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ✉s✐♥❣
❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ♠❡t❤♦❞s❀
• ❲❡ ♣r❡s❡♥t t❤❡ ❡✛❡❝ts ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♦♥ ♣r✐❝✐♥❣ ❛♥❞
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ●r❡❡❦s✱ ❛♥❞ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ●▲❲❇ ❢❡❡ t♦ ✈❛r✐♦✉s ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs❀
• ❲❡ ✉s❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ♣r✐❝❡ t❤❡ ●▲❲❇ ❝♦♥tr❛❝t❀
• ❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❤✐❝❤ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s✳
❚❤❡ ❈❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♥tr❛❝t
s✉❝❤ ❛s ♠♦rt❛❧✐t②✱ ✇✐t❤❞r❛✇❛❧s✱ ❛♥❞ r❛t❝❤❡ts✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡
st♦❝❤❛st✐❝ ♠♦❞❡❧s ✉s❡❞ ❛❢t❡r✇❛r❞✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❛♥❞ ❤♦✇
t♦ ✐♠♣❧❡♠❡♥t t❤❡♠ t♦ s♦❧✈❡ t❤❡ ●▲❲❇ ❝♦♥tr❛❝t ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ♣❡r❢♦r♠
♥✉♠❡r✐❝❛❧ t❡sts ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❡✐r ❜❡❤❛✈✐♦r ❛♥❞ ✇❡ st✉❞② t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♥♦✲❛r❜✐tr❛❣❡
❢❡❡ t♦ ❡❝♦♥♦♠✐❝✱ ❝♦♥tr❛❝t✉❛❧ ❛♥❞ ❧♦♥❣❡✈✐t② ❛ss✉♠♣t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ♣r❡s❡♥t t❤❡
❝♦♥❝❧✉s✐♦♥s✳
✸✳✷ ❚❤❡ ●▲❲❇ ❝♦♥tr❛❝t ✻✺
✸✳✷ ❚❤❡ ●▲❲❇ ❝♦♥tr❛❝t
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣❛♣❡r ♦❢ ❋♦rs②t❤ ❬✷✶❪✱ ✇✐t❤ s♦♠❡
✈❛r✐❛t✐♦♥s ✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✇✐t❤ ♦t❤❡r ✇♦r❦s✳ ❲❡ ♠❛❦❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡
♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♥tr❛❝t✳
✸✳✷✳✶ ▼♦rt❛❧✐t②
❲❡ ♣r✐❝❡ t❤❡ ♣r♦❞✉❝ts ✐♥ ❛ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡✱ t❤❡r❡❢♦r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛ss✉♠❡ t❤❛t
♠♦rt❛❧✐t② r✐s❦ ✐s ❞✐✈❡rs✐✜❛❜❧❡ ✭▼✐❧❡✈s❦② ❛♥❞ ❙❛❧✐s❜✉r②✱ ❬✸✹❪✮✳ ❲❤❡♥ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t
❥✉st✐✜❡❞✱ t❤❡♥ t❤❡ r✐s❦✲♥❡✉tr❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❝❛♥ ❜❡ ❛❞❥✉st❡❞ ✉s✐♥❣ ❛♥ ❛❝t✉❛r✐❛❧ ♣r❡♠✐✉♠
♣r✐♥❝✐♣❧❡ ✭●❛✐❧❧❛r❞❡t③ ❛♥❞ ▲❛❦❤♠✐r✐✱ ❬✷✷❪✮✳ ❍❡r❡✐♥❛❢t❡r✱ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜②
t❤❡ ❧❡tt❡r t✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥tr❛❝t st❛rts ❛t t = 0✳
❋✐rst ✇❡ s✉♣♣♦s❡ t❤❛t ♥♦ ♣♦❧✐❝② ❤♦❧❞❡r ❝❛♥ ❧✐✈❡ ❧♦♥❣❡r t❤❛♥ ❛ ❣✐✈❡♥ ❛❣❡✳ ❚❤✐s ❛❣❡ ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ❜② τ ✭✉s✉❛❧❧② τ = 122✮✳ ❚❤❡ ❛❣❡ ♦❢ t❤❡ P❍ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② a0
✭✉s✉❛❧❧② a0 = 65✮✳ ❙♦✱ t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t ✐s T = τ − a0 ✭✉s✉❛❧❧② T = 57✮✿ ✇❤❡♥ t❤❡
t✐♠❡ ✈❛r✐❛❜❧❡ t r❡❛❝❤❡s T ❛❧❧ P❍s ❛r❡ ❞❡❛❞✱ ❛♥❞ t❤❡ ❝♦♥tr❛❝t ✐s ✇♦rt❤ ③❡r♦✳
❚❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♠♦rt❛❧✐t② ♦♥ t❤❡ ❝♦♥tr❛❝t ❛r❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ t✇♦ ❢✉♥❝t✐♦♥s✿
• M : [0, T ]→ R ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② t❤❛t ❞❡s❝r✐❜❡s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡M ❛ss♦❝✐❛t❡❞
t♦ t❤❡ ❞❡❛t❤ ②❡❛r ♦❢ t❤❡ P❍✳ ❚❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦✇♥❡rs ✇❤♦ ❞✐❡ ✐♥ [t, t+ dt] ✐s
❡q✉❛❧ t♦ M (t) dt✳
• R : [0, T ]→ R ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦✇♥❡rs ✇❤♦ ❛r❡ st✐❧❧ ❛❧✐✈❡ ❛t t✐♠❡ t
R (t) = 1−
ˆ t
0
M (s) ds.
❲❡ r❡♠❛r❦ t❤❛t R (0) = 1 ❛♥❞ R (T ) = 0✳ ❋♦r s❡❡❦ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ M t♦ ❜❡ ❝♦♥st❛♥t
❜❡t✇❡❡♥ ❝♦♥tr❛❝t ❛♥♥✐✈❡rs❛r✐❡s✿ ✐❢ t ∈ [k, k + 1[✱ k ∈ N t❤❡♥ M (t) =M (k)✳
✸✳✷✳✷ ❈♦♥tr❛❝t st❛t❡ ♣❛r❛♠❡t❡rs
❆t t✐♠❡ t = 0 t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ♣❛②s ✇✐t❤ ❧✉♠♣ s✉♠ t❤❡ ❣r♦ss ♣r❡♠✐✉♠ GP t♦ t❤❡ ✐♥s✉r❛♥❝❡
❝♦♠♣❛♥②✳ ❚❤✐s ♠❛② ❜❡ r❡❞✉❝❡❞ ❜② s♦♠❡ ✐♥✐t✐❛❧ ❢❡❡s✱ ❣✐✈✐♥❣ ❛ ♥❡t ♣r❡♠✐✉♠ P ✳ ❚❤❡ ♣r❡♠✐✉♠ P
✐s ✐♥✈❡st❡❞ ✐♥ ❛ ❢✉♥❞✱ ✇❤♦s❡ ♣r✐❝❡ ✐s ❞❡♥♦t❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡ St✳ ❚❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡
❝♦♥tr❛❝t ❛r❡✿
• ❆❝❝♦✉♥t ✈❛❧✉❡✿ At✱ A0 = P ✳
• ❇❛s❡ ❜❡♥❡✜t✿ Bt✱ B0 = GP ✳
❇♦t❤ t❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✐t✐❛❧❧② s❡t ❡q✉❛❧ t♦ t❤❡ ❣r♦ss ♣r❡♠✐✉♠ ♦r t♦ t❤❡ ♣r❡♠✐✉♠✳
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❛❝q✉✐s✐t✐♦♥ ❝❤❛r❣❡s ❛r❡ ❡q✉❛❧ t♦ GP − P ❛r❡♥✬t ✉s❡❞ ❢♦r ❤❡❞❣✐♥❣
♣✉r♣♦s❡s✱ ❜✉t ♦♥❧② t♦ ❝♦✈❡r ❡♥tr② ❝♦sts ❢♦r ♠❛♥❛❣❡♠❡♥t ❝♦♥tr♦❧✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛
s❡t ♦❢ ❞✐s❝r❡t❡ t✐♠❡s ti✱ ✇❤✐❝❤ ✇❡ t❡r♠ ❡✈❡♥t t✐♠❡s✳ ❆t t❤❡s❡ t✐♠❡s✱ ✇✐t❤❞r❛✇❛❧s✱ r❛t❝❤❡ts✱ ❛♥❞
❜♦♥✉s❡s ♠❛② ♦❝❝✉r✳ ◆♦r♠❛❧❧②✱ ❡✈❡♥t t✐♠❡s ❛r❡ ❛♥♥✉❛❧❧② ♦r q✉❛rt❡r❧②✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣✉❛r❛♥t❡❡ ❡①❝❧✉❞✐♥❣ t❤❡s❡ ❡✈❡♥t t✐♠❡s ti✳
✻✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✸✳✷✳✸ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ ❡✈❡♥t t✐♠❡s✳
▲❡t t ∈ ]ti, ti+1[ ⊆ [0, T ]✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ St ❞❡♥♦t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❞ ❞r✐✈✐♥❣ t❤❡ ❛❝❝♦✉♥t
✈❛❧✉❡✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ St ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✳ ❚❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ❢♦❧❧♦✇s
t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ♦❢ St ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ❢❛❝t t❤❛t s♦♠❡ ❢❡❡s ♠❛② ❜❡ s✉❜tr❛❝t❡❞
❝♦♥t✐♥✉♦✉s❧②✿
dAt =
At
St
dSt − αtotAtdt. ✭✸✳✷✳✶✮
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ t♦t❛❧ ❛♥♥✉❛❧ ❢❡❡s ❛r❡ ❝❤❛r❣❡❞ t♦ t❤❡ P❍ ❛♥❞ ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠
t❤❡ ✐♥✈❡st♠❡♥t ❛❝❝♦✉♥t At✳ ❚❤❡s❡ ❢❡❡s ✐♥❝❧✉❞❡ t❤❡ ♠✉t✉❛❧ ❢✉♥❞ ♠❛♥❛❣❡♠❡♥t ❢❡❡s αm ❛♥❞ t❤❡
❢❡❡ ❝❤❛r❣❡❞ t♦ ❢✉♥❞ t❤❡ ❣✉❛r❛♥t❡❡ ✭❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ r✐❞❡r✮ αg✱ s♦ t❤❛t
αtot = αm + αg.
❚❤❡ ♦♥❧② ♣♦rt✐♦♥ ✉s❡❞ ❜② t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② t♦ ❤❡❞❣❡ t❤❡ ❝♦♥tr❛❝t ✐s t❤❛t ❝♦♠✐♥❣ ❢r♦♠ αg✿
t❤❡ ♦t❤❡r ♣❛rt ♦❢ t❤❡ ❢❡❡s ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♦✉t❣♦✐♥❣ ♠♦♥❡② ✢♦✇ ❛s P❍✬s ✇✐t❤❞r❛✇❛❧s
❛r❡✳
❈♦♥t✐♥✉♦✉s❧② ✇✐t❤❞r❛✇♥ ❢❡❡s ❛r❡ t②♣✐❝❛❧ ♦❢ t❤❡ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞ ❜② ❋♦rs②t❤✳ ❋❡❡s ♠❛②
❛❧s♦ ❜❡ ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ♣♦❧✐❝② ②❡❛r ti✿ t❤✐s ✐s ✇❤❛t ❑❧✐♥❣ ❡t ❛❧✳ ❞♦ ✐♥ ❬✸✵❪✳ ■♥ t❤✐s
s❡❝♦♥❞ ❝❛s❡
dAt =
At
St
dSt. ✭✸✳✷✳✷✮
❲❤❡♥ t❤❡ P❍ ❞✐❡s✱ ❛ ❞❡❛t❤ ❜❡♥❡✜t ✉s✉❛❧❧② ❡q✉❛❧ t♦ At✱ ✐s ♣❛✐❞ ♦✉t t♦ t❤❡ ❤❡✐rs ♦❢ t❤❡ P❍✳
❆❝❝♦r❞✐♥❣ t♦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✱ t❤✐s ❞❡❛t❤ ❜❡♥❡✜t ♠❛② ❜❡ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧② ♦r ❛t t❤❡
✉♣❝♦♠✐♥❣ ❡✈❡♥t t✐♠❡✳ ■❢ ✐t ✐s ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ t❤❡ ❝♦♥tr❛❝t st♦♣s ✐♠♠❡❞✐❛t❡❧② ❛♥❞ t❤❡ ❛❝❝♦✉♥t
✈❛❧✉❡ ❛♥❞ t❤❡ ❜❡♥❡✜t ❜❛s❡ ❜❡❝♦♠❡s ❡q✉❛❧ t♦ ③❡r♦❀ ♦t❤❡r✇✐s❡ t❤❡ ❝♦♥tr❛❝t ❣♦❡s ♦♥ ✉♣ t♦ t❤❡ ♥❡①t
❡✈❡♥t t✐♠❡ ❛s ✐❢ ♥♦t❤✐♥❣ ❤❛s ❤❛♣♣❡♥❡❞ ❛♥❞ t❤❡♥ ✐t ❡♥❞s✳
✸✳✷✳✹ ❊✈❡♥t t✐♠❡s
❆♥ ❡✈❡♥t t✐♠❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♦♣❡r❛t✐♦♥s ✉♥❞❡r t❤❡ ❝♦♥tr❛❝t✱ ✇❤✐❝❤ ♦❝❝✉r ❛t ✜①❡❞ ❞❛t❡s✱ ✉s✉❛❧❧②
❛t ❡❛❝❤ ❛♥♥✐✈❡rs❛r② ♦❢ t❤❡ s✐❣♥✐♥❣ ♦❢ t❤❡ ❝♦♥tr❛❝t✳ ❚❤❡ t✐♠❡s t❤❡s❡ ❡✈❡♥ts t❛❦❡ ♣❧❛❝❡ ❛r❡ ❞❡♥♦t❡❞
❜② ti = ∆t · i ❛♥❞ ✉s✉❛❧❧② ∆t = 1✳ ▲❡t✬s ❞❡✜♥❡ I = T/∆t❀ t❤❡♥✱ i r✉♥s ✐♥ {0, . . . I}✳
❲❤❡♥ ❛♥ ❡✈❡♥t t✐♠❡ ♦❝❝✉rs✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥ts ❤❛♣♣❡♥ ✐♥ t❤✐s ♦r❞❡r✿
✶✳ ❲✐t❤❞r❛✇❛❧ ♦❢ t❤❡ ❢❡❡s ❜② t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ✭✐❢ ✐t ✐s ♥♦t t✐♠❡ ❝♦♥t✐♥✉♦✉s✮❀
✷✳ ■❢ t❤❡ P❍ ❞✐❡❞✱ ♣❛②♠❡♥t ♦❢ t❤❡ ❞❡❛t❤ ❜❡♥❡✜ts❀
✸✳ ■❢ t❤❡ P❍ ✐s st✐❧❧ ❛❧✐✈❡✱ ❤❡ ✭s❤❡✮ ✐s ❡♥t✐t❧❡❞ t♦ ✇✐t❤❞r❛✇ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ ♠♦♥❡②❀
✹✳ ■❢ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♥tr❛❝t✱ ❛ r❛t❝❤❡t ♠❛② ✐♥❝r❡❛s❡ t❤❡ ❜❡♥❡✜t ❜❛s❡ Bt✳
❲❡ ❞❡♥♦t❡ ✇✐t❤
(
A−ti , B
−
ti
, ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❜❡❢♦r❡ ❛♥ ❡✈❡♥t t✐♠❡ t❤❛t ♦❝❝✉rs ❛t t✐♠❡
ti ❛♥❞ ✇✐t❤
(
Ak+ti , B
k+
ti
, ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❛❢t❡r t❤❡ ✉♣❞❛t❡ ❞✉❡ t♦ t❤❡ ✐✲t❤ ♣♦✐♥t ♦❢ t❤❡
♣r❡✈✐♦✉s ♥✉♠❜❡r❡❞ ❧✐st✳
✸✳✷ ❚❤❡ ●▲❲❇ ❝♦♥tr❛❝t ✻✼
✸✳✷✳✹✳✶ ❋❡❡s
❋❡❡s ♠❛② ❜❡ ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ❜② t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ ❛s s✉♣♣♦s❡❞ ✐♥ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ✐♥
❬✷✶❪✳ ■♥ t❤✐s ❝❛s❡✱ ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s✱ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❝❤❛♥❣❡s ❛s ♣r❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥
✭✹✳✷✳✷✮✱ ❛♥❞ ♥♦t❤✐♥❣ s♣❡❝✐❛❧ ❤❛♣♣❡♥s✿
(
A1+ti , B
1+
ti
, ti
)
=
(
A−ti , B
−
ti
, ti
)
.
❖t❤❡r✇✐s❡✱ ❢❡❡s ♠❛② ❜❡ ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞✱ ❛s s✉♣♣♦s❡❞ ✐♥ ❑❧✐♥❣ ❡t ❛❧✳ ❬✸✵❪✳ ■♥
t❤✐s ❝❛s❡✱ ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s✱ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❝❤❛♥❣❡s ❛s ♣r❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✳✷✳✷✮✱
❛♥❞ ❛t t❤❡ ❡✈❡♥t t✐♠❡ t❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ❜❡❝♦♠❡
(
A1+ti , B
1+
ti
, ti
)
=
(
A−tie
−αtot∆t, B−ti , ti
)
.
■t ✐s ✐♠♣♦rt❛♥t t♦ ❜❡ ❛❜❧❡ t♦ ❞❡❞✉❝❡ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s Fmant ✇✐t❤❞r❛✇♥ ❜② t❤❡ ❛❝❝♦✉♥t
✈❛❧✉❡ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♥♦t ✉s❡❞ t♦ ❤❡❞❣❡ t❤❡ ❝♦♥tr❛❝t ❛♥❞ t❤❡r❡❢♦r❡ t❤❡② ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛♥ ♦✉t❣♦✐♥❣ ♠♦♥❡② ✢♦✇✳ ■❢ t❤❡s❡ ❢❡❡s ❛r❡ ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡♠
♦❜s❡r✈✐♥❣ t❤❛t t❤❡✐r ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s ✐s
dFmant = αmAtdt+ rtdt.
❚❤✐s ❖❉❊ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s♦❧✉t✐♦♥
Fmant =
ˆ t
0
e
´ t
s
ruduαmAsds.
❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✳
■❢ t❤❡ ❢❡❡s ❛r❡ ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ❛s ❛
❢r❛❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❢❡❡s ✇✐t❤❞r❛✇♥✿
F totti = F
tot
ti−1 +A
0
ti
(
1− e−αtot∆t) ,
Fmanti = F
man
ti−1 +
αman
αtot
(
F totti − F totti−1
)
.
✸✳✷✳✹✳✷ ❉❡❛t❤ ❇❡♥❡✜t
■❢ t❤❡ P❍ ❞✐❡❞ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t¯ ∈ ]ti−1, ti[✱ ❤✐s ✭❤❡r✮ ❤❡✐rs ✇✐❧❧ ♦❜t❛✐♥ ❛ ❞❡❛t❤ ❜❡♥❡✜t t❤❛t
✐s ✉s✉❛❧❧② ❡q✉❛❧ t♦ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✳ ■❢ t❤❡ ❝♦♥tr❛❝t ♣r♦✈✐❞❡s t❤❛t t❤❡ ❞❡❛t❤ ❜❡♥❡✜t ✐s ♣❛✐❞
✐♠♠❡❞✐❛t❡❧②✱ t❤❡♥ t❤❡ ❞❡❛t❤ ❜❡♥❡✜t DBt¯ ✐s ♣❛✐❞ ✐♥ t¯ ❛♥❞ ✐s ❡q✉❛❧ t♦ At¯✳ ❖t❤❡r✇✐s❡✱ ✐❢ t❤❡ ❉❇
✐s ♣❛✐❞ ❛t t❤❡ ♥❡①t ❡✈❡♥t t✐♠❡✱ t❤❡♥ DBti = A
1+
ti
❛♥❞ t❤❡ ❝♦♥tr❛❝t ✐s ❝♦♥❝❧✉❞❡❞ ✭❛❢t❡r t❤❡ ❉❇
♣❛②♠❡♥t ✐t✬s ✇♦rt❤❧❡ss✮✿ (
A2+ti , B
2+
ti
, ti
)
= (0, 0, ti) .
✻✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✸✳✷✳✹✳✸ ❲✐t❤❞r❛✇❛❧✱ ❜♦♥✉s✱ s✉rr❡♥❞❡r ❡✈❡♥t
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥tr❛❝t✱ ✐❢ t❤❡ P❍ ✐s st✐❧❧ ❛❧✐✈❡ ❛t ❡✈❡♥t t✐♠❡ ti✱ t❤❡♥ ❤❡ ✭s❤❡✮ ✐s ❡♥t✐t❧❡❞ t♦
✇✐t❤❞r❛✇ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t Wti ❢r♦♠ ❤✐s ✭❤❡r✮ ♣♦❧✐❝②✱ ❛❧s♦ ✐❢ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s ❡q✉❛❧ t♦ 0✳
❚❤✐s ❣✉❛r❛♥t❡❡❞ ❛♠♦✉♥t ✐s ❣✐✈❡♥ ❜②
Wti = G∆t ·B2+ti ,
✇❤❡r❡ G ✐s ❛ ❝♦♥st❛♥t ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥tr❛❝t✳ ■♥ ❛ ❙t❛t✐❝ ❢r❛♠❡✇♦r❦✱ t❤❡ P❍ ✐s s✉♣♣♦s❡❞ t♦
✇✐t❤❞r❛✇ ❡①❛❝t❧② t❤✐s ❣✉❛r❛♥t❡❡❞ ❛♠♦✉♥t✳ ❖t❤❡r✇✐s❡✱ ✐♥ ❛ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦✱ ❤❡ ✭s❤❡✮
♠❛② ✇✐t❤❞r❛✇ ❛ ❢r❛❝t✐♦♥ γi ♦❢ t❤❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇♥✿
Wti = γiG∆t ·B2+ti .
• ❚❤❡ ❝❛s❡ γi = 0 ❝♦rr❡s♣♦♥❞s t♦ ♥♦ ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥tr❛❝t ♠❛② ♣r♦✈✐❞❡ ❛
❜♦♥✉s ✭bti ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ ❝♦♥tr❛❝t✮✿(
A3+ti , B
3+
ti
, ti
)
=
(
A2+ti , B
2+
ti
(1 + bti) , ti
)
.
• ■❢ 0 < γi ≤ 1 t❤❡ P❍ ✇✐t❤❞r❛✇s ❛t ❛ ❧♦✇❡r r❛t❡ t❤❛♥ t❤❡ st❛♥❞❛r❞ r❛t❡✱ ❛♥❞ t❤❡ ♥❡✇ st❛t❡
✈❛r✐❛❜❧❡s ❛r❡ (
A3+ti , B
3+
ti
, ti
)
=
(
max
(
0, A2+ti −Wti
)
, B2+ti , ti
)
.
• ❆ t❤✐r❞ ❝❛s❡ ✐s ♣♦ss✐❜❧❡✿ t❤❡ P❍ ♠❛② ✇❛♥t t♦ ✇✐t❤❞r❛✇ ♠♦r❡ t❤❛♥ t❤❡ ♠❛①✐♠✉♠ ❛❞♠✐tt❡❞✳
■♥ t❤✐s ❝❛s❡ ✇❡ s✉♣♣♦s❡ γi ∈ ]1, 2]✱ ✇❤❡r❡ t❤❡ ❝❛s❡ γi = 2 ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ s✉rr❡♥❞❡r✳
❲❡ ❞❡✜♥❡
A′ = max
(
0, A2+ti −G∆t ·B2+ti
)
.
❚❤❡ ✇✐t❤❞r❛✇♥ ❛♠♦✉♥t ✐s
Wti = G∆t ·B2+ti + (γi − 1)A′ (1− κti) .
✇❤❡r❡ κti ∈ [0, 1] ✐s ❛ ♣❡♥❛❧t② ❢♦r ✇✐t❤❞r❛✇❛❧ ❛❜♦✈❡ t❤❡ ❝♦♥tr❛❝t ❛♠♦✉♥t✳ ❚❤❡ ♥❡✇ st❛t❡
✈❛r✐❛❜❧❡s ❛r❡(
A3+ti , B
3+
ti
, ti
)
=
(
max
(
0, A2+ti −G∆t ·B2+ti − (γi − 1)A′
)
, (2− γi)B2+ti , ti
)
=
(
(2− γi)A′, (2− γi)B2+ti , ti
)
.
✸✳✷✳✹✳✹ ❘❛t❝❤❡t
■❢ t❤❡ ❝♦♥tr❛❝t s♣❡❝✐❡s ❛ r❛t❝❤❡t ✭st❡♣✲✉♣✮ ❢❡❛t✉r❡✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❡♥❡✜t ❜❛s❡ B ✐s
✐♥❝r❡❛s❡❞ ✐❢ t❤❡ ✐♥✈❡st♠❡♥t ❛❝❝♦✉♥t ❤❛s ✐♥❝r❡❛s❡❞✳ ❚❤❡ ❣✉❛r❛♥t❡❡ ❛❝❝♦✉♥t B ❝❛♥ ♥❡✈❡r ❞❡❝r❡❛s❡✱
✉♥❧❡ss t❤❡ ❝♦♥tr❛❝t ✐s ♣❛rt✐❛❧❧② ♦r ❢✉❧❧② s✉rr❡♥❞❡r❡❞✿
(
A4+ti , B
4+
ti
, ti
)
=
(
A3+ti ,max
(
B3+ti , A
3+
ti
)
, ti
)
.
❆♥♦t❤❡r ❢❡❛t✉r❡ t❤❛t ♠❛② ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦♥tr❛❝t ✐s r♦❧❧✲✉♣✿ ❢♦r s❡❡❦ ♦❢ s✐♠♣❧✐❝✐t② ✇❡
✇♦♥✬t tr❡❛t t❤✐s ♠❡❝❤❛♥✐s♠✳
✸✳✸ ❚❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ t❤❡ ❢✉♥❞ S ✻✾
✸✳✷✳✺ ❙✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥
❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ ●▲❲❇ ❝♦♥tr❛❝t ✐s t❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❝♦♥tr❛❝t ❜❡❤❛✈❡ ❣♦♦❞ ✉♥❞❡r
s❝❛❧✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s✳ ■❢ V (A,B, t) ❞❡♥♦t❡s t❤❡ ✈❛❧✉❡ ♦❢ ❛ ❝♦♥tr❛❝t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡
t❤❛t ❢♦r ❛♥② s❝❛❧❛r η > 0
ηV (A,B, t) = V (ηA, ηB, t) . ✭✸✳✷✳✸✮
❚❤❡♥✱ ✇❡ ❥✉st ❤❛✈❡ t♦ tr❡❛t t❤❡ ❝❛s❡ B = Bˆ ❢♦r ❛ ✜①❡❞ Bˆ ✭❢♦r ❡①❛♠♣❧❡ Bˆ = P ✮✱ ❛♥❞ t❤❡♥✱
❝❤♦♦s✐♥❣ η = Bˆ/B✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
V (A,B, t) = B
Bˆ
V
(
Bˆ
B
A, Bˆ, t
)
,
✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦♥❧② ❢♦r ❛ s✐♥❣❧❡ r❡♣r❡s❡♥t❛t✐✈❡ ✈❛❧✉❡ ♦❢
B✳ ❚❤✐s ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥✳ ❚❤❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ✭✹✳✷✳✺✮ ✇❛s ❛❧s♦
❡①♣❧♦✐t❡❞ ❢r♦♠ ❙❤❛❤ ❡t ❇❡rts✐♠❛s ✐♥ ❬✹✸❪✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ ❤♦✇ t❤❡ r❡❞✉❝t✐♦♥ s✐♠✐❧❛r✐t② ✇♦r❦s
❜♦t❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥tr❛❝t t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ♠❡❝❤❛♥✐s♠s ❢♦r ✐♥❝r❡❛s✐♥❣ t❤❡ ❜❛s❡ ❜❡♥❡✜ts
✭r❛t❝❤❡t✮✱ ❜♦t❤ ❢♦r ❝♦♥tr❛❝ts ✇✐t❤ t❤❡s❡ ♣r♦♣❡rt✐❡s✳
✸✳✸ ❚❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ t❤❡ ❢✉♥❞ S
❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝ts ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♦✈❡r s✉❝❤
❛ ❧♦♥❣ ♠❛t✉r✐t② ❝♦♥tr❛❝t✱ ✇❡ ♣r✐❝❡ t❤❡ ●▲❲❇ ❱❆ ❛❝❝♦r❞✐♥❣ t♦ t✇♦ ♠♦❞❡❧s✿ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱
✇❤✐❝❤ ♣r♦✈✐❞❡s st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ♣r♦✈✐❞❡
st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ t❤❡ ♣r♦❝❡ss S r❡♣r❡s❡♥ts t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❞ ❞r✐✈✐♥❣
t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ♦❢ t❤❡ ♣r♦❞✉❝t✳
✸✳✸✳✶ ❚❤❡ ❍❡st♦♥ ♠♦❞❡❧
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❬✷✻❪ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❦♥♦✇♥ ❛♥❞ ✉s❡❞ ♠♦❞❡❧s ✐♥ ✜♥❛♥❝❡ t♦ ❞❡s❝r✐❜❡ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t ✐ts❡❧❢✳ ■♥ ♦r❞❡r t♦ ✜①
t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ r❡♣♦rt ✐ts ❞②♥❛♠✐❝s✿{
dSt = rStdt+
√
vtStdZ
S
t S0 = S¯0,
dvt = k (θ − vt) dt+ ω√vtdZvt v0 = v¯0,
✭✸✳✸✳✶✮
✇❤❡r❡ ZS ❛♥❞ Zv ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ❛♥❞ d
〈
ZSt , Z
v
t
〉
= ρdt✳
✸✳✸✳✷ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧
❚❤❡ ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❬✷✽❪ ✐s ♦♥❡ ♦❢ ❤✐st♦r✐❝❛❧❧② ♠♦st ✐♠♣♦rt❛♥t ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧s✱ ✇❤✐❝❤
✐s ♥♦✇❛❞❛②s ♦❢t❡♥ ✉s❡❞ ❢♦r r✐s❦✲♠❛♥❛❣❡♠❡♥t ♣✉r♣♦s❡s✳ ❚❤❡ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❍❲
♠♦❞❡❧ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❧♦s❡❞ ❢♦r♠✉❧❛s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r✐❝❡s ♦❢ ❜♦♥❞s✱ ❝❛♣❧❡ts ❛♥❞ s✇❛♣t✐♦♥s✳
■♥ ♦r❞❡r t♦ ✜① t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ r❡♣♦rt t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧✿{
dSt = rtStdt+ σStdZ
S
t S0 = S¯0,
drt = k (θt − rt) dt+ ωdZrt r0 = r¯0,
✭✸✳✸✳✷✮
✼✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✇❤❡r❡ ZS ❛♥❞ Zr ❛r❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✱ ❛♥❞ d
〈
ZSt , Z
r
t
〉
= ρdt✳
✸✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢♦✉r ♣r✐❝✐♥❣ ♠❡t❤♦❞s✿ ❛ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛ ❙t❛♥❞❛r❞
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛ ❍②❜r✐❞ P❉❊ ♠❡t❤♦❞✱ ❛♥❞ ❛♥ ❆❉■ P❉❊ ♠❡t❤♦❞✳
❲❡ r❡♠❡♠❜❡r t❤❛t ♦✉r ❛✐♠ ✐s t♦ ✜♥❞ t❤❡ ❢❛✐r ✈❛❧✉❡ ❢♦r αg✿ ✐t✬s t❤❡ ❝❤❛r❣❡ t❤❛t ♠❛❦❡s t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ❣r♦ss ♣r❡♠✐✉♠✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s t❛r❣❡t✱ ✇❡ ♣r✐❝❡ t❤❡
♣♦❧✐❝② ✭✇✐t❤ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡s✮ ❛♥❞ t❤❡♥ ✇❡ ✉s❡ t❤❡ s❡❝❛♥t ♠❡t❤♦❞ t♦ ❛♣♣r♦❛❝❤
t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ❢♦r αg✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❜❡ ❛❜❧❡ t♦ ✜♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r ❛
❣✐✈❡♥ ✈❛❧✉❡ ♦❢ αg✿ V (A0, B0, 0) (αg)✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡
✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✿ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ❛r❡ tr❡❛t❡❞ ❛s ❛ ♦✉t❣♦✐♥❣ ❝❛s❤ ✢♦✇s✱ ❛♥❞ ✐❢ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ❢♦❧❧♦✇s ❛ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇♦rst ♦♥❡ ❢♦r t❤❡ ✐♥s✉r❛♥❝❡
❝♦♠♣❛♥②✳
✸✳✹✳✶ ❚❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ●▲❲❇ ♣♦❧✐❝② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤ ❛ ▼♦♥t❡ ❈❛r❧♦ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t✇♦ st❡♣s✿ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ s❝❡♥❛r✐♦ ✭❛ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡s
❛❧♦♥❣ t❤❡ ❧✐❢❡ ♦❢ t❤❡ ♣r♦❞✉❝t✮✱ ❛♥❞ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ✐♥t♦ t❤❡ s❝❡♥❛r✐♦✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
✇❛② ✇❡ ♦❜t❛✐♥ t❤❡ s❝❡♥❛r✐♦s✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ▼♦♥t❡ ❈❛r❧♦ ♠♦❞❡❧s✿ ❍②❜r✐❞ ▼❈ ✭❍▼❈✮ ❛♥❞
❙t❛♥❞❛r❞ ▼❈ ✭❙▼❈✮✳
❚❤❡ ❍②❜r✐❞ ▼❈ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳
✸✳✹✳✶✳✶ ❙❝❡♥❛r✐♦ ❣❡♥❡r❛t✐♦♥
❚❤❡ ❣❡♥❡r❛t✐♦♥s ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ ✶✳✹✳✶✳✶ ❛♥❞ ✶✳✹✳✶✳✷
✸✳✹✳✶✳✷ Pr♦❥❡❝t✐♦♥
❖♥❝❡ ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ t❤❡ s❝❡♥❛r✐♦s✱ ✇❡ ♣r♦❥❡❝t t❤❡ ♣♦❧✐❝② ✐♥t♦ t❤❡♠✿ ✐t ♠❡❛♥s ✇❡ ❝❛❧❝✉❧❛t❡
t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❛s t❤❡ s✉♠ ♦❢ ❞✐s❝♦✉♥t❡❞ ❝❛s❤ ✢♦✇s✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ❞❡♣❡♥❞s
♦♥ ✇❤❡t❤❡r ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠✐③❡❞ str❛t❡❣② ♦r ♥♦t✳ ▲❡t V (A,B, t) ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣♦❧✐❝② ❛t
t✐♠❡ t✱ ❤❛✈✐♥❣ ❛❝❝♦✉♥t ✈❛❧✉❡ ❡q✉❛❧ t♦ A ❛♥❞ ❜❛s❡ ❜❡♥❡✜t ❡q✉❛❧ t♦ B✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✜①
❛ s♣❡❝✐✜❝ s❝❡♥❛r✐♦✳ ▲❡t V (A,B, t) ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣♦❧✐❝② ✐♥ t❤❛t s❝❡♥❛r✐♦ ❛t t✐♠❡ t✱ ❤❛✈✐♥❣
❛❝❝♦✉♥t ✈❛❧✉❡ ❡q✉❛❧ t♦ A ❛♥❞ ❜❛s❡ ❜❡♥❡✜t ❡q✉❛❧ t♦ B✳
❈♦♥st❛♥t ✇✐t❤❞r❛✇❛❧ ■♥ t❤✐s ❝❛s❡ t❤❡ str❛t❡❣② ♦❢ t❤❡ P❍ ✐s ✜①❡❞✿ ✐♥ ❡❛❝❤ ❡✈❡♥t t✐♠❡ γi = 1
✭❢♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❝♦♥t✐♥✉❡ t♦ ✇r✐t❡ γi✮✳ ❆ s✐♠♣❧❡ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ✐s
❝❛❧❝✉❧❛t✐♥❣ ❢♦r✇❛r❞ t❤❡ ❝❛s❤ ✢♦✇s✱ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ ❞❡❛t❤ t✐♠❡✳ ❆s ✐♥ ❍♦❧③ ❡t ❛❧✳ ❬✷✼❪✱ ✇❡
❤❛✈❡✿
V (A0, B0, 0) =
I∑
i=0
M (ti)
(
i∑
k=0
e−
´ tk
0 rsdsWtk + e
− ´ ti0 rsdsA1+ti
)
.
✸✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✼✶
❆♥②✇❛②✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✱ ✉s❡❢✉❧ ❢♦r t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❝❛s❡✳ ❋✐rst
✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡s
(
A4+ti , B
4+
ti
, ti
)
❢♦r ❛❧❧ ti ♥❡❣❧❡❝t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ♠♦rt❛❧✐t② ✭❡q✉✐✈❛❧❡♥t❧②✱
❛ss✉♠✐♥❣ t❤❡ P❍ t♦ ❞✐❡ ❛t t❤❡ ❡♥❞✮✱ ✇✐t❤ ❛ ❢♦r✇❛r❞ ❛♣♣r♦❛❝❤✿
A4+ti = max
(
0, A4+ti−1
Sti
Sti−1
e−αtot∆t − γtiG∆tB4+ti−1
)
,
B4+ti =
{
max
(
B4+ti−1 , A
4+
ti
)
✐❢ r❛t❝❤❡t,
B2+ti−1 ♦t❤❡r✇✐s❡✳
❚❤❡♥✱ ✇❡ ♣r♦❝❡❡❞ ❜❛❝❦✇❛r❞s✱ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❛t ❡❛❝❤ t✐♠❡ ti ❥✉st ❜❡❢♦r❡
t❤❡ ✇✐t❤❞r❛✇❛❧✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❛t t✐♠❡ ti ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ❛t
t✐♠❡ ti+1 ♣❧✉s t❤❡ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❝❛s❤ ✢♦✇s r❡❧❛t✐♥❣ t❤❡ ♣❡r✐♦❞
[
t4+i , t
4+
i+1
]
✳ ❚❤❡ ✜♥❛❧
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ✐s
V
(
A4+T , B
4+
T , T
)
= 0,
❜❡❝❛✉s❡ ❛❧❧ P❍s ❛r❡ ❞❡❛❞ ❛♥❞ ❛❧❧ ❜❡♥❡✜ts ❤❛✈❡ ❜❡❡♥ ♣❛✐❞✳ ❚❤❡♥
V
(
A4+ti , B
4+
ti
, ti
)
= e−
´ ti+1
ti
rsds
[
V
(
A4+ti+1 , B
4+
ti+1
, ti+1
)
+R (ti+1)Wti+1
]
+DB +MF,
✇❤❡r❡ ❉❇ ❛♥❞ ▼❋ st❛♥❞s ❢♦r t❤❡ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ✐♥ ti ♦❢ t❤❡ ❞❡❛t❤ ❜❡♥❡✜t ❛♥❞ ♠❛♥❛❣❡♠❡♥t
❢❡❡s ♣❛✐❞ ✐♥
[
t4+i , t
4+
i+1
]
✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❢♦✉r ❝❛s❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ❛♥❞
t❤❡ ❞❡❛t❤ ❜❡♥❡✜t ❛r❡ ♣❛✐❞✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
❈❆❙❊ ✶✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞
DB =M (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
e−αtot∆t,
MF = R (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
(
1− e−αtot∆t) αm
αtot
.
❈❆❙❊ ✷✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②
DB =M (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
e−αtot∆t,
MF = R (ti)αm
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt.
❈❆❙❊ ✸✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞
DB =M (ti)
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt,
MF =M (ti) αm
αtot
A4+ti
Sti
ˆ ti+1
ti
St
(
1− e−αtot(t−ti)
)
e
−
´
t
ti
rududt+
+R (ti+1) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
(
1− e−αtot∆t) αm
αtot
.
✼✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
❈❆❙❊ ✹✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②
DB =M (ti)
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt,
MF =M (ti)αm
A4+ti
Sti
ˆ ti+1
ti
Ste
−αtot(t−ti)e
−
´
t
ti
rudu (ti+1 − t) dt+
+R (ti+1)αm
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt.
Pr♦❝❡❡❞✐♥❣ ✐♥ t❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ V
(
A4+0 , B
4+
0 , 0
)
✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝②
✐s
V
(
A−0 , B
−
0 , 0
)
= V
(
A4+0 , B
4+
0 , 0
)
,
✐❢ t❤❡ ✜rst ✇✐t❤❞r❛✇❛❧ t❛❦❡s ♣❧❛❝❡ ❛t t✐♠❡ t = t1✱ ♦r
V
(
A−0 , B
−
0 , 0
)
= V
(
A4+0 , B
4+
0 , 0
)
+ γ0G∆tP
✐❢ t❤❡ ✜rst ✇✐t❤❞r❛✇❛❧ t❛❦❡s ♣❧❛❝❡ ❛t t✐♠❡ t = 0✳ ❚❤❡♥ ✇❡ s✐♠♣❧② ❤❛✈❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡
♦❢ V
(
A−0 , B
−
0 , 0
)
❛♠♦♥❣ t❤❡ s✐♠✉❧❛t❡❞ s❝❡♥❛r✐♦s t♦ ❛♣♣r♦①✐♠❛t❡ V (A−0 , B−0 , 0)✳
❖♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ■♥ t❤✐s ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti t❤❡ P❍ ❝❛♥ ✇✐t❤❞r❛✇
❛ ❢r❛❝t✐♦♥ γi ♦❢ t❤❡ r❡❣✉❧❛r ❛♠♦✉♥t✳ ❚♦ ♣r✐❝❡ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ P❍ ❝❤♦♦s❡s t❤❡
✈❛❧✉❡ ♦❢ γ t❤❛t ❝❛✉s❡s t❤❡ ✇♦rst ❤❡❞❣✐♥❣ ❝❛s❡ ❢♦r t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳ ❆s ✇❡ ❞✐❞ ❜❡❢♦r❡✱ ✇❡
❞❡♥♦t❡ V (A,B, t) t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛t t✐♠❡ t ♦❢ ❛ ❣❡♥❡r✐❝ ♣♦❧✐❝② ✇❤♦s❡ st❛t❡ ♣❛r❛♠❡t❡rs ❛r❡
A,B ✿
V (A,B, t) = E [V (A,B, t)] .
❙♦✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ P❍ ❝❤♦♦s❡s γi s✉❝❤ t❤❛t
γi = ❛r❣♠❛①
γ∈[0,2]
[
Wti + V
(
A4+, B4+, t
)]
.
❚❤✐s ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛♣♣r♦❛❝❤✿
✶✳ ❙✐♠✉❧❛t❡ N r❛♥❞♦♠ s❝❡♥❛r✐♦s ❛♥❞ ♣r✐❝❡ t❤❡ ♣♦❧✐❝② ✐♥t♦ t❤❡s❡ s❝❡♥❛r✐♦s ✉s✐♥❣ r❛♥❞♦♠
✈❛❧✉❡s ❢♦r γi✳
✷✳ ❋♦r t = T t♦ t = 0✿
✭❛✮ ❆♣♣r♦①✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥ V (A,B, t) ✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❥❡❝t✐♦♥ ✐♥t♦ ❛ s♣❛❝❡
♦❢ ❢✉♥❝t✐♦♥s ✭✉s✉❛❧❧② ♣♦❧②♥♦♠✐❛❧s✮✳
✭❜✮ ❋♦r ❡❛❝❤ s❝❡♥❛r✐♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ γt ✳
✭❝✮ ❘❡❝❛❧❝✉❧❛t❡ t❤❡ ✉♣❝♦♠✐♥❣ st❛t❡ ✈❛r✐❛❜❧❡s ❢r♦♠ s = t t♦ s = T ❛ss✉♠✐♥❣ t❤❛t t❤❡ P❍
❝❤♦♦s❡s t❤❡ ❜❡st ✈❛❧✉❡ ❢♦r γ✳
✸✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ V (A0, B0, 0) ♦✈❡r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s✳
❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (A,B, t) ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② t❤❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥
♣r♦♣❡rt②✳
✸✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✼✸
✸✳✹✳✷ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♦♥❡✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥t
t❤✐♥❣✱ ✐s t❤❡ ✇❛② ✇❡ ♣r♦❞✉❝❡ t❤❡ r❛♥❞♦♠ s❝❡♥❛r✐♦s✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♣❤❛s❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥
❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦✳
✸✳✹✳✷✳✶ ❙❝❡♥❛r✐♦ ❣❡♥❡r❛t✐♦♥
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s✳
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❚❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❛r✐♦s ✭✉♥❞❡r❧②✐♥❣ ❛♥❞ ✈♦❧❛t✐❧✐t②✮ ✐♥ t❤✐s ❝❛s❡
❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣ ❛ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❢♦♥s✐ ❬✷❪✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❙❡❝t✐♦♥
✶✳✶✳✻✳✷✳
❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❚❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❛r✐♦s ✭✉♥❞❡r❧②✐♥❣ ❛♥❞
✐♥t❡r❡st r❛t❡✮ ✐♥ t❤✐s ❝❛s❡ ❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣ ❛♥ ❡①❛❝t s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❖str♦✈s❦✐ ❬✸✾❪✱ ✇✐t❤
❛ ❢❡✇ ❝❤❛♥❣❡s ✐♥ ♦r❞❡r t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✉♥❞❡r❧②✐♥❣ ❛♥❞ ✐♥t❡r❡st r❛t❡✳ ❋♦r
♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✶✳✼
✸✳✹✳✸ P❉❊ ❍②❜r✐❞ ♠❡t❤♦❞
❚❤❡ ❍②❜r✐❞ P❉❊ ❛♣♣r♦❛❝❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ■♥ ❢❛❝t ✐t✬s ❛ P❉❊ ♣r✐❝✐♥❣
♠❡t❤♦❞ ❛♥❞ ✐t✬s ❜❛s❡❞ ♦♥ ❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✵❪✱ ❬✶✶❪ ❜♦t❤ ❢♦r ❍❡st♦♥ ❛♥❞ ❍✉❧❧✲❲❤✐t❡ ❝❛s❡✳ ❯s✐♥❣ ❛
tr❡❡ t♦ ❞✐✛✉s❡ t❤❡ ✈♦❧❛t✐❧✐t② ♦r t❤❡ ✐♥t❡r❡st r❛t❡✱ ✇❡ ❢r❡❡③❡ t❤❡s❡ ✈❛❧✉❡s ❜❡t✇❡❡♥ t✇♦ tr❡❡✲❧❡✈❡❧s❀
✇❡ ♠✐① t❤❡ ♦♣t✐♦♥ ✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✉♣❝♦♠✐♥❣ ❢♦✉r ♥♦❞❡s ❛♥❞ t❤❡♥ ✇❡ s♦❧✈❡ ♦♥❡ P❉❊
✭❢♦r ❡❛❝❤ tr❡❡ ♥♦❞❡✮ ✉s✐♥❣ t❤❡ ♠✐①❡❞ ❞❛t❛ ❛s st❛rt✐♥❣ ✈❛❧✉❡s✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✹✳✷
❲❡ ❝❛♥ r❡s✉♠❡ t❤❡ ♣r✐❝✐♥❣ ♠❡t❤♦❞s ✐♥ t❤r❡❡ ❢❡❛t✉r❡s✿ ♠♦❞❡❧✱ ❛❧❣♦r✐t❤♠ str✉❝t✉r❡ ❛♥❞
♣r✐❝✐♥❣✳
✸✳✹✳✸✳✶ ❚❤❡ ❍❡st♦♥ ♠♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ✐♥ ✭✸✳✸✳✶✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZSt = ρZvt + ρ¯Z¯St ✱ ✇❤❡r❡
Z¯S ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Zv✳ ❚❤❡♥✱{
dSt = rStdt+
√
vtSt
(
ρdZvt + ρ¯dZ¯
S
t
)
S0 = S¯0,
dvt = k (θ − vt) dt+ ω√vtdZvt V0 = V¯0,
d
〈
Z¯St , Z
v
t
〉
= 0,
✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Et = ln (At)− ρ
ω
vt, E0 = ln (A0)− ρ
ω
v0,
At = exp
(
Et +
ρ
ω
vt
)
. ✭✸✳✹✳✶✮
❚❤❡♥
dEt =
(
r − vt
2
− ρ
ω
k (θ − vt)− αtot
)
dt+ ρ¯
√
vtdZ¯
S
t ,
✼✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✐❢ ❢❡❡s ❛r❡ t❛❦❡♥ ❝♦♥t✐♥✉♦✉s❧②✱ ♦t❤❡r✇✐s❡
dEt =
(
r − vt
2
− ρ
ω
k (θ − vt)
)
dt+ ρ¯
√
vtdZ¯
S
t .
❚❤✐s ♣r♦❝❡ss Et ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Vt✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡❞
✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞ ❛❧♦♥❣ t❤❡ tr❡❡✳
✸✳✹✳✸✳✷ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ✭✸✳✸✳✷✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZSt = ρZrt + ρ¯Z¯St ✱ ✇❤❡r❡
Z¯S ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Zr✳ ❚❤❡♥✱

dSt = rtStdt+ σSt
(
ρdZrt + ρ¯dZ¯
S
t
)
S0 = S¯0,
dXt = −kXtdt+ dZrt X0 = 0,
rt = ωXt + β (t) ,
d
〈
Z¯St , Z
r
t
〉
= 0,
✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Ut = ln (At)− ρσXt, U0 = ln (A0) ,
At = exp (Ut + ρσXt) . ✭✸✳✹✳✷✮
❚❤❡♥
dUt =
(
rt − σ
2
2
+ σρkXt − αtot
)
dt+ σρ¯dZ¯St ,
✐❢ ❢❡❡s ❛r❡ t❛❦❡♥ ❝♦♥t✐♥✉♦✉s❧②✱ ♦t❤❡r✇✐s❡
dUt =
(
rt − σ
2
2
+ σρkXt
)
dt+ σρ¯dZ¯St .
❚❤✐s ♣r♦❝❡ss Ut ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Xt✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡❞
✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞ ❛❧♦♥❣ t❤❡ tr❡❡✳
✸✳✹✳✸✳✸ ❆❧❣♦r✐t❤♠ str✉❝t✉r❡
❚❤❡ str✉❝t✉r❡s ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥ ❛ tr❡❡ ❛♥❞ ❛ P❉❊ s♦❧✈❡r✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❇r✐❛♥✐
❡t ❛❧✳ ❬✶✵❪✱❬✶✶❪✱ ✇❡ ✉s❡ ❛ tr❡❡ t♦ ❞✐✛✉s❡ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r t❤❡ ✐♥t❡r❡st r❛t❡✮ ❛❧♦♥❣ t❤❡ ❧✐❢❡ ♦❢ t❤❡
♣r♦❞✉❝t✱ ❛♥❞ ✇❡ s♦❧✈❡ ❜❛❝❦✇❛r❞ ❢♦✉r ✶❉ P❉❊s ❢r❡❡③✐♥❣ ❛t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ t❤❡ ✈♦❧❛t✐❧✐t②
✭♦r t❤❡ ✐♥t❡r❡st r❛t❡✮ ❛♥❞ ✉s✐♥❣ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❞❛t❛✳ ❚❤❡ tr❡❡ ✐s ❜✉✐❧t ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✶✳✷✳✹
✭q✉❛❞r✐♥♦♠✐❛❧ tr❡❡✱ ♠❛t❝❤✐♥❣ t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✮✱ ❛♥❞ t❤❡ P❉❊s ❛r❡ s♦❧✈❡❞
✇✐t❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦❛❝❤✳ ❲❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ P❉❊s ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s✱ ❛♥❞ ❛t
❡❛❝❤ ❡✈❡♥t t✐♠❡ ✇❡ ❛♣♣❧② t❤❡ ❝❤❛♥❣❡s t♦ t❤❡ st❛t❡s t♦ r❡♣r♦❞✉❝❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡✈❡♥ts✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ s♦❧✈❡ t❤❡ P❉❊s ❞♦✐♥❣ ❛ s✐♥❣❧❡ t✐♠❡ st❡♣ t❤❛t r❡q✉✐r❡s ♦♥❧② ❛ ❧✐♥❡❛r
❝♦♠♣❧❡①✐t② ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ tr✐❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st ✐s ❧♦✇ ❛s ♦❜s❡r✈❡❞ ✐♥ ❬✶✵❪ ❛♥❞ ❬✶✶❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t Xt ❛♥❞ Vt ♣r♦❝❡ss❡s ❛r❡ ♠❡❛♥ r❡✈❡rt✐♥❣✳
❚❤❛♥❦s t♦ t❤❡ ✇❛② t❤❡ tr❡❡s ❛r❡ ❜✉✐❧t✱ t❤❡r❡ ❛r❡ ♠❛♥② ♥♦❞❡s ✐♥ t❤❡ tr❡❡s t❤❛t ❝❛♥♥♦t ❜❡ ✈✐s✐t❡❞
❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡r❡❢♦r❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t② pn,j t♦ ❜❡ ✈✐s✐t❡❞ ✐s ✇♦rt❤ 0
✸✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✼✺
❛♥❞ t❤❡② ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ✈❛❧✉❡s ❛t t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✳ ❚❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❞♦ ❛♥②
♦♣❡r❛t✐♦♥ ❢♦r t❤♦s❡ ♥♦❞❡s✳ ❙♦✱ t♦ s❛✈❡ t✐♠❡✱ ✇❡ ❞♦ t❤❡ st❛♥❞❛r❞ st❡♣ ✭s♦❧✈❡ ❜❛❝❦✇❛r❞ t❤❡ ❢♦✉r
P❉❊s ❛♥❞ ♠✐① ✉♣ t❤❡ ✈❡❝t♦rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✮ ♦♥❧② ❢♦r t❤♦s❡ ♥♦❞❡s
❤❛✈✐♥❣ pn,j > 0✳ ❚❤✐s ❝✉rt❛✐❧✐♥❣ t❡❝❤♥✐q✉❡ r❡❞✉❝❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♠❡t❤♦❞ ✐s ♣r❡s❡r✈❡❞✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❬✸❪✳
✸✳✹✳✸✳✹ Pr✐❝✐♥❣
❚❤❡ P❉❊ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❛t ❡❛❝❤ ♥♦❞❡ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s ✐♥ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ❬✷✶❪✳
❲❡ ❞✐st✐♥❣✉✐s❤ ❢♦✉r ❝❛s❡s ❛s ✇❡ ❞✐❞ ✐♥ ▼♦♥t❡ ❈❛r❧♦ ❝❛s❡✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ V (A,B, t) t❤❡ ✈❛❧✉❡
♦❢ ❛ ❝♦♥tr❛❝t ❛t t✐♠❡ t ✇❤♦s❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s ✇♦rt❤ A ❛♥❞ ✇❤♦s❡ ❜❛s❡ ❜❡♥❡✜t ✐s ✇♦rt❤ B✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❞❡✜♥❡
VHe (E,B, t) = V
(
exp
(
E +
ρ
ω
Vt
)
, B, t
)
,
❛♥❞
VHW (U,B, t) = V (exp (U + ρσXt)B, t) .
❚❤❡ ✈❛r✐❛❜❧❡s r¯✱ X¯ ❛♥❞ V¯ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❢r♦③❡♥ ✈❛❧✉❡s ♦❢ rt✱Xt ❛♥❞ Vt✳ ❲❡ s♦❧✈❡ t❤❡ tr❛♥s❢♦r♠❡❞
P❉❊s ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s ❢♦r ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ❢♦✉r t✐♠❡s✿ ♦♥❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣♦ss✐❜❧❡
♥❡①t ♥♦❞❡s✱ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ♥♦❞❡s✳ ❚♦ r❡❞✉❝❡ t❤❡ r✉♥ t✐♠❡✱ ✇❡ ❞♦
t❤✐s ♦♥❧② ❢♦r ❛❝t✐✈❡ ♥♦❞❡s ✭pn,j > 0✮✿ t❤✐s ❝✉tt✐♥❣ t❡❝❤♥✐q✉❡ ❞r❛♠❛t✐❝❛❧❧② r❡❞✉❝❡❞ ❝❛❧❝✉❧❛t✐♦♥
t✐♠❡s ✇✐t❤♦✉t ❝♦♠♣r♦♠✐s✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ r❡s✉❧ts✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥s
✭✸✳✹✳✶✮ ❛♥❞ ✭✸✳✹✳✷✮✱ ✇❡ ❛♣♣❧② t❤❡ ❡✈❡♥t t✐♠❡s ❛❝t✐♦♥s✳ ■♥ t❤❡ ♥❡①t ❢❡✇ ♣❛r❛❣r❛♣❤s✱ ✇❡ ❛r❡ ❣♦✐♥❣
t♦ ✇r✐t❡ ✷ P❉❊s✿ ♦♥❡ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❛♥❞ ♦♥❡ ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧✳
❈❆❙❊ ✶✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞
❚❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ ✐s
V (A,B, T ) = R (T −∆t)A
(
1− (1− e−αtot∆t) αg
αtot
)
.
❚❤❡ ❛ss♦❝✐❛t❡❞ P❉❊s ❛r❡
VHet +
ρ¯2V¯
2
VHeEE +
(
r − v¯
2
− ρ
ω
k (θ − v¯)
)
VHeE − rVHe = 0 , ✭❍❡ ✶✮
VHWt +
ρ¯2σ2
2
VHWUU +
(
r¯ − σ
2
2
+ σρkX¯
)
VHWU − r¯VHW = 0 . ✭❍❲ ✶✮
❋♦r ti = T − 1 t♦ ti = 0 ✇❡ ❤❛✈❡ t♦✿
✶✳ ❙♦❧✈❡ t❤❡ P❉❊ ❜❛❝❦✇❛r❞ ❢r♦♠ ti+1 t♦ ti❀
✷✳ ❈❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ V ❢r♦♠ t❤❡ ✈❛❧✉❡ ♦❢ VHe ♦r VHW ❀
✸✳ ■♥ ❝❛s❡ ♦❢ r❛t❝❤❡t V (A,B, t3+i ) = V (A,max (A,B) , t4+i )❀
✼✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✹✳ ❲✐t❤❞r❛✇❛❧✿
✭❛✮ ✐❢ γti = 0 ✿
V (A,B, t2+i ) = V (A,B (1 + bti) , t3+i ) ;
✭❜✮ ✐❢ γti ∈ [0, 1] ✿
V (A,B, t2+i ) = V (max (0, A− γtiG∆tB) , B, t3+i )+R (ti) γtiG∆tB;
✭❝✮ ✐❢ γti ∈ ]1, 2] ✿
V (A,B, t2+i ) = V (max (0, A−G∆tB) (2− γti) , B (2− γti) , t3+i )+
+R (ti) (G∆tB + (γti − 1)max (0, A−G∆tB) (1− κti)) ;
✺✳ ❉❡❛t❤ ❜❡♥❡✜t✿ V (A,B, t1+i ) = V (A,B, t2+i )+ (R (ti−1)−R (ti))A❀
✻✳ ❋❡❡s✿ V (A,B, t−i ) = V (Ae−αtot∆t, B, t1+i )+R (ti−1) αmαtotA (1− e−αtot∆t)❀
✼✳ ❈❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ VHe ♦r VHW ❢r♦♠ t❤❡ ✈❛❧✉❡ ♦❢ V ✳
❈❆❙❊ ✷✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②
❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤✐s ❝❛s❡ ❛♥❞ t❤❡ ❝❛s❡ ✶ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥
✐s
V (A,B, T ) = R (T −∆t)A.
❚❤❡ ❛ss♦❝✐❛t❡❞ P❉❊s ❛r❡
VHet +
ρ¯2V¯
2
VHeEE +
(
r − v¯
2
− ρ
ω
k (θ − v¯)− αtot
)
VHeE − rVHe + αmR (t) exp
(
Et +
ρ
ω
v¯
)
= 0 , ✭❍❡ ✷✮
VHWt +
ρ¯2σ2
2
VHWUU +
(
r¯ − σ
2
2
+ σρkX¯ − αtot
)
VHWU − r¯VHW +αmR (t) exp
(
Ut + ρσX¯
)
= 0 . ✭❍❲ ✷✮
P♦✐♥t ✻ ✭❢❡❡s st❡♣✮ ❜❡❝♦♠❡s
V (A,B, t−i ) = V (A,B, t1+i ) .
❈❆❙❊ ✸✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞
❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤✐s ❝❛s❡ ❛♥❞ t❤❡ ❝❛s❡ ✶ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥
✐s
V (A,B, T ) = 0.
❚❤❡ ❛ss♦❝✐❛t❡❞ P❉❊s ❛r❡
VHet +
ρ¯2v¯
2
VHeEE+
(
r− v¯
2
− ρ
ω
k (θ − v¯)
)
VHeE −rVHe+M (ti) exp
(
Et+
ρ
ω
V¯
)(
1−
(
1−e−αtot(t−ti)
) αg
αtot
)
= 0 ,
✭❍❡ ✸✮
✸✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✼✼
VHWt +
ρ¯2σ2
2
VHWUU +
(¯
r− σ
2
2
+σρkX¯
)
VHWU −r¯VHW+M (ti) exp
(
Ut+ρσX¯
)(
1−
(
1−e−αtot(t−ti)
) αg
αtot
)
= 0 .
✭❍❲ ✸✮
P♦✐♥t ✺ ✭❞❡❛t❤ ❜❡♥❡✜t st❡♣✮ ❛♥❞ ✻ ✭❢❡❡s st❡♣✮ ❜❡❝♦♠❡✿
• ❉❡❛t❤ ❜❡♥❡✜t✿ V (A,B, t1+i ) = V (A,B, t2+i )✳
• ❋❡❡s✿ V (A,B, t−i ) = V (Ae−αtot∆t, B, t1+i )+R (ti) αmαtotA (1− e−αtot∆t) .
❈❆❙❊ ✹✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❢❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②
❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤✐s ❝❛s❡ ❛♥❞ t❤❡ ❝❛s❡ ✶ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥
✐s
V (A,B, T ) = 0.
❚❤❡ ❛ss♦❝✐❛t❡❞ P❉❊s ❛r❡
VHet +
ρ¯2v¯
2
VHeEE +
(
r − v¯
2
− ρ
ω
k (θ − v¯)− αtot
)
VHeE − rVHe + exp
(
Et +
ρ
ω
v¯
)
(αmR (t) +M (ti)) = 0 ,
✭❍❡ ✹✮
VHWt +
ρ¯2σ2
2
VHWUU +
(
r¯ − σ
2
2
+ σρkX¯ − αtot
)
VHWU − r¯VHW +exp
(
Ut + ρσX¯
)
(αmR (t) +M (ti)) = 0 .
✭❍❲ ✹✮
P♦✐♥t ✺ ✭❞❡❛t❤ ❜❡♥❡✜t st❡♣✮ ❛♥❞ ✻ ✭❢❡❡s st❡♣✮ ❜❡❝♦♠❡
V (A,B, t−i ) = V (A,B, t1+i ) = V (A,B, t2+i ) .
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧ ❝❛s❡✳ ■♥ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❝❛s❡✱ ✇❡ s✉♣♣♦s❡ t❤❡
P❍ t♦ ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ γi ✉s❡❞ ✐♥ st❡♣ ♥✳ ✹ ✭✇✐t❤❞r❛✇❛❧ st❡♣✮✳ ❍❡ ✭s❤❡✮ ✇✐❧❧ ❝❤♦♦s❡ t❤❡ ✈❛❧✉❡
♦❢ γi ∈ [0, 2] ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡s t❤❡ ✈❛❧✉❡ ♦❢ V
(
A,B, t2+i
)
✳ ❚❤✐s ♠❛①✐♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡
✉s✐♥❣ ❛ ❣r✐❞ ♦❢ ✈❛❧✉❡s ❢♦r γi ❛♥❞ ❝❤♦♦s✐♥❣ ❛t ❡❛❝❤ t✐♠❡ t❤❡ ❜❡st ✈❛❧✉❡✳
✸✳✹✳✹ P❉❊ ❆❉■ ♠❡t❤♦❞
❈♦♥s✐❞❡r t❤❡ ❛ss❡t ♣r✐❝❡ ♣r♦❝❡ss ❣✐✈❡♥ ❜② t❤❡ s②st❡♠ ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ❆❉■ ♠❡t❤♦❞ ♦♥❧② ✐♥ t❤❡ ❝❛s❡ ✷✱ ❜✉t t❤❡ ♦t❤❡r ❝❛s❡s ❝❛♥ ❜❡ ❡❛s✐❧②
❛❞❛♣t❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ♥♦t ✉s❡ t❤❡ tr❛♥s❢♦r♠❡❞ P❉❊ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✸✳✹✱
❜✉t t❤❡ ❝❧❛ss✐❝❛❧ ✈❡rs✐♦♥ ♦❢ P❉❊s ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s✱ ❍❡st♦♥ ❛♥❞ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ P❉❊s ❛r❡
VHet +
V A2
2
VHeAA +
ω2v
2
VHevv + (r − αtot)AVHeA + ρωAvVHeAv + k (θ − v)VHev − rVHe + αmR (t)A = 0
✭❍❡ ✷❜✮
✼✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
VHWt +
σ2A2
2
VHWAA +
ω2
2
VHWrr +(r − αtot)AVHWA +ρωAσVHWAr +k (θt − r)VHWr −rVHW+αmR (t)A = 0
✭❍❲ ✷❜✮
❇❡❝❛✉s❡ ♦❢ t❤❡ ❧♦♥❣ ♠❛t✉r✐t②✱ s♦❧✈✐♥❣ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ P❉❊ ✐s ❛ ✈❡r② ❝♦st❧② ❛♥❞ s❧♦✇
♠❡t❤♦❞✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ s♣❧✐tt✐♥❣ s❝❤❡♠❡s ♦❢ ❆❉■ ✭❛❧t❡r♥❛t✐♥❣ ❞✐r❡❝t✐♦♥❛❧ ✐♠♣❧✐❝✐t✮ t②♣❡✳
■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ♦♥❧② ♣r❡s❡♥t t❤❡ ❉♦✉❣❧❛s s❝❤❡♠❡✱ ❜✉t ✈❛r✐♦✉s s❝❤❡♠❡ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
❧✐t❡r❛t✉r❡✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ P❉❊✱ ✇❡ s❤♦✉❧❞ ❛❞❞r❡ss ♠❛♥② ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s✳ ❚❤❡ ✜rst
♦♥❡ ✐s t❤❡ ♠❡s❤ ❛♥❞ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ t❤❡ ♠❡s❤❡s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✺❪ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs
Aleft = 0.8S0 Aright = 1.2S0 Amax = 100S0 ❛♥❞ d1 = S0/20,
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ A✱
Rmax = 10R0, c = R0 ❛♥❞ d2 = Rmax/400
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ r ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ❛♥❞
vmax = MIN(MAX(100v0, 1), 5) ❛♥❞ d3 = vmax/500.
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ v ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❚❤❡ s❡❝♦♥❞ ❞✐✣❝✉❧t② ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❧✐tt✐♥❣
s❝❤❡♠❡✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ ❉♦✉❣❧❛s s❝❤❡♠❡ ✇✐t❤ ♣❛r❛♠❡t❡r θ = 1/2 ❜❡❝❛✉s❡ ✐t ✐s t❤❡ ❡❛s✐❡st
t♦ ✐♠♣❧❡♠❡♥t✱ ❜✉t ♦❢ ❝♦✉rs❡ s♦♠❡ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s ✭✐♥ t✐♠❡✮ ✇♦✉❧❞ ❜❡ ♠♦r❡ ♦♣t✐♠❛❧✳ ❚❤❡
❧❛st ❞✐✣❝✉❧t②✱ ❜✉t ♥♦t t❤❡ ❧❡❛st✱ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ ❝❧♦s❡❞
❢♦r♠ s♦❧✉t✐♦♥s ❢♦r t❤❡ ●▲❲❇ ♣r♦❞✉❝t✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ♠❛❦❡ t❤❡ r✐❣❤t ❝❤♦✐❝❡ ❢♦r t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ▼♦r❡♦✈❡r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❛ ❜✐❣ ✐♠♣❛❝t ♦♥ t❤❡ s♦❧✉t✐♦♥✱ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❧♦♥❣ ♠❛t✉r✐t②✳ ❯s✉❛❧❧② t❤❡ ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ♥♦ ✐♠♣♦rt❛♥❝❡✳ ■♥❞❡❡❞ s✐♥❝❡
t❤❡r❡ ❛r❡ ♠❛♥② ♣♦✐♥ts ✐♥ t❤❡ ♠❡s❤ ❜❡t✇❡❡♥ S0 ❛♥❞ Smax✱ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❞♦❡s ♥♦t
❝♦♥♥❡❝t t❤❡s❡ ❞✐st❛♥t ✈❛❧✉❡s ✐♥ ❛ ❤❛r❞ ✇❛②✳ ❋♦r ❡①❛♠♣❧❡✱ ❝❤♦♦s✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥✱
♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ♦r ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ❝❛♥ ❧❡❛❞ t♦ ✈❡r② ❝❧♦s❡❞ ♣r✐❝❡s✳ ❇✉t✱ ❜❡❝❛✉s❡
♦❢ t❤❡ ❧♦♥❣ ♠❛t✉r✐t②✱ t❤❡ ♣r✐❝❡s ❛r❡ r❡❛❧❧② ✐♠♣❛❝t❡❞ ❜② ❛ ❜❛❞ ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❆❝t✉❛❧❧② t❤❡ s②st❡♠ ✭❢♦r ♦♥❡ ②❡❛r✮ ✇✐❧❧ ❜❡ s♦❧✈❡❞ ♠❛♥② t✐♠❡s ❛♥❞ ✐t ✇✐❧❧ ❝♦♥♥❡❝t ❡✈❡r② ♣♦✐♥ts
✐♥ t❤❡ ♠❡s❤ ✐♥ ❛ ✈❡r② ✐♥tr✐❝❛t❡ ♠❛♥♥❡r✳ ❲❡ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡
❍❡st♦♥ ❛♥❞ ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧s✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥s ✐s ✉s✉❛❧❧②
❞♦♥❡ ❜❡❝❛✉s❡ ✐t s✐♠♣❧✐✜❡s t❤❡ s②st❡♠ t♦ s♦❧✈❡ ✭❡①❛❝t❧② ✐t s✐♠♣❧✐✜❡s t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡
❛t t❤❡ ❜♦✉♥❞❛r②✮✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ●▲❲❇✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s
❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜②✿
∂VHWt
∂s
(A, r, t) = 0, ✐❢ A = 0 ♦r A = Amax,
∂VHWt
∂r
(A, r, t) = 0, ✐❢ r = ±Rmax,
♦♥ t❤❡ ♠❡s❤ [0, Amax]× [−Rmax, Rmax]✱ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✇✐❧❧
❜❡ ❣✐✈❡♥ ❜②✿
∂VHet
∂s
(A, v, t) = 0, ✐❢ A = 0 ♦r A = Amax,
∂VHet
∂v
(A, v, t) = 0, ✐❢ v = vmax,
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✼✾
♦♥ t❤❡ ♠❡s❤ [0, Amax]× [0, vmax]✱ ❛♥❞ ✇✐t❤ ♥♦ ❝♦♥❞✐t✐♦♥ ❛t v = 0 s✐♥❝❡ ✐t ✐s ❛♥ ♦✉t✢♦✇ ❜♦✉♥❞❛r②✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✿ ❍②❜r✐❞ ▼♦♥t❡
❈❛r❧♦ ✭❍▼❈ ✮✱ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ✭❙▼❈ ✮✱ ❍②❜r✐❞ P❉❊ ✭❍P❉❊ ✮✱ ❛♥❞ ❆❉■ P❉❊ ✭❆P❉❊ ✮✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝♦♠♣❛r❡ ♣r✐❝✐♥❣ ❛♥❞ ●r❡❡❦s ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❙t❛t✐❝ ❈❛s❡ ✹✳✺✳✷ ❛♥❞ ❉②♥❛♠✐❝
❈❛s❡ ✹✳✺✳✸✳
❲❡ ❝❤♦s❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t♦ ✹ ❝♦♥✜❣✉r❛t✐♦♥s ✭❆✱ ❇✱ ❈✱ ❉✮✱ ✇✐t❤
❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞ s♦ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ❢♦r t❤❡ ✈❛r✐♦✉s ♠❡t❤♦❞s ✐♥ ❡❛❝❤
❝♦♥✜❣✉r❛t✐♦♥ ✇❡r❡ ❝❧♦s❡✳ ❚❤❡ ✹ ❝♦♥✜❣✉r❛t✐♦♥s ♣❛r❛♠❡t❡rs ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶ ✇✐t❤ t❤❡
♥♦t❛t✐♦♥ ✭t✐♠❡ st❡♣s ♣❡r ②❡❛r × s♣❛❝❡ st❡♣s × ✈♦❧ st❡♣s✮ ❢♦r t❤❡ ❆❉■ P❉❊ ♠❡t❤♦❞✱ ✭t✐♠❡ st❡♣s
♣❡r ②❡❛r × s♣❛❝❡ st❡♣s ✮ ❢♦r t❤❡ ❍②❜r✐❞ P❉❊ ♠❡t❤♦❞ ❛♥❞ ✭t✐♠❡ st❡♣s ♣❡r ②❡❛r × ♥✉♠❜❡r ♦❢
s✐♠✉❧❛t✐♦♥s✮ ❢♦r t❤❡ ▼❈✬s ♦♥❡✳ ■♥ ▼♦♥t❡ ❈❛r❧♦ ❢♦r ❉②♥❛♠✐❝ ❝❛s❡✱ ✇❡ ❛❧s♦ ❛❞❞ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡
❛♣♣r♦①✐♠❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡s❡ ✈❛❧✉❡s ❤❛❞ ❜❡❡♥ ❝❤♦s❡♥ t♦ ❛❝❤✐❡✈❡ ❛♣♣r♦①✐♠❛t❡❧② t❤❡s❡ r✉♥
t✐♠❡s✿ (A) ✸✵ s✱ (B) ✶✷✵ s✱ (C) ✹✽✵ s✱ (D) ✶✾✵✵ s✳ ❚♦ r❡❞✉❝❡ t❤❡ r✉♥ t✐♠❡ ✇❡ ❞✐❞ t❤❡ s❡❝❛♥t
✐t❡r❛t✐♦♥s ✉s✐♥❣ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❢♦r ❛❧❧ t❤❡ ♠❡t❤♦❞s✿ t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✹✳✶
❛r❡ t❤♦s❡ ✉s❡❞ ❢♦r t❤❡ ❧❛st ✸ ✐t❡r❛t✐♦♥s✳
❲❡ ✉s❡ t❤❡ ❙t❛♥❞❛r❞ ▼❈ ❜♦t❤ ❛s ❛ ♣r✐❝✐♥❣ ♠❡t❤♦❞✱ ❜♦t❤ ❛s ❛ ❜❡♥❝❤♠❛r❦ ✭❇▼✮✳ ❆❜♦✉t
t❤❡ ❜❡♥❝❤♠❛r❦✱ ✐♥ t❤❡ ❙t❛t✐❝ ❝❛s❡ ✇❡ ✉s❡❞ 107 ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳ ■♥ t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ✇❡ ✉s❡❞
106 ✐♥❞❡♣❡♥❞❡♥t r✉♥s✱ ❛rr❛♥❣❡❞ ✐♥ 10 s✉❜ r✉♥s❀ ✐♥ ❡❛❝❤ s✉❜ r✉♥s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❤❛s ❜❡❡♥
❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ 6 ♦r❞❡r ♣♦❧②♥♦♠✐❛❧✳ ❆t ❡❛❝❤ ❡✈❡♥t t✐♠❡✱ t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ❝❛♥ ❝❤♦s❡ ❜❡t✇❡❡♥
γ = 0✱ γ = 1 ❛♥❞ γ = 2✳
❚❤❡ s❡❛r❝❤ ❢♦r t❤❡ ❢❛✐r αg ✈❛❧✉❡ ❤❛s ❜❡❡♥ ❞r✐✈❡♥ ❜② t❤❡ s❡❝❛♥t ♠❡t❤♦❞✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s
❢♦r t❤✐s ♠❡t❤♦❞ ✇❡r❡ αg = 0 ❜♣ ❛♥❞ αg = 200 ❜♣✳
❚♦ ❛❝❤✐❡✈❡ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✇❡ ✉s❡❞ ❛ 1h s❤♦❝❦ ✐♥ ❙t❛t✐❝ ❝❛s❡
❛♥❞ 1% ✐♥ ❉②♥❛♠✐❝ ❝❛s❡✳
❲❡ ✉s❡❞ t❤❡ ❉❆❱ ✷✵✵✹❘ ♠♦rt❛❧✐t② ❚❛❜❧❡✱ ✻✺ ②❡❛r ♦❧❞ ●❡r♠❛♥ ♠❛❧❡ ✭s❡❡ ❬✷✶❪ ❢♦r t❤❡ ❚❛❜❧❡✮✳
■t ❝♦♥t❛✐♥s t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s t❤❛t ❛ ♣❡rs♦♥ ❛❣❡❞ t ✇✐❧❧ ❞✐❡ ✇✐t❤✐♥ t❤❡ ♥❡①t ②❡❛r✳ ■t✬s ❡❛s② t♦ ❣❡t
t❤❡ ❢✉♥❝t✐♦♥ M ❢r♦♠ t❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s✳
✸✳✺✳✶ ❙t❛t✐❝ ❝❛s❡
■♥ t❤❡ ❙t❛t✐❝ ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❡ P❍ t♦ ✇✐t❤❞r❛✇❛❧ ❡①❛❝t❧② ❛t t❤❡ ❣✉❛r❛♥t❡❡❞ r❛t❡✿ γt = 1✳
❚❤❡ ❙t❛t✐❝ t❡sts ✶ ❛♥❞ ✷ ❛r❡ ✐♥s♣✐r❡❞ ❜② ❬✷✶❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ♣r✐❝❡
❛ ●▲❲❇ ❝♦♥tr❛❝t ✐♥ ❛ ❙t❛t✐❝ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧ ✇✐t❤ r = 0.04 ❛♥❞
σ = 0.15✳ ❚❤❡ ❝♦♥tr❛❝t ♣❛r❛♠❡t❡rs ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✷❀ t❤❡ ❝♦♥tr❛❝t t②♣❡ ❝♦rr❡s♣♦♥❞s
t♦ ❝❛s❡ ✷ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✶✳✷ ❛♥❞ ✹✳✹✳✸✳✹✳
✽✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
❇❙ ❍❲ ❙t❛t✐❝ ❍❡st♦♥ ❙t❛t✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 5×1.3·105 1×2.7·105 30×400 18×180×36 5×8.6·104 5×7.4·104 35×400 26×260×13
❇ 10×2.3·105 1×9.8·105 60×600 27×270×54 10×1.6·105 10×1.4·105 70×600 40×400×20
❈ 20×5.4·105 1×4.9·106 100×1000 40×400×80 20×3.8·105 20×3.5·105 100×1000 64×640×32
❉ 40×1.0·106 1×2.0·107 200×2000 62×620×124 40×7.3·105 40×7.5·105 200×2000 104×1040×52
❇❙ ❍❲ ❉②♥❛♠✐❝ ❍❡st♦♥ ❉②♥❛♠✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 5×3.3·103×2 5×3.2·103×2 30×400 16×160×32 5×3.2·103×2 5×3.2·103×2 35×400 22×220×11
❇ 10×1.6·104×3 5×1.6·104×3 60×600 24×240×48 10×1.5·104×3 10×1.5·104×3 70×600 36×360×18
❈ 20×5.2·104×4 5×5.3·104×4 100×1000 38×380×76 20×4.9·104×4 20×4.9·104×4 100×1000 60×600×30
❉ 40×1.4·105×5 5×1.6·105×5 200×2000 60×600×120 40×1.3·105×5 40×1.3·105×5 200×2000 100×1000×50
❚❛❜❧❡ ✸✳✶✿ ❈♦♥✜❣✉r❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛♥❞ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❙t❛t✐❝
❛♥❞ ❉②♥❛♠✐❝✳
■♥✐t✐❛❧ ❛❣❡ ♦❢ P❍ 65 ●r✳ ♣r❡♠✐✉♠ 100 ❉❇ ♣❛②♠❡♥t ♥❡①t ❛♥♥✐✈✳
G 0.05 ■♥✐t✐❛❧ ❢❡❡s 0 ❘❛t❝❤❡t ❖✛✴❖♥ ✭❛♥♥✉❛❧✮
❲✐t❤❞r❛✇❛❧ r❛t❡ 1 ♣❡r ❨ αm 0 ❙tr❛t❡❣② ❙t❛t✐❝ ✭γ = 1✮
❋✐rst ✇✐t❤❞r❛✇❛❧ 1st ❛♥♥✐✈✳ ❋❡❡s t❛❦❡♥ ❝♦♥t✳❧②
❚❛❜❧❡ ✸✳✷✿ ❚❤❡ ❝♦♥tr❛❝t ♣❛r❛♠❡t❡rs ❢♦r ❙t❛t✐❝ t❡sts ✭❡①❝❡♣t ❚❡st ✷❇✮✳
❚❤❡② tr❡❛t❡❞ t✇♦ ❝❛s❡s✿ ♥♦ r❛t❝❤❡t✱ ❛♥❞ ❛♥♥✉❛❧ r❛t❝❤❡t✳ ■♥ t❤❡ ✜rst ❝❛s❡ t❤❡② ❣❡t αg = 35.51
❜♣ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ αg = 64.92 ❜♣✳ ■♥ ❚❡st ✶ ❛♥❞ ❚❡st ✷ ✇❡ ✐♥tr♦❞✉❝❡ r❡s♣❡❝t✐✈❡❧② st♦❝❤❛s✲
t✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② t♦ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡s❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣♠❡♥ts ♦♥
t❤❡ ❢❛✐r ❣✉❛r❛♥t❡❡ ❢❡❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r ✐♥t❡r❡st r❛t❡ ❛♥❞ ✈♦❧❛t✐❧✐t② ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ t♦ ❜❡
♣❧❛✉s✐❜❧❡✳
❚♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ✇✐t❤ ❑❧✐♥❣✬s ♦♥❡s ✐♥ ❬✸✵❪ ✇❡ ♣❡r❢♦r♠❡❞ t❡st ✷❇✳
■♥ t❤✐s ❝❛s❡✱ ♣r♦❞✉❝t ♣❛r❛♠❡t❡rs ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✸✳✸✱ ❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ ❝❛s❡ ✶ ✐♥ ❙❡❝t✐♦♥
✹✳✹✳✶✳✷ ❛♥❞ ✹✳✹✳✸✳✹✳
■♥✐t✐❛❧ ❛❣❡ ♦❢ P❍ 65 ●r✳ ♣r❡♠✐✉♠ 100 ❉❇ ♣❛②♠❡♥t ♥❡①t ❛♥♥✐✈✳
G 4.90%✱ 4.19% ✐❢ r❛t❝❤❡t ■♥✐t✐❛❧ ❢❡❡s 4% ❘❛t❝❤❡t ❖✛✴❖♥ ✭❛♥♥✉❛❧✮
❲✐t❤❞r❛✇❛❧ r❛t❡ 1 ♣❡r ❨ αm 151 ❜♣ ❙tr❛t❡❣② ❙t❛t✐❝ ✭γ = 1✮
❋✐rst ✇✐t❤❞r❛✇❛❧ 1st ❛♥♥✐✈✳ ❋❡❡s t❛❦❡♥ ❛t t❤❡ ❡♥❞
❚❛❜❧❡ ✸✳✸✿ ❚❤❡ ❝♦♥tr❛❝t ♣❛r❛♠❡t❡rs ❢♦r ❚❡st ✷❇✲❙t❛t✐❝✳
✸✳✺✳✶✳✶ ❚❡st ✶✲❙t❛t✐❝✿ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ ❇❙ ❍❲ ♠♦❞❡❧✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❡st ❬✷✶❪✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳✹✳ ❘❡s✉❧ts ❛r❡
❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✺✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✶
❆❧❧ ❢♦✉r ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✇❡❧❧ ❛♥❞ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❉✱ ❣❛✈❡ r❡s✉❧ts ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❜❡♥❝❤♠❛r❦✳ ❍P❉❊ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st✿ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ❣❛✈❡ r❡s✉❧ts ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❜❡♥❝❤♠❛r❦✳ ❚❤❡♥ ❆P❉❊ ❛♥❞ ❙▼❈✱ ❛♥❞ ❍▼❈ ❣❛✈❡ ❣♦♦❞ r❡s✉❧ts t♦♦✳ ❙▼❈ ♣❡r❢♦r♠❡❞ ❛ ❧✐tt❧❡
❜❡tt❡r t❤❛♥ ❍▼❈✿ t❤❡ ✜rst ♠❡t❤♦❞ s✐♠✉❧❛t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ❡①❛❝t❧②
❛♥❞ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s✐♠✉❧❛t❡ t❤❡ ✈❛❧✉❡s ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✳ ❍▼❈ ♠❛t❝❤❡s t❤❡ ✜rst t❤r❡❡
♠♦♠❡♥ts ♦❢ t❤❡ ❇❙ ❍❲ r ♣r♦❝❡ss✱ ❜✉t ❞♦❡s♥✬t r❡♣r♦❞✉❝❡ ❡①❛❝t❧② ✐ts ❧❛✇✿ t❤❡r❡❢♦r❡ ✐t ✐s r✐❣❤t t♦
✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ♣❡r ②❡❛r✳ ❙♦✱ ❢♦r ❛ ❣✐✈❡♥ r✉♥ t✐♠❡✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ ❧❡ss s❝❡♥❛r✐♦s ✐♥
❍▼❈ t❤❛♥ ❙▼❈✿ ❡✛❡❝t✐✈❡❧②✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ❍▼❈ ✐s ❧❛r❣❡r t❤❛♥ ❙▼❈ ♦♥❡✳ ▼♦r❡♦✈❡r✱
❙▼❈ ♦✈❡r ♣❡r❢♦r♠❡❞ t❤❡ ❜❡♥❝❤♠❛r❦ ✇❤❡♥ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❉✳ P❛rt✐❝✉❧❛r❧②✱ t❤❡ ❝♦rr❡❧❛t✐♦♥
❜❡t✇❡❡♥ ✉♥❞❡r❧②✐♥❣ ❛♥❞ ✐♥t❡r❡st r❛t❡ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡✱ ❛♥❞ ✐ts ✐♠♣❛❝t ❝❛♥ ❜❡ ❜✐❣❣❡r t❤❛♥
✐♠♣❛❝t ♦❢ t❤❡ r❛t❝❤❡t✿ ❢♦r ❡①❛♠♣❧❡✱ ❝❛s❡ ♥♦ r❛t❝❤❡t ✇✐t❤ ρ = 0.5 ❣❛✈❡ ❛ ❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ ❝❛s❡
r❛t❝❤❡t ✇✐t❤ ρ = −0.5 ✭111 ❜♣ ✈s 84 ❜♣✮✳
✸✳✺✳✶✳✷ ❚❡st ✷✲❙t❛t✐❝✿ t❤❡ ❍❡st♦♥ ♠♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡
s❤♦✇♥ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✻✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳✼✳
■♥ t❤✐s ❚❡st✱ ▼❈ ♠❡t❤♦❞s ❤❛❞ ♠♦r❡ ♣r♦❜❧❡♠s❀ t❤❡ ✈❛❧✉❡s ♦❢ P❉❊ ♠❡t❤♦❞s ❛r❡ ❝❧♦s❡ t♦ t❤❡
❜❡♥❝❤♠❛r❦✱ ✇❤✐❧❡ ✈❛❧✉❡s ❢r♦♠ ▼❈ ♠❡t❤♦❞s ✇❡r❡ ❢❛r✱ ❜✉t ❝♦♠♣❛t✐❜❧❡s ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ✭t❤❡
✈❛❧✉❡ ♦❢ ❇▼ ✐s ✐♥s✐❞❡ ▼❈ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✮✳ Pr♦❜❛❜❧②✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❜❡♥❝❤♠❛r❦ ✐s ♥♦t
✈❡r② ❛❝❝✉r❛t❡✿ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t ✇❡ ✉s❡❞ ❙▼❈ t♦ ❝❛❧❝✉❧❛t❡ ✐t✳ ■❢ ✇❡ ❝♦♠♣❛r❡ t❤❡ t✇♦
▼❈ ❛♣♣r♦❛❝❤❡s✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡② ❜♦t❤ ✉s❡ ❛ t❤✐r❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❛♥ t❤❡② ❜❡❝♦♠❡
❡q✉✐✈❛❧❡♥t✿ ❍▼❈ ♣r♦✈❡❞ t♦ ❜❡ ❢❛st❡r t❤❛♥ ❙▼❈ ✇❤❡♥ ✉s✐♥❣ ❢❡✇ t✐♠❡ st❡♣s ✭✇❡ ❝♦✉❧❞ ❡①♣❧♦✐t
+16% s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❆✮✱ ✇❤✐❧❡ ❙▼❈ ♣r♦✈❡❞ t♦ ❜❡ s❧✐❣❤t❧② ❢❛st❡r ✐♥ ❤✐❣❤ t✐♠❡
st❡♣s s✐♠✉❧❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢ ♠♦r❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❜✉✐❧❞ t❤❡ ✈♦❧❛t✐❧✐t② tr❡❡ ✭−3% s✐♠✉❧❛t✐♦♥s
✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❉✮✳ ❍P❉❊ s❤♦✇❡❞ t♦ ❜❡ ✈❡r② st❛❜❧❡ ✭❝❛s❡ ♥♦ r❛t❝❤❡t✱ ρ = −0.5✱ αg ❞✐❞♥✬t
❝❤❛♥❣❡ t❤r♦✉❣❤ ❝♦♥✜❣✉r❛t✐♦♥s ❇✲❉✮✱ ❜✉t ❆P❉❊ ❜❡❤❛✈❡❞ ✇❡❧❧ t♦ ✭♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✮✳ ■♥
t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❝♦rr❡❧❛t✐♦♥ ❤❛s ❛ ❧❡ss ✐♠♣♦rt❛♥t r♦❧❡ t❤❛♥ ✐♥ ❇❙ ❍❲ ❝❛s❡✿ ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ ρ, t❤❡ ✈❛❧✉❡ ♦❢ αg ❝❤❛♥❣❡s ❧❡ss t❤❡♥ 5 ❜♣ ✐♥ ♥♦✲r❛t❝❤❡t ❝❛s❡✱ ❛♥❞ ❧❡ss t❤❛♥ 1.5 ❜♣ ✐♥
r❛t❝❤❡t ❝❛s❡✳
✸✳✺✳✶✳✸ ❚❡st ✷❇✲❙t❛t✐❝✿ t❤❡ ❍❡st♦♥ ♠♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❬✸✵❪✱ ✇❤❡r❡ t❤❡ ❝♦♥tr❛❝ts ❛r❡ ♣r✐❝❡❞ ✇✐t❤
▼❈ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ✐♥ ❬✸✵❪ ❛r❡ 150 ❜♣ ❢♦r ❜♦t❤ ❝❛s❡s ✭♥♦ r❛t❝❤❡t ❛♥❞ r❛t❝❤❡t✮✳
▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳✽✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✹✳
■♥ t❤✐s ❚❡st✱ ❛❧❧ ♠❡t❤♦❞s ❣❛✈❡ t❤❡ s❛♠❡ r❡s✉❧ts✱ ❜✉t ♥♦t t❤❡ s❛♠❡ r❡s✉❧ts ❛s ✐♥ ❑❧✐♥❣ ❡t ❛❧✳ ❬✸✵❪✳
❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ✇❡ ❤❛✈❡ ♠✐s✐♥t❡r♣r❡t❡❞ s♦♠❡ ♦❢ t❤❡ ❝♦♥tr❛❝t✉❛❧ s♣❡❝✐✜❝❛t✐♦♥s ✐♥ ❑❧✐♥❣✬s
♣❛♣❡r✱ ❧❡❛❞✐♥❣ t♦ s♦♠❡ s✉❜t❧❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❝♦♥tr❛❝ts t❤❛t ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛s ❝♦♠♣❛r❡❞
t♦ t❤❡✐rs✱ ❛♥❞ t❤❡s❡ ❞✐s❝r❡♣❛♥❝✐❡s r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t ❢❡❡s✳ ❆♥♦t❤❡r ♣♦t❡♥t✐❛❧ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❛t
❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✇❛s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❢❡❡ ❜② ❑❧✐♥❣ ❡t ❛❧✳❀ t❤✐s ♠❛② ❤❛✈❡ ✐♥tr♦❞✉❝❡❞
❛ s✐❣♥✐✜❝❛♥t ❡rr♦r ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❢❡❡ ✉♥❧❡ss ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s ✇❛s ✉s❡❞✳
❚❤❡② ❞✐❞♥✬t r❡♣♦rt ❛ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r t❤❡✐r r❡s✉❧ts✱ s♦ ✐t✬s ❤❛r❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝❛✉s❡ ♦❢
t❤❡ ❣❛♣✳ ▼♦r❡♦✈❡r ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤✐s ❚❡st✱ ♦✉r t✇♦ ▼❈ ♠❡t❤♦❞s ❣❛✈❡ ❧❛r❣❡r ❝♦♥✜❞❡♥❝❡
✽✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✐♥t❡r✈❛❧s t❤❛♥ ❚❡st ✷✲❙t❛t✐❝✿ ♣r♦❜❛❜❧②✱ t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r ❚❡st ✷❇✲❙t❛t✐❝ s❤❛♣❡ ❛ ❤❛r❞❡r
♣r✐❝✐♥❣ ♣r♦❜❧❡♠ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s t❡st✱ ❛♥❞ ♠♦r❡ s✐♠✉❧❛t✐♦♥s s❤♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ t♦ ♦❜t❛✐♥
t❤❡ s❛♠❡ q✉❛❧✐t② r❡s✉❧ts✳ ❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ ❍P❉❊ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ♠♦st st❛❜❧❡ ♠❡t❤♦❞✳
✸✳✺✳✶✳✹ ❚❡st ✸✲❙t❛t✐❝✿ ❍❡❞❣✐♥❣
❚♦ r❡❞✉❝❡ ✜♥❛♥❝✐❛❧ r✐s❦s✱ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❤❛✈❡ t♦ ❤❡❞❣❡ t❤❡ s♦❧❞ ❱❆✿ t♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s
t❛r❣❡t t❤❡② ♠✉st ❝❛❧❝✉❧❛t❡ t❤❡ ●r❡❡❦s ♦❢ ♣r♦❞✉❝ts✳
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ s❤♦✇ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛✐♥
●r❡❡❦s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ t❤r♦✉❣❤ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r s♠❛❧❧ s❤♦❝❦s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ P❉❊ ♠❡t❤♦❞s ❛r❡ ❛❤❡❛❞ ✇✳r✳t✳ ▼❈ ♠❡t❤♦❞s✿ t❤❡ ♣r✐❝❡ ✐s ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ ✜♥✐t❡
❞✐✛❡r❡♥❝❡s ❛♥❞ s♦ t❤❡ ♣r✐❝❡ ✉♥❞❡r s❤♦❝❦ ✐s ❛❧r❡❛❞② ❝♦♠♣✉t❡❞✳ ❋♦r ▼❈ ♠❡t❤♦❞s t❤✐s ✐s q✉✐t❡
❤❛r❞❡r ❜❡❝❛✉s❡ t❤❡ ♣r✐❝✐♥❣ ❤❛s t♦ ❜❡ r❡♣❡❛t❡❞ ❝❤❛♥❣✐♥❣ t❤❡ ✐♥♣✉ts✳
❚♦ st❛rt✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❡❡❦ ❉❡❧t❛✱ ❢♦r t❤❡ ♣r♦❞✉❝ts ♦❢ ❚❡st ✶✲❙t❛t✐❝ ❛♥❞
❚❡st ✷✲❙t❛t✐❝✳ ❆s ✐♥ t❤✐s ❝❛s❡ ✇❡ ❞♦♥✬t ✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❢❛✐r ❢❡❡ αg✱ ✇❡ ✜① ✐t ❛r❜✐tr❛r✐❧②✳
❲❡ ❝❤♦♦s❡ t✇♦ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ♠♦❞❡❧✿ ♦♥❡ ❢♦r ♥♦ r❛t❝❤❡t ❝❛s❡✱ ❛♥❞ ♦♥❡ ❢♦r r❛t❝❤❡t ❝❛s❡✳ ❚❤❡
✈❛❧✉❡s ❝❤♦s❡♥ ❛r❡ s✉❝❤ ❛s t♦ ❝♦✈❡r t❤❡ ❝♦sts ♦❢ t❤❡ ✐♥s✉r❡r r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥✱ ❛♥❞
♠❛② ❜❡ ♣❧❛✉s✐❜❧❡ ♦♥ ❛ r❡❛❧ ❝❛s❡✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✵ ✭❛❧❧ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ♠✉st
❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② 10−4✮✳
■♥ t❤✐s ❚❡st✱ ✇❡ ❣♦t ✈❡r② ❛❝❝✉r❛t❡ r❡s✉❧ts ✇✐t❤ ❛❧❧ ♠❡t❤♦❞✳ ❆♥②✇❛②✱ ❍P❉❊ ♣r♦✈❡❞ t♦ ❜❡
t❤❡ ❜❡st✿ ✐t✬s t❤❡ ♠♦r❡ st❛❜❧❡ ❛♥❞ ❛❝❝✉r❛t❡✳ ❲❡ r❡♠❛r❦ t❤❛t ❞❡s♣✐t❡ ❢❛✐r ❢❡❡ ❝❤❛♥❣❡s ❛ ❧♦t ✇❤❡♥
❝❤❛♥❣✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♣❛r❛♠❡t❡r ρ✱ t❤❡ ✈❛❧✉❡ ♦❢ ❉❡❧t❛ ❝❤❛♥❣❡s ♠✉❝❤ ❧❡ss✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥
♣r♦✈❡❞ t♦ ❜❡ ❤❛r❞❡r ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡ t❤❛♥ ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❝❛s❡✳
✸✳✺✳✶✳✺ ❚❡st ✹✲❙t❛t✐❝✿ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t
▼♦rt❛❧✐t② ❛♥❞ ❧♦♥❣❡✈✐t② r✐s❦s ❛r❡ ✉♥❤❡❞❣❡❛❜❧❡ r✐s❦s✳ ❯s✉❛❧❧②✱ t❤❡ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t ❚❡❛♠ ❤❛s
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✜♥❛♥❝✐❛❧ r❡s❡r✈❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ r✐s❦s✳ ❯s✉❛❧❧② ❡①tr❡♠❡ s❝❡♥❛r✐♦s
❛r❡ ❝❤♦s❡♥ ❛♥❞ ♣♦❧✐❝✐❡s ❛r❡ ♣r✐❝❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♠✳ ■♥ t❤✐s ❚❡st ✇❡ ❛♥❛❧②③❡❞ ❤♦✇ t❤❡ ❞✐❢✲
❢❡r❡♥t ♣r✐❝✐♥❣ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✉♥❞❡r ♠♦rt❛❧✐t② s❤♦❝❦s✿ t❤❡ ♠♦rt❛❧✐t② ♣r♦❜❛❜✐❧✐t✐❡s ❤❛✈❡ ❜❡❡♥
✐♥❝r❡❛s❡❞ ❜② 10% ❡①❝❡♣t t❤❡ ❧❛st ♦♥❡ ✇❤♦✬s ❡q✉❛❧ t♦ ✶✳ ❚♦ ❜❡ ❜r✐❡❢✱ ✇❡ s✐♠♣❧② r❡♣♦rt t❤❡ ❢❛✐r
❢❡❡ ❢♦r D ❝❛s❡✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✶✳
■♥ t❤✐s ❚❡st✱ ✇❡ ❣♦t r❡s✉❧ts s✐♠✐❧❛r t♦ ❚❡st ✶✲❙t❛t✐❝ ❛♥❞ ❚❡st ✷✲❙t❛t✐❝✱ ❛♥❞ ♠♦rt❛❧✐t② s❤♦❝❦s
❞✐❞♥✬t ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ q✉❛❧✐t② ♦❢ t❤❡ ❢♦✉r ♠❡t❤♦❞s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ♠♦rt❛❧✐t② s❤♦❝❦s
r❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ αg ✭❛❜♦✉t ♠✐♥✉s ✺ ❜♣✮ ❛♥❞ t❤✐s ♠❡❛♥s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♠♦rt❛❧✐t② s❤♦✉❧❞♥✬t
❜❡ ❛ s♦✉r❝❡ ♦❢ ❧♦ss❡s ❢♦r t❤❡ ✐♥s✉r❡r✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐♥s✉r❡rs s❤♦✉❧❞ ♣❛② ❛tt❡♥t✐♦♥ t♦ ❧♦♥❣❡✈✐t②
r✐s❦✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✸
S0 r curve k ω ρ σ
100 0.04 flat 1.0 0.2 ✈❛r✐❛❜❧❡ 0.15
❚❛❜❧❡ ✸✳✹✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✶✲❙t❛t✐❝✳
ρ
♥♦ r❛t❝❤❡t ❛♥♥✉❛❧ r❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 45.99 ± 1.06 45.58 ± 0.73 45.72 47.35
45.81
84.85 ± 1.23 84.58 ± 0.85 84.56 88.20
84.71
❇ 45.52 ± 0.79 45.31 ± 0.38 45.71 46.09 84.35 ± 0.91 84.15 ± 0.44 84.60 85.66
❈ 45.58 ± 0.52 45.71 ± 0.17 45.69 45.99
±0.12
84.31 ± 0.60 84.65 ± 0.20 84.63 85.36
±0.14
❉ 45.85 ± 0.38 45.71 ± 0.08 45.72 45.81 84.68 ± 0.44 84.63 ± 0.10 84.64 84.94
0
❆ 82.29 ± 1.39 81.40 ± 0.95 81.87 82.91
81.88
157.77±1.65 156.77±1.14 156.36 161.04
157.09
❇ 82.43 ± 1.04 81.53 ± 0.50 81.92 81.75 157.68±1.23 156.55±0.59 156.46 157.91
❈ 81.62 ± 0.68 81.77 ± 0.22 81.80 81.89
±0.16
156.50±0.80 157.05±0.27 156.87 157.70
±0.19
❉ 81.99 ± 0.50 81.83 ± 0.11 81.79 81.81 157.16±0.59 157.07±0.13 156.96 157.27
+
0
.5
❆ 111.75±1.76 110.30±1.20 111.14 109.23
111.05
224.19±2.15 222.14±1.48 221.78 227.14
222.83
❇ 112.73±1.32 110.85±0.63 111.07 108.93 224.59±1.60 222.26±0.77 222.32 223.44
❈ 110.89±0.86 111.08±0.28 111.05 109.93
±0.20
222.18±1.05 222.94±0.35 222.52 223.36
±0.24
❉ 111.29±0.63 111.11±0.14 111.02 110.42 222.97±0.77 222.94±0.17 222.67 222.96
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 30 s 30 s 28 s
❇ 119 s 120 s 128 s 184 s
❈ 472 s 478 s 395 s 461 s
❉ 1866 s 1896 s 1903 s 1800 s
 
❚❛❜❧❡ ✸✳✺✿ ❚❡st ✶✲❙t❛t✐❝✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱
✇✐t❤ ♥♦ r❛t❝❤❡t ♦r ❛♥♥✉❛❧ r❛t❝❤❡t✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ♥♦✲r❛t❝❤❡t ❝❛s❡
✭ρ = −0.5)✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡
❝❛s❡ ρ = −0.5 ✇✐t❤ ♥♦ r❛t❝❤❡t✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✷ ❛♥❞
✐♥ ❚❛❜❧❡ ✸✳✹✳
✽✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
S0 V0 θ k ω ρ r
100 0.152 0.152 1.0 0.2 ✈❛r✐❛❜❧❡ 0.04
❚❛❜❧❡ ✸✳✻✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✷✲❙t❛t✐❝✳
ρ
♥♦ r❛t❝❤❡t ❛♥♥✉❛❧ r❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 36.77 ± 1.25 36.17 ± 1.36 37.00 37.41
37.16
61.47 ± 1.23 60.90 ± 1.35 61.51 62.30
61.84
❇ 36.74 ± 0.92 36.40 ± 0.99 37.01 37.26 61.29 ± 0.90 60.85 ± 0.97 61.59 62.06
❈ 36.79 ± 0.59 36.94 ± 0.62 37.01 37.11
±0.12
61.36 ± 0.58 61.56 ± 0.61 61.63 61.80
±0.11
❉ 37.47 ± 0.43 37.33 ± 0.42 37.01 37.06 62.15 ± 0.42 61.95 ± 0.42 61.66 61.77
0
❆ 35.67 ± 1.56 34.02 ± 1.61 35.18 35.52
35.22
63.22 ± 1.60 61.63 ± 1.65 62.56 63.43
62.64
❇ 34.53 ± 1.13 34.48 ± 1.22 35.18 35.39 61.88 ± 1.17 61.64 ± 1.25 62.55 63.11
❈ 35.05 ± 0.74 35.05 ± 0.77 35.15 35.24
±0.15
62.39 ± 0.76 62.37 ± 0.79 62.59 62.78
±0.11
❉ 35.28 ± 0.54 35.47 ± 0.53 35.15 35.19 62.47 ± 0.54 62.97 ± 0.55 62.59 62.68
+
0
.5
❆ 33.70 ± 2.02 32.43 ± 2.14 32.58 32.76
32.63
61.44 ± 2.06 63.26 ± 2.31 62.84 63.99
62.97
❇ 31.45 ± 1.43 32.26 ± 1.64 32.58 32.77 62.58 ± 1.61 62.41 ± 1.72 62.90 63.62
❈ 32.63 ± 0.96 32.94 ± 0.99 32.54 32.68
±0.19
63.53 ± 1.02 62.94 ± 1.06 62.88 63.22
±0.20
❉ 32.31 ± 0.69 33.00 ± 0.72 32.52 32.65 62.55 ± 0.83 62.43 ± 0.86 62.89 63.09
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 30 s 32 s 30 s
❇ 122 s 119 s 131 s 114 s
❈ 477 s 476 s 410 s 491 s
❉ 1915 s 1907 s 1755 s 1933 s
 
❚❛❜❧❡ ✸✳✼✿ ❚❡st ✷✲❙t❛t✐❝✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ♥♦ r❛t❝❤❡t ♦r
❛♥♥✉❛❧ r❛t❝❤❡t✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ♥♦✲r❛t❝❤❡t ❝❛s❡ ✭ρ = −0.5)✳ ❋✐♥❛❧❧②✱
t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡ ❝❛s❡ ρ = −0.5 ✇✐t❤ ♥♦
r❛t❝❤❡t✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✷ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✻✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✺
S0 V0 θ k ω ρ r
100 0.222 0.222 4.75 0.55 −0.569 0.04
❚❛❜❧❡ ✸✳✽✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✷❇✲❙t❛t✐❝✳
◆♦ r❛t❝❤❡t ❆♥♥✉❛❧ r❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
❆ 138.54 ± 2.70 141.86 ± 2.70 130.83 137.13
131.11
125.40 ± 2.46 128.33 ± 2.77 117.08 124.19
117.56
❇ 132.57 ± 1.98 137.16 ± 2.18 130.80 135.76 119.33 ± 1.80 123.68 ± 2.00 117.18 122.78
❈ 131.10 ± 1.28 135.79 ± 1.32 130.80 133.85
±0.80
117.74 ± 1.17 124.49 ± 1.20 117.23 120.09
±0.71
❉ 130.22 ± 0.92 132.17 ± 0.90 130.82 133.02 116.98 ± 0.84 118.72 ± 0.82 117.19 119.62
❚❛❜❧❡ ✸✳✾✿ ❚❡st ✷❇✲❙t❛t✐❝✳ ❋❛✐r ❢❡❡ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ♥♦ r❛t❝❤❡t ♦r ❛♥♥✉❛❧ r❛t❝❤❡t✳
❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✸ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✽✳
✽✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
❇
❧❛
❝❦
✲❙
❝❤
♦
❧❡
s
❍
✉
❧❧
✲❲
❤
✐t
❡
ρ
♥♦ r❛t❝❤❡t ✭αg = 150 ❜♣✮ r❛t❝❤❡t ✭αg = 250 ❜♣✮
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 6055 ± 12 6060 ± 8 6058 6034
6059
7123 ± 12 7119 ± 8 7118 7128
7121
❇ 6043 ± 9 6054 ± 4 6058 6050 7108 ± 9 7115 ± 4 7119 7126
❈ 6059 ± 6 6057 ± 2 6058 6052
±1
7117 ± 6 7119 ± 2 7120 7120
±1
❉ 6059 ± 4 6057 ± 1 6058 6055 7120 ± 4 7119 ± 1 7120 7120
0
❆ 6057 ± 13 6057 ± 9 6060 6026
6059
7390 ± 13 7392 ± 9 7380 7394
7393
❇ 6052 ± 10 6057 ± 5 6059 6044 7382 ± 10 7389 ± 5 7387 7391
❈ 6058 ± 6 6057 ± 2 6058 6050
±1
7389 ± 6 7392 ± 2 7390 7389
±1
❉ 6059 ± 5 6058 ± 1 6058 6055 7391 ± 5 7392 ± 1 7391 7390
+
0
.5
❆ 6095 ± 13 6093 ± 9 6100 6002
6097
7647 ± 14 7651 ± 9 7636 7649
7650
❇ 6101 ± 10 6097 ± 5 6098 6041 7646 ± 10 7648 ± 5 7643 7644
❈ 6098 ± 7 6096 ± 2 6097 6063
±1
7647 ± 7 7651 ± 2 7647 7644
±2
❉ 6099 ± 5 6097 ± 1 6097 6080 7650 ± 5 7650 ± 1 7649 7646
❍
❡s
t♦
♥
ρ
♥♦ r❛t❝❤❡t ✭αg = 50 ❜♣✮ r❛t❝❤❡t ✭αg = 100 ❜♣✮
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 7870 ± 20 7856 ± 23 7875 7867
7875
8509 ± 14 8499 ± 15 8502 8512
8509
❇ 7873 ± 15 7868 ± 16 7875 7873 8506 ± 10 8503 ± 11 8506 8516
❈ 7874 ± 9 7877 ± 10 7875 7874
±1
.8505 ± 7 8511 ± 7 8507 8512
±1
❉ 7888 ± 7 7880 ± 7 7875 7872 8513 ± 5 8513 ± 5 8508 8506
0
❆ 7803 ± 23 7181 ± 25 7797 7786
7897
8405 ± 16 8390 ± 17 8395 8400
8398
❇ 7792 ± 16 7790 ± 18 7797 7794 8398 ± 12 8391 ± 13 8397 8405
❈ 7796 ± 11 7801 ± 11 7797 7797
±2
8399 ± 8 8398 ± 8 8397 8401
±2
❉ 7803 ± 8 7803 ± 8 7797 7795 8402 ± 6 8403 ± 6 8398 8395
+
0
.5
❆ 7730 ± 31 7719 ± 31 7718 7699
7718
8268 ± 22 8292 ± 22 8281 8283
8282
❇ 7703 ± 20 7717 ± 22 7717 7712 8292 ± 16 8281 ± 16 8282 8290
❈ 7718 ± 13 7726 ± 14 7717 7717
±3
8283 ± 10 8484 ± 10 8282 8286
±2
❉ 7714 ± 9 7723 ± 11 7717 7715 8278 ± 7 8287 ± 7 8282 8279
❚❛❜❧❡ ✸✳✶✵✿ ❚❡st ✸✲❙t❛t✐❝✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❛♥❞ t❤❡
❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ♥♦ r❛t❝❤❡t ♦r ❛♥♥✉❛❧ r❛t❝❤❡t ✭t❤❡s❡ ✈❛❧✉❡ ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② 10−4✮✳ ❚❤❡
♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✷✱ ✐♥ ❚❛❜❧❡ ✸✳✹ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✻✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✼
◆♦ r❛t❝❤❡t ❘❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
❇
❙
❍
❲
−0.5 41.89 41.75 41.75 41.85 41.84 75.96 75.91 75.92 76.20 76.00
±0.37 ±0.08 ±0.12 ±0.42 ±0.09 ±0.13
0
76.73 76.21 76.18 76.22 76.28 143.12 143.03 142.95 143.23 143.06
±0.48 ±0.11 ±0.15 ±0.56 ±0.12 ±0.18
+0.5
104.65 104.48 104.42 103.89 104.41 204.49 204.45 204.24 204.49 204.37
±0.61 ±0.13 ±0.19 ±0.73 ±0.16 ±0.23
◆♦ r❛t❝❤❡t ❘❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
❍
❡s
t♦
♥
−0.5 34.48 34.19 33.88 33.92 33.88 56.03 56.83 55.54 55.61 55.56
±0.43 ±0.42 ±0.11 ±0.42 ±0.41 ±0.11
0
32.03 32.23 31.90 31.94 31.88 55.89 55.18 55.80 55.87 55.85
±0.53 ±0.53 ±0.14 ±0.55 ±0.54 ±0.15
+0.5
28.97 29.67 29.25 29.32 29.26 55.11 55.93 55.40 55.53 55.39
±0.68 ±0.71 ±0.19 ±0.72 ±0.72 ±0.20
❚❛❜❧❡ ✸✳✶✶✿ ❚❡st ✹✲❙t❛t✐❝✳ ■♠♣❛❝t ♦❢ +10% ♠♦rt❛❧✐t② s❤♦❝❦s ♦❢ ❢❛✐r ❢❡❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞
❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✷✱ ✐♥ ❚❛❜❧❡ ✸✳✹ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✻✳
✽✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✸✳✺✳✷ ❉②♥❛♠✐❝ ❝❛s❡
■♥ t❤❡ ❉②♥❛♠✐❝ ❝❛s❡✱ t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ✐s s✉♣♣♦s❡❞ t♦ ❝❤♦♦s❡ t❤❡ ✇♦rst str❛t❡❣② ❢r♦♠ ❛♥ ❤❡❞❣❡r
♣♦✐♥t ♦❢ ✈✐❡✇✱ ❝❤❛♥❣✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ γt✳ ❚❤❡ P❍ ❝❛♥ ✇✐t❤❞r❛✇ ♠♦r❡ ✭1 ≤ γt ≤ 2✮ ♦r ❧❡ss
✭0 ≤ γt ≤ 1✮ t❤❛♥ t❤❡ st❛♥❞❛r❞ r❛t❡ ✭s❡❡ ✸✳✷✳✹✳✸ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳
■♥ t❤✐s ♣r✐❝✐♥❣ ❢r❛♠❡✇♦r❦✱ ✇❡ r❡❢❡r t♦ t❤❡ ♣r✐❝❡s ✐♥ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ❬✷✶❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱
t❤❡ ❛✉t❤♦rs ♣r✐❝❡ ❛ ●▲❲❇ ❝♦♥tr❛❝t ✐♥ ❛ ❙t❛t✐❝ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧ ✇✐t❤
r = 0.04 ❛♥❞ σ = 0.15✳ ❚❤❡ ❝♦♥tr❛❝t ♣❛r❛♠❡t❡rs ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳✶✷ ✭❚❛❜❧❡ ✻✳✼ ✐♥
❬✷✶❪✮✳ ❚❤❡② tr❡❛t❡❞ t✇♦ ❝❛s❡s✿ ♥♦ r❛t❝❤❡t✱ ❛♥❞ r❛t❝❤❡t ❡✈❡r② ✸ ②❡❛rs❀ ❜♦t❤ ♦❢ t❤❡♠ ❝♦rr❡s♣♦♥❞s
t♦ ❝❛s❡ ✹ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✳✶✳✷ ❛♥❞ ✹✳✹✳✸✳✹✳ ■♥ t❤❡ ✜rst ❝❛s❡ t❤❡② ❣♦t αg = 63.1 ❜♣ ❛♥❞ ✐♥ t❤❡
s❡❝♦♥❞ ❝❛s❡ αg = 70.7 ❜♣✳ ■♥ ❚❡st ✶ ❛♥❞ ✷ ✇❡ ✐♥tr♦❞✉❝❡ r❡s♣❡❝t✐✈❡❧② st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② t♦ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡s❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣♠❡♥ts ♦♥ t❤❡ ❢❛✐r ❣✉❛r❛♥t❡❡
❢❡❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r ✐♥t❡r❡st r❛t❡ ❛♥❞ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❙t❛t✐❝ ❝❛s❡✳
❍❡r❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤✐s ❙❡❝t✐♦♥✳
✸✳✺✳✷✳✶ ❚❡st ✶✲❉②♥❛♠✐❝✿ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧
❚❡st ✶✲❉②♥❛♠✐❝ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✶✲❙t❛t✐❝✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡
✸✳✹✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✸✳
■♥ t❤✐s t❡st P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ▼❈ ♦♥❡s✳ ■♥ ❢❛❝t ▼❈
♦♥❡s ✉s❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ♠❡t❤♦❞ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧✿ t❤✐s ♠❡t❤♦❞ ♥❡❡❞s ❛ ❧♦t
♦❢ s❝❡♥❛r✐♦s t♦ ❛♣♣r♦①✐♠❛t❡ t❤r♦✉❣❤ t❤❡ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❢♦r
❛ ❣✐✈❡♥ s❡t ♦❢ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡ r❡❣r❡ss✐♦♥ ✐s t✐♠❡ ❞❡♠❛♥❞✐♥❣✳ ❚❤❡♥✱ ✇♦r❦✐♥❣ ❛t ✜①❡❞ t✐♠❡✱
✇❡ ❝♦✉❧❞ ♣❡r❢♦r♠ ❢❡✇❡r s❝❡♥❛r✐♦s t❤❛♥ ❙t❛t✐❝ ❝❛s❡ ✭❛r♦✉♥❞ 10%✮✱ ✇❤✐❧❡ P❉❊ ♠❡t❤♦❞s ✉s❡❞
❛❧♠♦st t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❙t❛t✐❝ ❝❛s❡✳ ▼♦r❡♦✈❡r t❤❡ r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠ ♣r♦✈❡❞ t♦ ❜❡
❜❡ ❤❛r❞✿ s♦♠❡t✐♠❡s✱ ❡①❝❧✉❞✐♥❣ t❤❡ ✈❛❧✉❡ γ = 0 ❛♠♦♥❣ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s t❤❛t t❤❡ P❍ ❝❛♥
❝❤♦s❡ ✭t❤❡r❡❢♦r❡ ❡①❝❧✉❞✐♥❣ ♥♦ ✇✐t❤❞r❛✇❛❧ ❝❛s❡✮✱ ✇❡ ❣♦t ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r αg✳ ❚❤✐s ♠❡❛♥s t❤❛t
t❤❡ r❡❣r❡ss✐♦♥ ✐s♥✬t ✈❡r② ❛❝❝✉r❛t❡✱ ❛♥❞ s♦♠❡t✐♠❡s ✇❡ ❢❛✐❧ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧✿ t❤❛t✬s
✇❤②✱ ✉s✐♥❣ ▼❈ ♠❡t❤♦❞s ✇❡ ✉s✉❛❧❧② ✜♥❞ s♠❛❧❧❡r ✈❛❧✉❡ ❢♦r αg t❤❛♥ t❤❡ r✐❣❤t ✈❛❧✉❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❡①❝❧✉❞❡❞ t❤❡ ✈❛❧✉❡ γ = 0 ✇❤✐❧❡ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❆ ❛♥❞ ❇✳ ❲❡ ✇♦✉❧❞ r❡♠❛r❦ t❤❛t ❛❧s♦
t❤❡ ❜❡♥❝❤♠❛r❦ ✐s ❛✛❡❝t❡❞ ❜② t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥ ♣r♦❜❧❡♠s ❛♥❞ ✐♥ ❝❛s❡ ♥♦✲r❛t❝❤❡t ✇✐t❤ ρ = −0.5
✇❡ ❣♦t ❛ s♠❛❧❧❡r ✈❛❧✉❡ ❢♦r ❜❡♥❝❤♠❛r❦ t❤❛♥ P❉❊ ♠❡t❤♦❞s ✭❛r♦✉♥❞ 261❜♣ ✈s 266 ❜♣✮✳ ❆♥♦t❤❡r
t❤✐♥❣ t♦ r❡♠❛r❦ ✐s t❤❛t ▼❈ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ❜❡tt❡r ✇❤✐❧❡ r❛t❝❤❡ts ✇❡r❡ ❝♦♥s✐❞❡r❡❞✿ ♠❛②❜❡ ✐♥
t❤✐s ❝❛s❡ ✐♥ ✐t ❡❛s✐❡r t♦ ✜♥❞ t❤❡ ❜❡st str❛t❡❣②✳ ❚❤❡ t✇♦ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✿
■♥✐t✐❛❧ ❛❣❡ ♦❢ P❍ 65 ●r✳ ♣r❡♠✐✉♠ 100 ❉❇ ♣❛②♠❡♥t ❝♦♥t✳❧② ❙tr❛t❡❣② ❉②♥❛♠✐❝
G 0.05 ■♥✐t✐❛❧ ❢❡❡s 0 ❘❛t❝❤❡t ❖✛✴❖♥ ❇♦♥✉s 5%
❲✐t❤❞r❛✇❛❧ r❛t❡ 1 ♣❡r ❨ αm 0 ❘❛t❝❤❡t r❛t❡ ❡✈❡r② ✸ ❨s κ (t) s❡❡ t❛❜ ❜❡❧♦✇
❋✐rst ✇✐t❤❞r❛✇❛❧ 1st ❛♥♥✐✈✳ ❋❡❡s t❛❦❡♥ ❝♦♥t✳❧②
κ (t)
0 ≤ t ≤ 1 1 < t ≤ 2 2 < t ≤ 3 3 < t ≤ 4 4 < t ≤ 5 t > 5
5% 4% 3% 2% 1% 0%
❚❛❜❧❡ ✸✳✶✷✿ ❚❤❡ ❝♦♥tr❛❝t ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ ❉②♥❛♠✐❝ ❝❛s❡✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✾
t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ s❝❡♥❛r✐♦s ❣❡♥❡r❛t✐♦♥ r✉♥✲t✐♠❡ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ t✐♠❡ ✐s s♣❡♥t
✐♥ ✜♥❞✐♥❣ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧✳ ❇♦t❤ ❆P❉❊ ❛♥❞ ❍P❉❊ ♠❡t❤♦❞s ❣❛✈❡ ❣♦♦❞ ❛♥❞ st❛❜❧❡ r❡s✉❧ts✱
❜✉t ❍P❉❊ ♣❡r❢♦r♠❡❞ ❜❡tt❡r ✐♥ ❝❛s❡ ❆✳
✸✳✺✳✷✳✷ ❚❡st ✷✲❉②♥❛♠✐❝✿ t❤❡ ❍❡st♦♥ ♠♦❞❡❧
❚❡st ✷✲❉②♥❛♠✐❝ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✷✲❙t❛t✐❝✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡
✸✳✻✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✹✳
■♥ t❤✐s t❡st t❤✐♥❣s ❛r❡ s✐♠✐❧❛r t♦ ❚❡st ✶✲❉②♥❛♠✐❝✱ ❜✉t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ s❡❡♠❡❞ t♦
❜❡ ❡❛s✐❡r t❤❛♥ ✐♥ ❚❡st ✶✲❉②♥❛♠✐❝✿ ▼❈ ♠❡t❤♦❞s ❝♦♥✈❡r❣❡❞ ❜❡tt❡r✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✉s✐♥❣ ❤✐❣❤
❧❡✈❡❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ P❉❊ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ❣♦♦❞ ❛s ✉s✉❛❧✱ ❛♥❞ ❍P❉❊ ♠❡t❤♦❞ ♣r♦✈❡❞ t♦ ❜❡ ❛
❜✐t ❜❡tt❡r t❤❛♥ ❆P❉❊ ♠❡t❤♦❞✳ ❚❤❡ t✇♦ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✳ ❲❡ ♥♦t❡ t❤❛t✱
✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡✱ ❉②♥❛♠✐❝ str❛t❡❣② ✐♥❝r❡❛s❡s t❤❡ ✈❛❧✉❡ ♦❢ αg ❧❡ss t❤❛♥ ✐♥ ❇❙ ❍❲ ❝❛s❡✿
♣r♦❜❛❜❧②✱ ♣❧❛②✐♥❣ ♦♥ ✐♥t❡r❡st r❛t❡ ❧❡ts t❤❡ P❍ t♦ ❣❛✐♥ ♠♦r❡ t❤❛♥ ♣❧❛②✐♥❣ ♦♥ ✈♦❧❛t✐❧✐t②✳
✸✳✺✳✷✳✸ ❚❡st ✸✲❉②♥❛♠✐❝✿ ❍❡❞❣✐♥❣
❚❡st ✸✲❉②♥❛♠✐❝ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✸✲❙t❛t✐❝✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✵✳
■♥ t❤✐s t❡st ✇❡ ❣♦t ❣♦♦❞ r❡s✉❧ts ✇✐t❤ ❛❧❧ ♠❡t❤♦❞s✱ ❜✉t ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ✐♥❛❝❝✉r❛t❡
✇❤✐❧❡ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥s ❆ ❛♥❞ ❇✳ ❚❤❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r ❉❡❧t❛ ✐♥❝r❡❛s❡❞ ✇✐t❤ r❡❣❛r❞
t♦ ❚❡st ✸✲❙t❛t✐❝✳ ❚❤❡ t✇♦ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✳
✸✳✺✳✷✳✹ ❚❡st ✹✲❉②♥❛♠✐❝✿ ❘✐s❦ ▼❛♥❛❣❡♠❡♥t
❚❡st ✹✲❉②♥❛♠✐❝ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✹✲❙t❛t✐❝✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✻✳
■♥ t❤✐s t❡st✱ ✇❡ ❣♦t s✐♠✐❧❛r r❡s✉❧ts ✇✐t❤ r❡❣❛r❞ t♦ ❚❡st ✹✲❙t❛t✐❝✿ t❤❡ ❢❡❡s r❡❞✉❝❡❞ ❛ ❧✐tt❧❡
✭❛r♦✉♥❞ 20 ❜♣ ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❝❛s❡ ❛♥❞ ❛r♦✉♥❞ 6 ❜♣ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡✮✳
■♥ ❋✐❣✉r❡ ✸✳✺✳✶ ✇❡ ♣r❡s❡♥t✱ ❛s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ❛t t✐♠❡ t = 1 ✐♥ t✇♦ ❞✐✛❡r❡♥t
❝❛s❡s✳ ❲❡ ❝❛♥ s❡❡ ❤♦✇ ✐t ✐s ✇♦rt❤ t♦ ❧❛♣s❡ ✇❤❡♥ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ r❡❛❝❤❡s ❤✐❣❤ ✈❛❧✉❡s✱ ❛♥❞
❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ✐♥t❡r❡st r❛t❡ ✐s ❤✐❣❤ ♦r t❤❡ ✈♦❧❛t✐❧✐t② ✐s ❧♦✇✳ ■t✬s ♠♦r❡ ❞✐✣❝✉❧t t♦ ✉♥❞❡rst❛♥❞
✇❤❡♥ ❞♦ ♥♦ ✇✐t❤❞r❛✇❛❧✿ t❤❡r❡ ♠✉st ❜❡ ❛ ❝♦♥✈❡♥✐❡♥t ♠✐① ♦❢ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s✳
✾✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
ρ
♥♦ r❛t❝❤❡t r❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 79.71 ± 9.68 66.5 ± 10.1 85.50 81.92
84.35
98.5 ± 16.1 90.24 ± 10.5 96.57 92.80
96.37
❇ 77.21 ± 5.10 72.78 ± 4.52 85.34 84.78 92.31 ± 5.12 92.69 ± 5.01 96.34 95.75
❈ 79.86 ± 2.73 80.29 ± 2.60 85.27 84.86
±0.66
94.70 ± 2.77 93.79 ± 2.67 96.25 95.78
±0.64
❉ 81.66 ± 1.58 81.58 ± 1.46 85.23 84.54 93.66 ± 1.62 94.78 ± 1.62 96.19 95.40
0
❆ 162.6 ± 18.5 148.4 ± 13.2 172.55 167.86
169.05
182.3 ± 13.2 179.5 ± 14.3 186.44 181.96
186.53
❇ 155.43 ± 7.70 156.52 ± 6.95 172.60 171.48 182.42 ± 6.16 181.35 ± 6.53 186.48 ✶✽✺✳✸✸
❈ 161.53 ± 4.39 164.88 ± 4.41 172.57 171.61
±0.90
184.21 ± 3.70 183.84 ± 3.58 186.54 185.45
±0.86
❉ 164.51 ± 2.53 163.15 ± 2.23 172.58 171.15 183.87 ± 2.21 183.27 ± 2.15 186.55 185.00
+
0
.5
❆ 256.6 ± 15.6 238.6 ± 23.3 265.33 261.22
261.29
273.9 ± 24.8 262.7 ± 24.9 272.18 268.10
274.02
❇ 246.0 ± 10.4 248.5 ± 10.9 266.66 265.71 268.37 ± 8.39 269.82 ± 9.11 273.24 272.33
❈ 253.70 ± 5.96 253.33 ± 5.38 266.93 265.94
±1.23
271.90 ± 5.51 271.60 ± 4.49 273.67 272.46
±1.20
❉ 259.00 ± 3.38 254.06 ± 3.11 267.29 265.38 272.24 ± 2.95 270.35 ± 2.86 273.99 271.94
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 31 s 32 s 30 s
❇ 119 s 122 s 127 s 120 s
❈ 482 s 487 s 463 s 466 s
❉ 1911 s 1942 s 1732 s 1815 s
 
❚❛❜❧❡ ✸✳✶✸✿ ❚❡st ✶✲❉②♥❛♠✐❝✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✱ ✇✐t❤ ♥♦ r❛t❝❤❡t ♦r ❛♥♥✉❛❧ r❛t❝❤❡t✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ♥♦✲r❛t❝❤❡t
❝❛s❡ ✭ρ = −0.5)✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥
t❤❡ ❝❛s❡ ρ = −0.5 ✇✐t❤ ♥♦ r❛t❝❤❡t✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✷
❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✹✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✾✶
ρ
♥♦ r❛t❝❤❡t r❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 56.96 ± 6.01 62.56 ± 8.78 64.57 64.89
65.38
66.72 ± 8.37 72.06 ± 6.17 71.23 71.58
72.03
❇ 61.68 ± 3.05 57.20 ± 3.96 64.72 64.64 72.53 ± 3.56 68.45 ± 3.36 71.37 71.30
❈ 64.68 ± 2.02 64.03 ± 2.05 64.76 64.42
±0.45
71.65 ± 1.92 71.95 ± 1.99 71.43 71.04
±0.45
❉ 63.85 ± 1.28 64.67 ± 1.28 64.81 64.35 70.39 ± 1.22 71.33 ± 1.25 71.50 70.96
0
❆ 58.83 ± 11.0 58.68 ± 19.68 61.92 61.92
62.32
65.95 ± 9.04 79.17 ± 10.36 68.97 68.98
69.54
❇ 58.95 ± 4.01 54.34 ± 4.08 61.91 61.67 69.14 ± 4.53 65.30 ± 4.25 68.95 68.69
❈ 58.26 ± 2.25 57.76 ± 2.34 61.88 61.43
±0.56
68.89 ± 2.43 68.50 ± 2.44 68.94 68.41
±0.58
❉ 59.16 ± 1.43 59.70 ± 1.47 61.87 61.35 66.76 ± 1.53 68.67 ± 1.57 68.93 68.33
+
0
.5
❆ 52.66 ± 15.29 61.70 ± 13.04 57.25 57.50
56.59
63.67 ± 9.76 83.75 ± 13.01 64.60 64.79
65.42
❇ 57.26 ± 5.06 51.95 ± 6.09 57.33 57.26 68.21 ± 6.30 60.31 ± 5.94 64.66 64.53
❈ 52.23 ± 3.01 51.47 ± 3.50 57.36 57.01
±0.73
63.78 ± 3.13 64.06 ± 3.25 64.68 64.25
±0.74
❉ 52.60 ± 1.85 52.24 ± 1.83 57.39 56.94 62.98 ± 1.87 61.86 ± 1.97 64.71 64.16
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 31 s 33 s 28 s
❇ 119 s 122 s 126 s 107 s
❈ 481 s 493 s 418 s 460 s
❉ 1903 s 1844 s 1690 s 1896 s
 
❚❛❜❧❡ ✸✳✶✹✿ ❚❡st ✷✲❉②♥❛♠✐❝✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ♥♦
r❛t❝❤❡t ♦r ❛♥♥✉❛❧ r❛t❝❤❡t✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ♥♦✲r❛t❝❤❡t ❝❛s❡ ✭ρ = −0.5)✳
❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡ ❝❛s❡ ρ = −0.5
✇✐t❤ ♥♦ r❛t❝❤❡t✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✷ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✻✳
✾✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
❇
❧❛
❝❦
✲❙
❝❤
♦
❧❡
s
❍
✉
❧❧
✲❲
❤
✐t
❡
ρ
♥♦ r❛t❝❤❡t ✭αg = 300 ❜♣✮ r❛t❝❤❡t ✭αg = 350 ❜♣✮
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 8513 ± 573 7951 ± 557 8078 8097
8078
8959 ± 542 8279 ± 551 8148 8200
8157
❇ 8220 ± 347 8304 ± 305 8081 8091 7922 ± 324 8104 ± 330 8151 8180
❈ 8091 ± 172 8146 ± 161 8082 8073
±42
8155 ± 173 8120 ± 162 8152 8163
±38
❉ 8089 ± 108 8105 ± 104 8082 8093 8164 ± 101 8174 ± 99 8152 8164
0
❆ 7898 ± 550 7697 ± 489 7516 7531
7485
7733 ± 509 7379 ± 667 7538 7539
7517
❇ 7685 ± 257 7389 ± 269 7517 7529 7640 ± 259 7417 ± 249 7527 7539
❈ 7488 ± 139 7443 ± 150 7517 7514
±31
7433 ± 145 7604 ± 137 7528 7530
±29
❉ 7428 ± 90 7489 ± 83 7517 7518 7523 ± 87 7525 ± 84 7528 7533
+
0
.5
❆ 7444 ± 470 7612 ± 491 7333 7342
7324
7569 ± 421 7292 ± 500 7304 7314
7309
❇ 7257 ± 242 7368 ± 209 7337 7350 7386 ± 207 7413 ± 192 7308 7322
❈ 7306 ± 116 7201 ± 124 7339 7336
±28
7469 ± 116 7293 ± 112 7309 7307
±26
❉ 7270 ± 78 7302 ± 78 7340 7339 7291 ± 70 7298 ± 68 7310 7310
❍
❡s
t♦
♥
ρ
♥♦ r❛t❝❤❡t ✭αg = 75 ❜♣✮ r❛t❝❤❡t ✭αg = 100 ❜♣✮
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
−0
.5
❆ 8181 ± 472 7794 ± 524 8436 8429
8432
8349 ± 293 8374 ± 324 8477 8474
8481
❇ 8440 ± 250 8383 ± 223 8436 8436 8304 ± 174 8527 ± 154 8479 8480
❈ 8405 ± 87 8426 ± 87 8437 8437
±19
8535 ± 80 8499 ± 76 8479 8480
±14
❉ 8437 ± 50 8472 ± 53 8437 8438 8516 ± 44 8501 ± 43 8480 8480
0
❆ 8756 ± 626 8304 ± 586 8329 8319
8297
8751 ± 758 8440 ± 420 8341 8332
8351
❇ 8080 ± 283 8345 ± 394 8330 8327 8466 ± 251 8184 ± 217 8341 8339
❈ 8313 ± 148 8137 ± 185 8330 8329
±29
8303 ± 106 8398 ± 101 8341 8340
±18
❉ 8330 ± 75 8238 ± 79 8330 8331 8343 ± 52 8283 ± 66 8341 8441
+
0
.5
❆ 7308 ± 1145 7453 ± 914 8217 8205
8242
8244 ± 736 8192 ± 522 8191 8180
8206
❇ 8238 ± 623 7919 ± 416 8218 8215 8150 ± 276 8213 ± 229 8191 8189
❈ 8143 ± 145 7874 ± 241 8218 8217
±46
8216 ± 133 8123 ± 178 8192 8190
±22
❉ 8144 ± 119 8131 ± 108 8218 8219 8123 ± 66 8195 ± 77 8192 8191
❚❛❜❧❡ ✸✳✶✺✿ ❚❡st ✸✲❉②♥❛♠✐❝✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❛♥❞ t❤❡
❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ♥♦ r❛t❝❤❡t ♦r r❛t❝❤❡t ✭♦♥❝❡ ❡✈❡r② ✸ ②❡❛rs✮❀ t❤❡s❡ ✈❛❧✉❡ ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞
❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✷✱ ✐♥ ❚❛❜❧❡ ✸✳✹ ❛♥❞ ✐♥ ❚❛❜❧❡
✸✳✻✳
✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✾✸
◆♦ r❛t❝❤❡t ❘❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
❇
❙
❍
❲
−0.5 76.64 75.74 76.85 76.19 76.16 85.10 85.47 86.59 85.84 86.97
±1.49 ±1.37 ±0.60 ±1.53 ±1.51 ±0.61
0
149.80 149.34 155.47 154.11 155.97 168.14 167.94 169.78 168.26 170.32
±2.38 ±2.14 ±0.96 ±2.14 ±2.00 ±0.96
+0.5
236.49 236.33 242.08 240.22 242.1 248.40 246.49 250.08 248.12 250.24
±2.84 ±2.79 ±1.2 ±2.68 ±2.48 ±0.53
◆♦ r❛t❝❤❡t ❘❛t❝❤❡t
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
❍
❡s
t♦
♥
−0.5 57.74 58.77 58.78 58.32 58.56 63.73 64.50 64.74 64.22 64.59
±1.26 ±1.27 ±0.46 ±1.23 ±1.27 ±0.46
0
53.08 53.77 55.57 55.07 55.76 59.86 61.17 61.79 61.22 62.11
±1.45 ±1.46 ±0.58 ±1.51 ±1.59 ±0.59
+0.5
46.33 46.19 50.93 50.50 50.66 55.67 54.79 57.29 56.76 59.01
±1.87 ±1.77 ±0.70 ±1.85 ±1.94 ±0.76
❚❛❜❧❡ ✸✳✶✻✿ ❚❡st ✹✲❉②♥❛♠✐❝✳ ■♠♣❛❝t ♦❢ +10% ♠♦rt❛❧✐t② s❤♦❝❦s ♦❢ ❢❛✐r ❢❡❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs
✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✷✱ ✐♥ ❚❛❜❧❡ ✸✳✹ ❛♥❞ ✐♥ ❚❛❜❧❡ ✸✳✻✳
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❋✐❣✉r❡ ✸✳✺✳✶✿ ❖♣t✐♠❛❧ str❛t❡❣② ❛t t❤❡ ✜rst ❡✈❡♥t t✐♠❡ (t = 1) ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛♥❞ t❤❡
❍❡st♦♥ ♠♦❞❡❧✱ ❛ss✉♠✐♥❣ B2+1 = 100✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡s ✸✳✹ ❛♥❞ ✸✳✻✳
Pr♦❞✉❝t ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✸✳✶✷✱ ❛♥❞ αg = 135 ❜♣ ❢♦r ❜♦t❤ ❝❛s❡s✳
✾✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▲❲❇
✸✳✻ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❢♦✉r ♠❡t❤♦❞s t♦ ♣r✐❝❡ ●▲❲❇ ❝♦♥tr❛❝ts ✉♥❞❡r ❞✐✛❡r❡♥t ❝♦♥✲
❞✐t✐♦♥s✳ ❘❡❣❛r❞✐♥❣ t❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧✱ ❜♦t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②
❡✛❡❝ts ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r✬s ❜❡❤❛✈✐♦r✱ ❜♦t❤ ❙t❛t✐❝ ❛♥❞ ❉②♥❛♠✐❝
str❛t❡❣② ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
❙✐♥❝❡ ●▲❲❇ ✈❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ❛r❡ s✉❝❤ ❛ ❧♦♥❣ ♠❛t✉r✐t② ♣r♦❞✉❝ts✱ t❤❡ ❡✛❡❝ts ♦❢ st♦❝❤❛st✐❝
✐♥t❡r❡st r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❝❛♥♥♦t ❜❡ ♦✈❡r❧♦♦❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♠♣❛❝t ♦❢ st♦❝❤❛st✐❝
✐♥t❡r❡st r❛t❡ s❡❡♠s t♦ ❜❡ ♠♦r❡ r❡❧❡✈❛♥t✳ ❆❧s♦ ❋♦rs②t❤ ❛♥❞ ❱❡t③❛❧ ✐♥ ❬✷✶❪ ✉s❡❞ ❛ r❡❣✐♠❡ s✇✐t❝❤✐♥❣
♠♦❞❡❧ ❤❛✈✐♥❣ ❜♦t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞ ✈♦❧❛t✐❧✐t②✱ ❜✉t ♦✉r ❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ ❙❉❊✱ ✐s
♠♦r❡ r❡❛❧✐st✐❝✱ ❛♥❞ s✉✐t❛❜❧❡ ❢♦r ❤❡❞❣✐♥❣✳
❆❧❧ ❢♦✉r ♠❡t❤♦❞s ❣❛✈❡ ❝♦♠♣❛t✐❜❧❡ r❡s✉❧ts ❜♦t❤ ❢♦r ♣r✐❝✐♥❣ ❛♥❞ ❞❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥✳ ❚❤❡ ❢❛✐r
❤❡❞❣✐♥❣ ❢❡❡ ✭✐✳❡✳ t❤❡ ❝♦st ♦❢ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦✮ ✐s ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❛ s❡q✉❡♥❝❡
♦❢ ♣❛r❛♠❡t❡rs r❡✜♥❡♠❡♥ts✳ ❚❤❡ P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♥♦t ✈❡r② ❡①♣❡♥s✐✈❡✱ ✇❤✐❧❡ ▼❈
♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠♦r❡ ❡①♣❡♥s✐✈❡✳ ❚❤❡ ❍②❜r✐❞ P❉❊ s❡❡♠❡❞ t♦ ❜❡ t❤❡ ♠♦r❡ ♣❡r❢♦r♠✐♥❣
t❤❛♥ t❤❡ ♦t❤❡rs ❢♦r ✐ts ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ❛♥❞ st❛❜✐❧✐t② ♦❢ r❡s✉❧ts✳ ❆❧s♦ ❆❉■ P❉❊ ❜❡❤❛✈❡❞ ✈❡r②
✇❡❧❧ ❜✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s ❤❛r❞❡r t❤❛♥ ❍②❜r✐❞ P❉❊ ♦♥❡✳ ■♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❝❛s❡✱
❙t❛♥❞❛r❞ ▼❈✱ t❤❛♥❦s t♦ ✐ts ❡①❛❝t s✐♠✉❧❛t✐♦♥✱ ♦✉t♣❡r❢♦r♠❡❞ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ✇❤✐❧❡✱ ✐♥ t❤❡
❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡✱ t❤❡ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ r♦✉❣❤❧② ❡q✉✐✈❛❧❡♥t✱ ❡✈❡♥ ✐❢ t❤❡ ❍②❜r✐❞ ▼❈
✇❛s ❡❛s✐❡r t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳
❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ▼❈ ♠❡t❤♦❞s✱
❡s♣❡❝✐❛❧❧② ✐♥ ❉②♥❛♠✐❝ ❝❛s❡ ✇❤❡r❡ ✐t✬s ♠✉❝❤ ♠♦r❡ s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧
❝❤♦✐❝❡✳ ❙✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ r❡❞✉❝❡s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ t♦ t✇♦ ❛♥❞ t❤❡r❡❢♦r❡ P❉❊
♠❡t❤♦❞s ♣❡r❢♦r♠ ✇❡❧❧✳ ❆♥②✇❛②✱ ✇❡ ❤❛✈❡ t♦ r❡♠❛r❦ t❤❛t ▼❈ ♠❡t❤♦❞s ♦✛❡r ❛ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧
❢♦r r❡s✉❧ts✱ t❤❡② ❛r❡ ✉s❡❢✉❧ ✐♥ r✐s❦ ♠❡❛s✉r❡s ❝❛❧❝✉❧❛t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡ ❱❆❘ ♦r ❊❙✮✱ ❛♥❞ t❤❡② ❛r❡
♣r❡❢❡rr❡❞ ❜② ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❛tt❛❝❤♠❡♥t t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ s❝❡♥❛r✐♦✳
❆ ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥t t❤❛t ❝♦✉❧❞ ❜❡ tr❡❛t❡❞ ✐s t♦ ❝♦♠❜✐♥❡ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✿ t❤❡ ❝♦♠❜✐♥❡❞ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ ❣r❡❛t❡r r❡❛❧✐s♠✳
❲❡ ❝♦♥❝❧✉❞❡ ❜② ♣♦✐♥t✐♥❣ ♦✉t t❤❛t ♦✉r ♠❡t❤♦❞s ❛r❡ q✉✐t❡ ✢❡①✐❜❧❡ ✐♥ t❤❛t t❤❡② ❝❛♥ ❛❝❝♦♠♠♦✲
❞❛t❡ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣♦❧✐❝② ❤♦❧❞❡r ✇✐t❤❞r❛✇❛❧ str❛t❡❣✐❡s s✉❝❤ ❛s ♦♥❡s ❞❡r✐✈❡❞ ❢r♦♠ ✉t✐❧✐t②✲❜❛s❡❞
♠♦❞❡❧s✳
❈❤❛♣t❡r ✹
Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇ ✐♥ t❤❡
❍❡st♦♥ ❛♥❞ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✇✐t❤
❙t♦❝❤❛st✐❝ ■♥t❡r❡st ❘❛t❡ ▼♦❞❡❧s
✹✳✶ ■♥tr♦❞✉❝t✐♦♥
❚❤✐s ❈❤❛♣t❡r ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ❛❜♦✉t t❤❡ r❡s❡❛r❝❤ ♣❛♣❡r ❬✷✹❪✳ ❲❡ ❝♦♥s✐❞❡r ❛ ●✉❛r❛♥t❡❡❞
▼✐♥✐♠✉♠ ❲✐t❤❞r❛✇❛❧ ❇❡♥❡✜t ✭●▼❲❇✮ ❛♥♥✉✐t②✳ ❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ s✐♠♣❧✐✜❡❞ ❢♦r♠
♦❢ ❛ ●▼❲❇ ✇❤✐❝❤ ✐s ✐♥✐t✐❛t❡❞ ❜② ♠❛❦✐♥❣ ❛ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t t♦ ❛♥ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳ ❚❤✐s
❧✉♠♣ s✉♠ ✐s t❤❡♥ ✐♥✈❡st❡❞ ✐♥ r✐s❦② ❛ss❡ts✱ ✉s✉❛❧❧② ❛ ♠✉t✉❛❧ ❢✉♥❞✳ ❚❤❡ ❜❡♥❡✜t ❜❛s❡✱ ♦r ❣✉❛r❛♥t❡❡
❛❝❝♦✉♥t ❜❛❧❛♥❝❡✱ ✐s ✐♥✐t✐❛❧❧② s❡t t♦ t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❧✉♠♣ s✉♠ ♣❛②♠❡♥t✳ ❚❤❡ ❤♦❧❞❡r ♦❢ t❤❡
♣♦❧✐❝② ✭❤❡r❡✐♥❛❢t❡r✱ ✇❡ ✇✐❧❧ ❛❜❜r❡✈✐❛t❡ ✐t ✇✐t❤ P❍ ✮ ✐s ❡♥t✐t❧❡❞ t♦ ✇✐t❤❞r❛✇ ❛ ✜①❡❞ s✉♠✱ ❡✈❡♥
✐❢ t❤❡ ❛❝t✉❛❧ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ r✐s❦② ❛ss❡t ❞❡❝❧✐♥❡s t♦ ③❡r♦✳ ❚❤❡ ✇✐t❤❞r❛✇❛❧ ♣❡r✐♦❞ ♠❛② st❛rt
✐♠♠❡❞✐❛t❡❧② ♦r ❧❛t❡r✿ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❜❡♥❡✜t ❜❛s❡ ❛♥❞ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ♠❛② ❜❡ r❡s❡t t♦ t❤❡
♠❛①✐♠✉♠ ❜❡t✇❡❡♥ t❤❡✐r ✈❛❧✉❡ ❛♥❞ ❛ ✜①❡❞ ✈❛❧✉❡✳ ❋✐♥❛❧❧②✱ t❤❡ P❍ ♠❛② ✇✐t❤❞r❛✇ ♠♦r❡ t❤❛♥ t❤❡
❝♦♥tr❛❝t✉❛❧❧② s♣❡❝✐✜❡❞ ❛♠♦✉♥t✱ ✐♥❝❧✉❞✐♥❣ ❝♦♠♣❧❡t❡ s✉rr❡♥❞❡r ♦❢ t❤❡ ❝♦♥tr❛❝t✱ ✉♣♦♥ ♣❛②♠❡♥t ♦❢
❛ ♣❡♥❛❧t②✳ ❈♦♠♣❧❡t❡ s✉rr❡♥❞❡r ❤❡r❡ ♠❡❛♥s t❤❛t t❤❡ P❍ ✇✐t❤❞r❛✇s t❤❡ ❡♥t✐r❡ ❛♠♦✉♥t r❡♠❛✐♥✐♥❣
✐♥ t❤❡ ✐♥✈❡st♠❡♥t ❛❝❝♦✉♥t✱ ❛♥❞ t❤❡ ❝♦♥tr❛❝t t❡r♠✐♥❛t❡s✳ ■♥ ♠♦st ❝❛s❡s✱ t❤✐s ♣❡♥❛❧t② ❢♦r ❢✉❧❧
♦r ♣❛rt✐❛❧ s✉rr❡♥❞❡r ❞❡❝❧✐♥❡s t♦ ③❡r♦ ❛❢t❡r ✜✈❡ t♦ s❡✈❡♥ ②❡❛rs✳ ❉✉r✐♥❣ ❝♦♥tr❛❝t ❡①❡❝✉t✐♦♥✱ ❛
❞❡❛t❤ ❜❡♥❡✜t ♠❛② ❝♦♠❡ ✇✐t❤ t❤❡ P❍✬s ❞❡❛t❤✿ ✐♥ t❤✐s ❝❛s❡✱ ❤✐s ✭❤❡r✮ ❤❡✐rs r❡❝❡✐✈❡ t❤❡ r❡♠❛✐♥✐♥❣
❛♠♦✉♥t ✐♥ t❤❡ r✐s❦② ❛ss❡t ❛❝❝♦✉♥t✳
❚❤❡ ❤❡❞❣✐♥❣ ❝♦sts ❢♦r t❤✐s ❣✉❛r❛♥t❡❡ ❛r❡ ♦✛s❡t ❜② ❞❡❞✉❝t✐♥❣ ❛ ♣r♦♣♦rt✐♦♥❛❧ ❢❡❡ ❢r♦♠ t❤❡
r✐s❦② ❛ss❡t ❛❝❝♦✉♥t✳ ❋r♦♠ ❛♥ ✐♥s✉r❛♥❝❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡s❡ ♣r♦❞✉❝ts ❛r❡ tr❡❛t❡❞ ❛s ✜♥❛♥❝✐❛❧
♦♥❡s✿ t❤❡ ♣r♦❞✉❝ts ❛r❡ ❤❡❞❣❡❞ ❛s ✐❢ t❤❡② ✇❡r❡ ♣✉r❡ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝ts✱ ❛♥❞ t❤❡ ♠♦rt❛❧✐t② r✐s❦ ✐s
❤❡❞❣❡❞ ✉s✐♥❣ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✳ ❚❤❡r❡❢♦r❡✱ ✐t✬s ✈❡r② ✐♠♣♦rt❛♥t ❢♦r ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s
t♦ ❜❡ ❛❜❧❡ t♦ ♣r✐❝❡ q✉✐❝❦❧② t❤❡s❡ ♣r♦❞✉❝ts✳ ▼♦r❡♦✈❡r t❤❡s❡ ♣r♦❞✉❝ts ❤❛✈❡ ❧♦♥❣ ♠❛t✉r✐t✐❡s t❤❛t
❝♦✉❧❞ ❧❛st ❛❧♠♦st ✷✺ ②❡❛rs✳ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ ✇✐t❤ ❝♦♥st❛♥t ✐♥t❡r❡st r❛t❡ ❛♥❞ ✈♦❧❛t✐❧✐t②
s❡❡♠s t♦ ❜❡ ✉♥s✉✐t❛❜❧❡ ❢♦r t❤♦s❡ ♣r♦❞✉❝ts✿ t❤❛t✬s ✇❤② ✇❡ ♣r❡s❡♥t ♦✉r ♣r✐❝✐♥❣ ♠❡t❤♦❞s ✐♥ t✇♦
❢r❛♠❡✇♦r❦s✱ ♠♦❞❡❧✐♥❣ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ✭❍❡st♦♥ ♠♦❞❡❧ ❬✷✻❪✮ ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡
✭❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❬✷✽❪✮ ✳
✾✺
✾✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ s❡✈❡r❛❧ r❡❝❡♥t ❛rt✐❝❧❡s ♦♥ ♣r✐❝✐♥❣ ●▼❲❇s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇♦✉❧❞ r❡♠❡♠✲
❜❡r ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ❬✶✸❪ ❛♥❞ ❈❤❡♥✱ ❱❡t③❛❧ ❛♥❞ ❋♦rs②t❤ ❬✶✹❪✳ ■♥ t❤❡ ✜rst ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs
✉s❡❞ ❛♥ ✐♠♣✉❧s❡ st♦❝❤❛st✐❝ ❝♦♥tr♦❧ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ♣r✐❝✐♥❣ ✈❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ●▼❲❇✱ ❛ss✉♠✐♥❣
t❤❡ P❍ t♦ ❜❡ ❛❧❧♦✇❡❞ t♦ ✇✐t❤❞r❛✇ ❢✉♥❞s ❝♦♥t✐♥✉♦✉s❧②✱ ♦r ♦♥❧② ❛t ❛♥♥✐✈❡rs❛r✐❡s✳ ■♥ t❤❡ s❡❝♦♥❞
♦♥❡✱ t❤❡ ❛✉t❤♦rs ❛♥❛❧②③❡❞ t❤❡ ✐♠♣❛❝t ♦❢ s❡✈❡r❛❧ ♣r♦❞✉❝t ❛♥❞ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ s❛♠❡
P❉❊ ❛♣♣r♦❛❝❤✳ ❚❤❡ ✉s❡ ♦❢ P❉❊s ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ❢❛st ❛♥❞ ❛❝❝✉r❛t❡✱ ❛♥❞ ✇❡ ✉s❡❞ ✐t ❛s ❛
r❡❢❡r❡♥❝❡ ❢♦r ♦✉r ✇♦r❦✳
❆♥♦t❤❡r r❡s❡❛r❝❤ ✇♦r❦ ❛❜♦✉t ●▼❲❇ ✐s ❨❛♥❣ ❛♥❞ ❉❛✐✬s ♦♥❡ ❬✹✻❪✿ t❤❡② ✉s❡❞ ❛ ✢❡①✐❜❧❡ tr❡❡ ❢♦r
❡✈❛❧✉❛t✐♥❣ ●▼❲❇ ❝♦♥tr❛❝ts ✇✐t❤ ✈❛r✐♦✉s ♣r♦✈✐s✐♦♥s✳ ❨❛♥❣✲❉❛✐✬s ♣r♦❞✉❝t ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t
❢r♦♠ ❈❤❡♥✲❋♦rs②t❤✬s ♦♥❡✿ t❤❛t✬s ✇❤② ✇❡ tr❡❛t t❤❡ t✇♦ ❛♣❛rt✳
❲❡ ❤❛✈❡ ♠❛❞❡ r❡❢❡r❡♥❝❡ ❛❧s♦ t♦ ❇❛❝✐♥❡❧❧♦ ❡t ❛❧✳ ❬✺❪✿ ✈❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ✭✐♥❝❧✉❞✐♥❣ ●▼❲❇s✮
❛r❡ ♣r✐❝❡❞ ✉s✐♥❣ ❛ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✳ ❚❤❡ P❍✬s ❜❡❤❛✈✐♦r ✐s ❛ss✉♠❡❞ t♦ ❜❡ s❡♠✐✲❙t❛t✐❝✱ ✐✳❡✳
t❤❡ ❤♦❧❞❡r ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t r❛t❡ ♦r s✉rr❡♥❞❡rs t❤❡ ❝♦♥tr❛❝t✳
■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ♣r✐❝❡ t✇♦ t②♣❡s ♦❢ ●▼❲❇s ❣✉❛r❛♥t❡❡s ❛♥❞ ✇❡ ✜♥❞ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡
✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✇✐t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✭❇❙ ❍❲ ♠♦❞❡❧✮✳
❋✐rst✱ ✇❡ tr❡❛t ❛ ❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✿ t❤❡ P❍ ✇✐t❤❞r❛✇s ❛t t❤❡ ❝♦♥tr❛❝t r❛t❡✳ ❚❤❡♥✱
t❛❦✐♥❣ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ✇♦rst ❝❛s❡ ❢♦r t❤❡ ❤❡❞❣❡r✱ ✇❡ ♣r✐❝❡ t❤❡ ❣✉❛r❛♥t❡❡s ❛ss✉♠✐♥❣ t❤❛t
t❤❡ P❍ ❢♦❧❧♦✇s ❛ ❉②♥❛♠✐❝ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✳ ❲❡ ❛❧s♦ ✉s❡❞ t❤❡s❡ ♠❡t❤♦❞s t♦ ❝❛❧❝✉❧❛t❡ t❤❡
●r❡❡❦s ❢♦r ❤❡❞❣✐♥❣ ❛♥❞ r✐s❦ ♠❛♥❛❣❡♠❡♥t✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ♣r❡s❡♥t ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✿
❛ ❤②❜r✐❞ tr❡❡✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ❛♥❞ ❛ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✭❜♦t❤ ✐♥tr♦❞✉❝❡❞ ❜②
❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✵❪✮ ❛♥ ❆❉■ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✭❍❛❡♥t❥❡♥s ❛♥❞ ❍♦✉t ❬✷✺❪✮✱ ❛♥❞ ❛ ❙t❛♥❞❛r❞
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✇✐t❤ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ✭▲♦♥❣st❛✛ ❛♥❞ ❙❝❤✇❛rt③
❬✸✸❪✮✳
❲❡ ✉s❡ t❤❡ t❡r♠ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤✐s ✐s t❤❡ ❢❡❡ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ♠❛✐♥t❛✐♥
❛ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦✳ ❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦ ❢♦r t❤❡s❡ t②♣❡s ♦❢ ❣✉❛r❛♥t❡❡s
✐s ❣✐✈❡♥ ✐♥ ❈❤❡♥ ❡t ❛❧✳ ❬✶✸❪ ❛♥❞ ❇❡❧❛♥❣❡r ❡t ❛❧✳ ❬✻❪✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❈❤❛♣t❡r ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
• ❲❡ ❢♦r♠✉❧❛t❡ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ ✭✐✳❡✳ t❤❡ ❝♦st ♦❢ ♠❛✐♥t❛✐♥✐♥❣
❛ r❡♣❧✐❝❛t✐♥❣ ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦✮ ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ✉s✐♥❣
❞✐✛❡r❡♥t ♣r✐❝✐♥❣ ♠❡t❤♦❞s❀
• ❲❡ ♣r❡s❡♥t t❤❡ ❡✛❡❝ts ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♦♥ ♣r✐❝✐♥❣ ❛♥❞
●r❡❡❦s ❝❛❧❝✉❧❛t✐♦♥✱ ❛♥❞ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ●▼❲❇ ❢❡❡ t♦ ✈❛r✐♦✉s ♠♦❞❡❧✐♥❣ ♣❛r❛♠❡t❡rs❀
• ❲❡ ✉s❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ♣r✐❝❡ t❤❡ ●▼❲❇ ❝♦♥tr❛❝ts❀
• ❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❤✐❝❤ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s✳
❚❤❡ ❈❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝♦♥tr❛❝ts
s✉❝❤ ❛s ❡✈❡♥t t✐♠❡s✱ ✇✐t❤❞r❛✇❛❧s ❛♥❞ ♣❡♥❛❧t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡
st♦❝❤❛st✐❝ ♠♦❞❡❧s ✉s❡❞ ❛❢t❡r✇❛r❞✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❛♥❞ ❤♦✇ t♦
✐♠♣❧❡♠❡♥t t❤❡♠ t♦ s♦❧✈❡ t❤❡ ●▼❲❇ ❝♦♥tr❛❝t ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ♣❡r❢♦r♠ t❡sts
✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❡✐r ❜❡❤❛✈✐♦r ❛♥❞ ✇❡ st✉❞② t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ❢❡❡ t♦ ❡❝♦♥♦♠✐❝
❛♥❞ ❝♦♥tr❛❝t✉❛❧ ❛ss✉♠♣t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✻✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♥❝❧✉s✐♦♥s✳
✹✳✷ ❚❤❡ ●▼❲❇ ❈♦♥tr❛❝ts ✾✼
✹✳✷ ❚❤❡ ●▼❲❇ ❈♦♥tr❛❝ts
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❝♦♥tr❛❝ts ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣❛♣❡r ♦❢ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ❬✶✸❪
❛♥❞ ✐♥ t❤❡ ♣❛♣❡r ♦❢ ❨❛♥❣ ❛♥❞ ❉❛✐ ❬✹✻❪✳ ❲❡ ❛r❡ ❝❛❧❧✐♥❣ ●▼❲❇✲❈❋ t❤❡ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞ ✐♥
❬✶✸❪ ❛♥❞ ●▼❲❇✲❨❉ t♦ t❤❡ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞ ✐♥ ❬✹✻❪✳ ◆♦✇✱ ✇❡ ♠❛❦❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡
♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ t✇♦ ❝♦♥tr❛❝ts✳
✹✳✷✳✶ ▼♦rt❛❧✐t②
❙✐♠✐❧❛r t♦ t❤❡ ✇♦r❦ ♦❢ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ❬✶✸❪✱ ▼✐❧❡✈s❦② ❛♥❞ ❙❛❧✐s❜✉r② ❬✸✹❪ ❛♥❞ ❉❛✐ ❡t ❛❧✳ ❬✶✾❪✱
✇❡ ✇✐❧❧ ✐❣♥♦r❡ ♠♦rt❛❧✐t② ❡✛❡❝ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ♣❧❛♥ t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ♠♦rt❛❧✐t② ✐♥ ❛
❢✉t✉r❡ ✇♦r❦✳
✹✳✷✳✷ ❈♦♥tr❛❝t ❙t❛t❡ P❛r❛♠❡t❡rs
❆t t✐♠❡ t = 0 t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ♣❛②s ✇✐t❤ ❧✉♠♣ s✉♠ t❤❡ ♣r❡♠✐✉♠ P t♦ t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳
❚❤❡ ♣r❡♠✐✉♠ P ✐s ✐♥✈❡st❡❞ ✐♥ ❛ ❢✉♥❞ ✇❤♦s❡ ♣r✐❝❡ ✐s ❞❡♥♦t❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡ St✳
❋♦r ❜♦t❤ t❤❡ t✇♦ ❝♦♥tr❛❝ts✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ s❡t ♦❢ ❞✐s❝r❡t❡ t✐♠❡s {ti, i = 1, . . . N}✱
✇❤✐❝❤ ✇❡ t❡r♠ ❡✈❡♥t t✐♠❡s❀ ❛t t❤❡s❡ t✐♠❡s ✇✐t❤❞r❛✇❛❧s ♠❛② ♦❝❝✉r✳ ❲❡ s✉♣♣♦s❡ ∆ti = ti+1 − ti
t♦ ❜❡ ❝♦♥st❛♥t✱ ❛♥❞ ❞❡♥♦t❡❞ ❜② ∆t✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t0 = t1 −∆t✱ ❛♥❞ t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤
❨❛♥❣ ❉❛✐✬s ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ✇r✐t❡ T1 ✐♥st❡❛❞ ♦❢ t0 ✭T1 = t0✮✳ ❚❤❡♥✱ ✇❡ ✇r✐t❡ T1 < T1 + ∆t =
t1 < t2 < · · · < tN = T2❀ t❤❡ t✐♠❡ ❧❛❣ [T1, T2] ✐s ❝❛❧❧❡❞ ♣❛②♦✉t ♣❤❛s❡✳ ❲❡ r❡♠❛r❦ t❤❛t ♥♦
✇✐t❤❞r❛✇❛❧s t❛❦❡s ♣❧❛❝❡ ✐♥ T1✳
●▼❲❇✲❈❋
❚❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦♥tr❛❝t ❛r❡✿
• ❆❝❝♦✉♥t ✈❛❧✉❡✿ At✱ A0 = P ✳
• ❇❛s❡ ❜❡♥❡✜t✿ Bt✱ B0 = P ✳
❇♦t❤ t❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✐t✐❛❧❧② s❡t ❡q✉❛❧ t♦ t❤❡ ♣r❡♠✐✉♠✳ ❲❡ ❞❡✜♥❡ T1 = 0 t❤❡ t✐♠❡ ♦❢
t❤❡ ❝♦♥tr❛❝t ❜❡❣✐♥♥✐♥❣✱ ❛♥❞ T2 = tN t❤❡ t✐♠❡ ♦❢ t❤❡ ❧❛st ♣♦ss✐❜❧❡ ✇✐t❤❞r❛✇❛❧✳ ❯s✉❛❧❧②✱ t❤❡ ✜rst
✇✐t❤❞r❛✇❛❧ t❛❦❡s ♣❧❛❝❡ ✐♥ t1 = 1 y ♦r t1 = 0.5 y✳
●▼❲❇✲❨❉
❚❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦♥tr❛❝t ❛r❡✿
• ❆❝❝♦✉♥t ✈❛❧✉❡✿ At✱ A0 = P ✳
• ●✉❛r❛♥t❡❡❞ ♠✐♥✐♠✉♠ ✇✐t❤❞r❛✇❛❧✿ G✳
❚❤❡ ✈❛r✐❛❜❧❡ At ✐s ✐♥✐t✐❛❧❧② s❡t ❡q✉❛❧ t♦ t❤❡ ♣r❡♠✐✉♠✱ ✇❤✐❧❡ G ✐s ♥♦t ❞❡✜♥❡❞ ✉♥t✐❧ t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ ✇✐t❤❞r❛✇❛❧ ♣❡r✐♦❞ ❛t t✐♠❡ T1✳ ❋♦r t❤✐s t②♣❡ ♦❢ ❝♦♥tr❛❝t ✇❡ ❞♦♥✬t ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡
❇❡♥❡✜t ❇❛s❡ ✈❛r✐❛❜❧❡ ❜❡❝❛✉s❡ ✐ts ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥✐st✐❝ ✉♥t✐❧ t❤❡ P❍ ❞❡❝✐❞❡s t♦ ❧❛♣s❡✳
✾✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❋♦r t❤✐s ♣r♦❞✉❝t✱ t❤❡r❡ ❡①✐st t✇♦ t✐♠❡ ♣❛r❛♠❡t❡rs✱ T1 ❛♥❞ T2 t❤❛t ❡①♣r❡ss t❤❡ ❜❡❣✐♥ ❛♥❞ t❤❡
❡♥❞ ♦❢ t❤❡ ♣❛②♦✉t ♣❤❛s❡✳ ❨❛♥❣ ❛♥❞ ❉❛✐ ✉s❡❞ ✐♥t❡❣❡rs ✈❛❧✉❡s ❢♦r T1 ❛♥❞ T2 ❛♥❞ ∆t = 1 y ✐♥ t❤❡✐r
♥✉♠❡r✐❝❛❧ t❡sts✳ ◆♦ ✇✐t❤❞r❛✇❛❧s ❤❛♣♣❡♥ ❞✉r✐♥❣ t❤❡ ❞❡❢❡rr❡❞ t✐♠❡✱ ✐✳❡✳ ❢♦r t ∈ [0, T1]✿ ✐♥ t❤❛t
♣❡r✐♦❞ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❡✈♦❧✈❡s ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✭s❡❡ ❋♦r♠✉❧❛ ✭✹✳✷✳✷✮✮✳ ❆t
t✐♠❡ T1 ❛❧s♦ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ✐s r❡s❡t t♦
A
T
(+)
1
= max
[
C (T1) , AT (−)1
]
,
❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ G ✐s ✜①❡❞ ❛s
G =
A
T
(+)
1
m (T2 − T1) , ✭✹✳✷✳✶✮
✇❤❡r❡ m ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✇✐t❤❞r❛✇❛❧s ♣❡r ②❡❛r ✭✉s✉❛❧❧② m = 1✮✱ ❛♥❞ C (T1) ✐s ❛
❝♦♥tr❛❝t s♣❡❝✐✜❡❞ ✈❛❧✉❡ t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ t♦t❛❧ ❣✉❛r❛♥t❡❡❞
✇✐t❤❞r❛✇❛❧✳ ❚❤❛t ✈❛❧✉❡ ✐s s♣❡❝✐✜❡❞ ❛s t❤❡ r❡t✉r♥ ♦♥ t❤❡ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ✇✐t❤ ❛ r♦❧❧✲✉♣
✐♥t❡r❡st r❛t❡ ❣✉❛r❛♥t❡❡❞ ✐♥t❡r❡st r❛t❡ i✱ ❛s ❢♦❧❧♦✇s✿
C (T1) = P (1 + i)
T1 .
■❢ T1 = 0✱ t❤❡ r❡s❡t ✐s tr✐✈✐❛❧✿ AT (+)1
= A0 = P ✳
✹✳✷✳✸ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❈♦♥tr❛❝ts ✐♥ t❤❡ ❉❡❢❡rr❡❞ ❚✐♠❡ ❛♥❞ ❜❡t✇❡❡♥ ❊✈❡♥t
❚✐♠❡s✳
❲❡ ❝❛❧❧ ❞❡❢❡rr❡❞ t✐♠❡ t❤❡ t✐♠❡ ❜❡t✇❡❡♥ 0 ❛♥❞ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣❛②♦✛ ♣❤❛s❡ T1✿ 0 ≤ t < T1✳
❚❤✐s t✐♠❡ s❡t ✐s ❡♠♣t② ✉♥❧❡ss ❢♦r ❞❡❢❡rr❡❞ ●▼❲❇✲❨❉ ♣r♦❞✉❝ts❀ t❤❡ ♦t❤❡r ♣r♦❞✉❝ts ❤❛✈❡ T1 = 0
s♦ t❤❡r❡ ✐s ♥♦ ❞❡❢❡rr❡❞ t✐♠❡✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣✉❛r❛♥t❡❡
❡①❝❧✉❞✐♥❣ ❡✈❡♥t t✐♠❡s ti✳ ▲❡t t ∈ [0, T1[ ⊆ [0, T2] ♦r t ∈ ]ti, ti+1[ ⊆ [0, T2]✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ St
❞❡♥♦t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❞ ❞r✐✈✐♥❣ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ St ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞
✐♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✳ ❚❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ♦❢ St ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥
♦❢ t❤❡ ❢❛❝t t❤❛t s♦♠❡ ❢❡❡s ♠❛② ❜❡ s✉❜tr❛❝t❡❞ ❝♦♥t✐♥✉♦✉s❧②✿
dAt =
At
St
dSt − αtotAtdt. ✭✹✳✷✳✷✮
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ t♦t❛❧ ❛♥♥✉❛❧ ❢❡❡s ❛r❡ ❝❤❛r❣❡❞ t♦ t❤❡ P❍ ❛♥❞ ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠
t❤❡ ✐♥✈❡st♠❡♥t ❛❝❝♦✉♥t At✳ ❚❤❡s❡ ❢❡❡s ✐♥❝❧✉❞❡ t❤❡ ♠✉t✉❛❧ ❢✉♥❞ ♠❛♥❛❣❡♠❡♥t ❢❡❡s αm ❛♥❞ t❤❡
❢❡❡ ❝❤❛r❣❡❞ t♦ ❢✉♥❞ t❤❡ ❣✉❛r❛♥t❡❡ ✭❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ r✐❞❡r✮ αg✱ s♦ t❤❛t
αtot = αm + αg.
❚❤❡ ♦♥❧② ♣♦rt✐♦♥ ✉s❡❞ ❜② t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② t♦ ❤❡❞❣❡ t❤❡ ❝♦♥tr❛❝t ✐s t❤❛t ❝♦♠✐♥❣ ❢r♦♠ αg✿
t❤❡ ♦t❤❡r ♣❛rt ♦❢ t❤❡ ❢❡❡s ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ♦✉t❣♦✐♥❣ ♠♦♥❡② ✢♦✇ ❛s P❍✬s ✇✐t❤❞r❛✇❛❧s
❛r❡✳
✹✳✷ ❚❤❡ ●▼❲❇ ❈♦♥tr❛❝ts ✾✾
✹✳✷✳✹ ❊✈❡♥t ❚✐♠❡s ❛♥❞ ❋✐♥❛❧ P❛②♦✛
▲❡t G ❜❡ t❤❡ ✇✐t❤❞r❛✇❛❧ ❣✉❛r❛♥t❡❡❞ ❛♠♦✉♥t✿ ❢♦r ❛ ❈❋ ♣r♦❞✉❝t t②♣❡✱ t❤✐s ♣❛r❛♠❡t❡r ✐s ❛
❝♦♥tr❛❝t ✐♥♣✉t✱ ✇❤✐❧❡ ❢♦r ❛ ❨❉ t②♣❡ t❤✐s ✈❛❧✉❡ ✐s ❞❡t❡r♠✐♥❡❞ ❛t t✐♠❡ T1 ❛❝❝♦r❞✐♥❣ t♦ ❢♦r♠✉❧❛
✹✳✷✳✶✳
❲❡ ❞❡♥♦t❡ Wi t❤❡ ✇✐t❤❞r❛✇❛❧ ♦❢ t❤❡ P❍ ❛t t✐♠❡ ti✳ ❆s ✐♥ ❬✶✸❪✱ ✇❡ ♦❜s❡r✈❡ t❤❛t Wi ✐s ❛
❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳
●▼❲❇✲❈❋
❯s✉❛❧❧② t❤❡ ✜rst ❡✈❡♥t t✐♠❡ t❛❦❡s ♣❧❛❝❡ ❛t t✐♠❡ t1 = ∆t = 1 y ♦r t1 = ∆t = 0.5 y ❀ ♠♦r❡♦✈❡r
ti = i ·∆t✳
❲❡ ❞❡♥♦t❡ ✇✐t❤
(
A
t
(−)
i
, B
t
(−)
i
, ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❜❡❢♦r❡ ❛♥ ❡✈❡♥t t✐♠❡ t❤❛t ♦❝❝✉rs
❛t t✐♠❡ ti ❛♥❞ ✇✐t❤
(
A
t
(+)
i
, B
t
(+)
i
, ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❛❢t❡r ✐t✳
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ♣r✐❝✐♥❣ ❢r❛♠❡✇♦r❦s✿ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ t❤❡ P❍ ❝❛♥ ✇✐t❤❞r❛✇ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❝♦♥tr❛❝t r❛t❡ G ✭❙t❛t✐❝ ❛♣♣r♦❛❝❤✮ ♦r t♦ ❛ ❞✐✛❡r❡♥t r❛t❡ ✭❉②♥❛♠✐❝ ❛♣♣r♦❛❝❤✮✳ ■❢ Wi ≤ G✱
t❤❡♥ t❤❡r❡ ✐s ♥♦ ♣❡♥❛❧t② ✐♠♣♦s❡❞❀ ✐❢ Wi > G t❤❡r❡ ✐s ❛ ♣r♦♣♦rt✐♦♥❛❧ ♣❡♥❛❧t② ❝❤❛r❣❡ κ (Wi −G)✳
❆♥②✇❛②✱ t❤❡ ✈❛❧✉❡ ♦❢ Wi ❝❤♦s❡♥ ❜② t❤❡ P❍ ❝❛♥♥♦t ❡①❝❡❡❞ t❤❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇❛❧ ❛♠♦✉♥t
B
t
(−)
i
✿ ✐t ♠✉st ❜❡ Wi ∈
[
0, B
t
(−)
i
]
✳
❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ t❤❡ P❍ ♠❛② ♥♦t r❡❝❡✐✈❡ ❛❧❧ t❤❡ ♠♦♥❡② ❤❡ ✭s❤❡✮ ✇✐t❤❞r❛✇s ❢r♦♠ t❤❡
❛❝❝♦✉♥t ✈❛❧✉❡✳ ▲❡t fi (W ) :
[
0, B
t
(−)
i
]
→ R ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ Wi ❞❡♥♦t✐♥❣ t❤❡ r❛t❡ ♦❢ ❝❛s❤ ✢♦✇
r❡❝❡✐✈❡❞ ❜② t❤❡ P❍ ❞✉❡ t♦ t❤❡ ✇✐t❤❞r❛✇❛❧ ❛t t✐♠❡ ti✳ ❚❤❡♥✱
fi (Wi) =
{
Wi ✐❢ Wi ≤ G
Wi − κ (Wi −G) ✐❢ Wi > G.
❚❤❡ ♥❡✇ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡(
A
t
(+)
i
, B
t
(+)
i
, ti
)
=
(
max
(
A
t
(−)
i
−Wi, 0
)
, B
t
(−)
i
−Wi, ti
)
✭✹✳✷✳✸✮
❆t t✐♠❡ t = T2 t❤❡ ❧❛st ❡✈❡♥t t✐♠❡ t❛❦❡s ♣❧❛❝❡✿ t❤❡ P❍ ✇✐t❤❞r❛✇s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡✈❡♥t
t✐♠❡s❀ t❤❡♥ ❤❡ ✭s❤❡✮ r❡❝❡✐✈❡s t❤❡ ✜♥❛❧ ♣❛②♦✛ ✇❤✐❝❤ ✐s ✇♦rt❤
FP = max (AT2 , (1− κ)BT2) .
❚❤✐s ✜♥❛❧ ♣❛②♦✛ ✐s ❛♣♣❧✐❡❞ ❛❧s♦ ✐♥ t❤❡ st❛t✐❝ ❝❛s❡✳
■t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❛t t✐♠❡ T2 ✐s WN = min
(
G,B
T
(−)
2
)
❀ ✐♥
t❤✐s ❝❛s❡✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥tr❛❝t ❜❡❢♦r❡ t❤❡ ✇✐t❤❞r❛✇❛❧ ✐s
V
(
A
T
(−)
2
, B
T
(−)
2
, T2
)
= max
(
A
T
(−)
2
, (1− κ)B
T
(−)
2
+ κmin
(
G,B
T
(−)
2
))
.
❚❤❡r❡❢♦r❡✱ t❤✐s r❡♠❛r❦ s✐♠♣❧✐✜❡s t❤❡ r❡s❡❛r❝❤ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ✐♥ t❤❡ ❉②♥❛♠✐❝ ❢r❛♠❡✲
✇♦r❦✳
✶✵✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❲❡ ♥♦t✐❝❡ t❤❛t✱ ✐❢ A
t
(−)
i
> B
t
(−)
i
t❤❡ ❝♦♥tr❛❝t ❝❛♥ ♥♦t ❜❡ ❢✉❧❧② t❡r♠✐♥❛t❡❞ ✐♥ ti✿ ✐❢ t❤❡ P❍
✇✐t❤❞r❛✇s ❛t t❤❡ ♠❛①✐♠❛❧ r❛t❡✱ t❤❡♥ Wi = Bt(−)i
❛♥❞
(
A
t
(+)
i
, B
t
(+)
i
, ti
)
=
(
A
t
(−)
i
−B
t
(−)
i
, 0, ti
)
✳
■♥ t❤✐s ❝❛s❡ t❤❡ P❍ ✇♦♥✬t ❜❡ ❛❜❧❡ t♦ ♠❛❦❡ ❛♥② ✇✐t❤❞r❛✇❛❧ ✐♥ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥t t✐♠❡s ❜❡❝❛✉s❡ ♦❢
B = 0✱ ❜✉t ❤❡ ✇✐❧❧ r❡❝❡✐✈❡ t❤❡ ✜♥❛❧ ♣❛②♦✛ FP = AT2 ❛t t✐♠❡ T2✳
●▼❲❇✲❨❉
❚❤✐s ❦✐♥❞ ♦❢ ♣r♦❞✉❝ts ❝❛♥ ❜❡ ❞❡❢❡rr❡❞ ♦r ♥♦t✳ ■❢ ✇❡ s❡t ∆t = (T2−T1)/N✱ t❤❡♥ ti = T1+∆t · i ❢♦r
i = 1, . . . , N ✳ ❯s✉❛❧❧② ∆t = 1 y✳
❲❡ ❞❡♥♦t❡ ✇✐t❤
(
A
t
(−)
i
, G(−), ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❜❡❢♦r❡ ❛♥ ❡✈❡♥t t✐♠❡ t❤❛t ♦❝❝✉rs
❛t t✐♠❡ ti ❛♥❞ ✇✐t❤
(
A
t
(+)
i
, G(+), ti
)
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s ❥✉st ❛❢t❡r ✐t✳
❆❝❝♦r❞✐♥❣ t♦ ❬✹✻❪✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ♣r✐❝✐♥❣ ❢r❛♠❡✇♦r❦s✿ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ t❤❡ P❍ ❝❛♥
✇✐t❤❞r❛✇ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥tr❛❝t r❛t❡ G ✭❙t❛t✐❝ ❛♣♣r♦❛❝❤✮ ♦r ❢✉❧❧② s✉rr❡♥❞❡r ✭❉②♥❛♠✐❝ ❛♣✲
♣r♦❛❝❤✮✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❤❡ ✭s❤❡✮ r❡❝❡✐✈❡s G ❛t ❛❧❧ ❡✈❡♥t t✐♠❡s ❛❢t❡r T1 ✭T2 − T1 ♣❛②♠❡♥ts✮
❛♥❞ t❤❡ st❛t❡ ❝❤❛♥❣❡ ✐s ❣✐✈❡♥ ❜②(
A
t
(+)
i
, G(+), ti
)
=
(
max
(
0, A
t
(+)
i
−G(−)
)
, G(−), ti
)
. ✭✹✳✷✳✹✮
❆t t✐♠❡ t = T2✱ t❤❡ P❍ r❡❝❡✐✈❡s G ♣❧✉s t❤❡ ✜♥❛❧ ♣❛②♦✛✿
FP = A
T
(+)
2
.
■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡ P❍ r❡❝❡✐✈❡s G ✉♥t✐❧ t❤❡ s✉rr❡♥❞❡r ❡✈❡♥t✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✷✳✹✮
st✐❧❧ ❤♦❧❞s✳ ▲❡t✬s s✉♣♣♦s❡ t❤❛t t❤❡ P❍ ❞❡❝✐❞❡s t♦ s✉rr❡♥❞❡r ❛t t✐♠❡ t❤❡ ❡✈❡♥t t✐♠❡ ti∗ ❀ t❤❡♥(
A
t
(+)
i∗
, G, ti∗
)
= (0, 0, ti∗) .
❚❤❡ ✜♥❛❧ ♣❛②♦✛ ✐s ♣❛✐❞ ♦✉t ❛t t✐♠❡ ti∗ ✱ ❛♥❞ t❤❡ ❝♦♥tr❛❝t ❜❡❝♦♠❡s ✈❛❧✉❡❧❡ss✿
FP = G+ (1− κ)max
(
0, A
t
(−)
i∗
−G
)
.
✹✳✷✳✺ ❙✐♠✐❧❛r✐t② ❘❡❞✉❝t✐♦♥
❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ ●▼❲❇✲❨❉ ❝♦♥tr❛❝t ✐s t❤❡ ❢❛❝t t❤❛t t❤✐s ❝♦♥tr❛❝t ❜❡❤❛✈❡s ❣♦♦❞
✉♥❞❡r s❝❛❧✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ❛s ❛❧s♦ ●▲❲❇ ✈❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ❞♦✳ ■❢ V (A,G, t) ❞❡♥♦t❡s t❤❡
✈❛❧✉❡ ♦❢ ❛ ❝♦♥tr❛❝t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② s❝❛❧❛r η > 0
ηV (A,G, t) = V (ηA, ηG, t) . ✭✹✳✷✳✺✮
❚❤❡♥✱ ✇❡ ❥✉st ❤❛✈❡ t♦ tr❡❛t t❤❡ ❝❛s❡ G = Gˆ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ Gˆ ✭❢♦r ❡①❛♠♣❧❡ Gˆ =
P/ (T2 − T1)✮✱ ❛♥❞ t❤❡♥✱ ❝❤♦♦s✐♥❣ η = Gˆ/G✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
V (A,G, t) = G
Gˆ
V
(
Gˆ
G
A, Gˆ, t
)
,
✹✳✸ ❚❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ t❤❡ ❢✉♥❞ S ✶✵✶
✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦♥❧② ❢♦r ❛ s✐♥❣❧❡ r❡♣r❡s❡♥t❛t✐✈❡ ✈❛❧✉❡ ♦❢
G✳ ❚❤✐s ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥✳
❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛t t✐♠❡ T1 ✇❤❡♥ A ❛♥❞ G ❛r❡ r❡s❡t✳ ❙♦♠❡ s✐♠♣❧❡
❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t
V
(
A
T
(+)
1
, G+T1 , T1
)
=
A
T
(+)
1
P
V
(
P, Gˆ, T1
)
.
❚❤❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ✭✹✳✷✳✺✮ ✇❛s ❛❧s♦ ❡①♣❧♦✐t❡❞ ❢r♦♠ ❙❤❛❤ ❡t ❇❡rts✐♠❛s ✐♥ ❬✹✸❪✳ ❲❡
✇♦✉❧❞ r❡♠❛r❦ t❤❛t ❨❛♥❣ ❛♥❞ ❉❛✐ ❞✐❞♥✬t ✉s❡ t❤✐s t❡❝❤♥✐q✉❡ ❢♦r t❤❡✐r ♣r♦❞✉❝t✿ t❤❡r❡❢♦r❡✱ t❤❡✐r
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r✐❝✐♥❣ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳
❆❝❝♦r❞✐♥❣ t♦ ●▼❲❇✲❈❋ ❝♦♥tr❛❝ts✱ t❤❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ❝❛♥✬t ❜❡ ❛♣♣❧✐❡❞ ❞✐r❡❝t❧②✳ ■♥
❢❛❝t✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t
ηV (A,B,G, t) = V (ηA, ηB, ηG, t) ✭✹✳✷✳✻✮
❜✉t ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t♦ s❝❛❧❡ ❛❧s♦ t❤❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤❞r❛✇❛❧ ❛♠♦✉♥t G ❛♥❞ t❤❡r❡❢♦r❡ ✐t
✐s ♥♦t ✉s❡❢✉❧ t♦ r❡❞✉❝❡ ♣r♦❜❧❡♠✬s ❞✐♠❡♥s✐♦♥✳
✹✳✸ ❚❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧s ♦❢ t❤❡ ❢✉♥❞ S
❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥t ✐♠♣❛❝ts ♦❢ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ♦✈❡r s✉❝❤
❛ ❧♦♥❣ ♠❛t✉r✐t② ❝♦♥tr❛❝t✱ ✇❡ ♣r✐❝❡ t❤❡ ●▼❲❇ ❱❆ ❛❝❝♦r❞✐♥❣ t♦ t✇♦ ♠♦❞❡❧s✿ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱
✇❤✐❝❤ ♣r♦✈✐❞❡s st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ♣r♦✈✐❞❡
st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ t❤❡ ♣r♦❝❡ss S r❡♣r❡s❡♥ts t❤❡ ✉♥❞❡r❧②✐♥❣ ❢✉♥❞ ❞r✐✈✐♥❣
t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ♦❢ t❤❡ ♣r♦❞✉❝t✳
❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ ♦❢ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧ ❛r❡ t❤❡ s❛♠❡
❛s t❤♦s❡ ✜①❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶ ❛♥❞ ✸✳✸✳✷✳
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢♦✉r ♣r✐❝✐♥❣ ♠❡t❤♦❞s✿ ❛ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛ ❙t❛♥❞❛r❞
▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞✱ ❛ ❍②❜r✐❞ P❉❊ ♠❡t❤♦❞✱ ❛♥❞ ❛♥ ❆❉■ P❉❊ ♠❡t❤♦❞✳ ❚❤❡s❡ ♠❡t❤♦❞s ❤❛✈❡
❛❧r❡❛❞② ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❜✉t ✐♥ t❤✐s ❝❛s❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥ ♠❛② ❝❤❛♥❣❡✳ ■♥ ❢❛❝t✱
●▲❲❇ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❞✐♠❡♥s✐♦♥ ❡q✉❛❧ t♦ ✷✳ ●▼❲❇✲❈❋ ✇✐t❤ ❉②♥❛♠✐❝ P❍✬s ❜❡❤❛✈✐♦r
❤❛s ❞✐♠❡♥s✐♦♥ ❡q✉❛❧ t♦ ✸✱ ❛♥❞ ❛❧❧ ♦t❤❡r ❝❛s❡s ✷✳
❲❡ r❡♠❡♠❜❡r t❤❛t ♦✉r ❛✐♠ ✐s t♦ ✜♥❞ t❤❡ ❢❛✐r ✈❛❧✉❡ ❢♦r αg✿ ✐t✬s t❤❡ ❝❤❛r❣❡ t❤❛t ♠❛❦❡s t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ♣r❡♠✐✉♠✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s t❛r❣❡t✱ ✇❡ ♣r✐❝❡ t❤❡
♣♦❧✐❝② ✭✇✐t❤ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡s✮ ❛♥❞ t❤❡♥ ✇❡ ✉s❡ t❤❡ s❡❝❛♥t ♠❡t❤♦❞ t♦ ❛♣♣r♦❛❝❤
t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ❢♦r αg✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❜❡ ❛❜❧❡ t♦ ✜♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢♦r ❛
❣✐✈❡♥ ✈❛❧✉❡ ♦❢ αg✿ V (A0, B0, 0) (αg)✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡
✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✿ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ❛r❡ tr❡❛t❡❞ ❛s ❛ ♦✉t❣♦✐♥❣ ❝❛s❤ ✢♦✇s✱ ❛♥❞ ✐❢ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r ❢♦❧❧♦✇s ❛ ✇✐t❤❞r❛✇❛❧ str❛t❡❣②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✇♦rst ♦♥❡ ❢♦r t❤❡ ✐♥s✉r❛♥❝❡
❝♦♠♣❛♥②✳
✶✵✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
✹✳✹✳✶ ❚❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ●▲❲❇ ♣♦❧✐❝② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤ ❛ ▼♦♥t❡ ❈❛r❧♦ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t✇♦ st❡♣s✿ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛ s❝❡♥❛r✐♦ ✭❛ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡s
❛❧♦♥❣ t❤❡ ❧✐❢❡ ♦❢ t❤❡ ♣r♦❞✉❝t✮✱ ❛♥❞ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ✐♥t♦ t❤❡ s❝❡♥❛r✐♦✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡
✇❛② ✇❡ ♦❜t❛✐♥ t❤❡ s❝❡♥❛r✐♦s✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ▼♦♥t❡ ❈❛r❧♦ ♠♦❞❡❧s✿ ❍②❜r✐❞ ▼❈ ✭❍▼❈✮ ❛♥❞
❙t❛♥❞❛r❞ ▼❈ ✭❙▼❈✮✳
❚❤❡ ❍②❜r✐❞ ▼❈ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳
✹✳✹✳✶✳✶ ❙❝❡♥❛r✐♦ ❣❡♥❡r❛t✐♦♥
❚❤❡ ❣❡♥❡r❛t✐♦♥s ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ ✶✳✹✳✶✳✶ ❛♥❞ ✶✳✹✳✶✳✷
✹✳✹✳✶✳✷ Pr♦❥❡❝t✐♦♥
❖♥❝❡ ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ t❤❡ s❝❡♥❛r✐♦s s❡t S = {sk, k = 1, . . . , ns}✱ ✇❡ ♣r♦❥❡❝t t❤❡ ♣♦❧✐❝② ✐♥t♦
❛❧❧ ♦❢ ✐t✬s s❝❡♥❛r✐♦s✿ t❤✐s ♠❡❛♥s ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ Vs ♦❢ t❤❡ ❝♦♥tr❛❝t ❛s t❤❡ s✉♠ ♦❢
❞✐s❝♦✉♥t❡❞ ❝❛s❤ ✢♦✇s ❞❡t❡r♠✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ s❝❡♥❛r✐♦ s ∈ S✳ ❚❤❡♥✱ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢
t❤❡ ❝♦♥tr❛❝t V ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡s ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❛♠♦♥❣ ❛❧❧ s❝❡♥❛r✐♦s✿
V ≈
ns∑
k=1
Vsk
ns
.
❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r ✇❡ t❛❦❡ ❛♥ ♦♣t✐♠✐③❡❞ str❛t❡❣② ♦r ♥♦t✳
❈♦♥st❛♥t ❲✐t❤❞r❛✇❛❧ ■♥ t❤✐s ❝❛s❡ t❤❡ str❛t❡❣② ♦❢ t❤❡ P❍ ✐s ✜①❡❞✳ ❋♦r ❛ ●▼❲❇✲❈❋
♣r♦❞✉❝t✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛s❡ ❜❡♥❡✜t Bti ✐s ❝❡rt❛✐♥✿ Bt(−)i
= P−G (i− 1) ❛♥❞ B
t
(+)
i
= B
t
(−)
i
−G✳
❲❡ ❝❛♥ ❥✉st ✇r✐t❡ Vs = Vs (A, t) t♦ ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ●▼❲❇ ❤❛✈✐♥❣ ❛❝❝♦✉♥t ✈❛❧✉❡ ❡q✉❛❧
t♦ A ❛t t✐♠❡ t✳ ❚❤✐s ❢❛❝t s❡ts t❤❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥ t♦ ✷✳ ■♥ t❤✐s ❝❛s❡✱ ●▼❲❇✲❈❋ ❛♥❞
●▼❲❇✲❨❉ ❝♦❧❧❛♣s❡ ✐♥ t❤❡ s❛♠❡ ♣r♦❞✉❝t✳
❋♦r ❡❛❝❤ s❝❡♥❛r✐♦s s✱ ✜rst ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡s A
t
(+)
i
❢♦r ❛❧❧ ti✿


A0 = P
A
t
(−)
i
= A
t
(+)
i−1
Sti
Sti−1
e−αtot∆t
A
t
(+)
i
= max
(
0, A
t
(−)
i
−G
)
.
❚❤❡♥ ✇❡ s❡t
Vs
(
A
T
(+)
2
, T2
)
= A
T
(+)
2
;
❢♦r ❛❧❧ T1 < ti < T2 ✇❡ ❤❛✈❡
Vs
(
A
t
(+)
i
, ti
)
= e−
´ ti+1
ti
rsds
[
Vs
(
A
t
(+)
i+1
, ti+1
)
+G
]
,
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✶✵✸
❛♥❞ ✜♥❛❧❧②
Vs (AT1 , T1) = e
− ´ t1
T1
rsds
[
Vs
(
A
t
(+)
1
, t1
)
+G
]
.
■❢ ✇❡✬r❡ ♣r✐❝❡ ❛ ❞❡❢❡rr❡❞ ♣r♦❞✉❝t✱ ✭✐✳❡✳ T1 > 0✮✱ t❤❡♥ ✇❡ s❡t
G =
P
m (T2 − T1)
❛♥❞ ✇❡ ✉s❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ t♦ ♦❜t❛✐♥
Vs (A0, 0) = e
− ´ T10 rsdsVs (P, T1) ·
max
(
P, ST1e
−αtotT1)
P
.
❖♣t✐♠❛❧ ❲✐t❤❞r❛✇❛❧ ❚❤❡ ❖♣t✐♠❛❧ ❲✐t❤❞r❛✇❛❧ ✐s ❛ ❝❛s❡ ♦❢ ❉②♥❛♠✐❝ ❲✐t❤❞r❛✇❛❧ ❛♥❞ ✐t
❛♣♣❧✐❡s ♦♥❧② t♦ ●▼❲❇✲❈❋ ♣r♦❞✉❝t✳ ■♥ t❤❡✐r ❛rt✐❝❧❡s✱ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ s✉♣♣♦s❡ t❤❡ P❍ t♦
❜❡ ❡♥t✐t❧❡❞ t♦ ❞♦ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧s✱ ✐✳❡✳ ❝❤♦s❡ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ❤♦✇ ♠✉❝❤ ✇✐t❤❞r❛✇✳ ■♥
t❤✐s ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti t❤❡ P❍ ❝❛♥ ✇✐t❤❞r❛✇ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r
❛♠♦✉♥t✳ ❚♦ ♣r✐❝❡ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ P❍ ❝❤♦♦s❡s t❤❡ ✈❛❧✉❡ ♦❢ Wi t❤❛t ❝❛✉s❡s t❤❡
✇♦rst ❤❡❞❣✐♥❣ ❝❛s❡ ❢♦r t❤❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞❡♥♦t❡ V (A,B, t) t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡ ❛t t✐♠❡ t ♦❢ ❛ ❣❡♥❡r✐❝ ♣♦❧✐❝② ✇❤♦s❡ st❛t❡ ♣❛r❛♠❡t❡rs ❛r❡ A,B ✿
V (A,B, t) = E [Vs (A,B, t)] .
❙♦✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ P❍ ❝❤♦♦s❡s Wi s✉❝❤ t❤❛t
Wi = ❛r❣♠❛①
wi∈
[
0,B
t
(−)
i
] V
(
max
(
A
t
(−)
i
− wi, 0
)
, B
t
(−)
i
− wi, ti
)
+ fi (wi) .
❚❤✐s ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛♣♣r♦❛❝❤✿
✶✳ ❙✐♠✉❧❛t❡ N r❛♥❞♦♠ s❝❡♥❛r✐♦s ❛♥❞ ♣r✐❝❡ t❤❡ ♣♦❧✐❝✐❡s ✐♥t♦ t❤❡s❡ s❝❡♥❛r✐♦s✳
✷✳ ❋♦r i = N t♦ i = 0 ✭❢r♦♠ tN = T2 t♦ t0 = T1 = 0✮✿
✭❛✮ ❆♣♣r♦①✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥ V (A,B, ti) ✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❥❡❝t✐♦♥ ✐♥t♦ ❛ s♣❛❝❡
♦❢ ❢✉♥❝t✐♦♥s ✭✉s✉❛❧❧② ♣♦❧②♥♦♠✐❛❧s✮✳
✭❜✮ ❋♦r ❡❛❝❤ s❝❡♥❛r✐♦ s ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ Wi ✭✐❢ ti > 0✮✳
✭❝✮ ❘❡❝❛❧❝✉❧❛t❡ t❤❡ ✉♣❝♦♠✐♥❣ st❛t❡ ✈❛r✐❛❜❧❡s ❢r♦♠ τ = ti t♦ τ = T2 ❛ss✉♠✐♥❣ t❤❛t t❤❡
P❍ ❝❤♦♦s❡s t❤❡ ❜❡st ✈❛❧✉❡ ❢♦r Wτ ✳
✸✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ Vs (P, P, 0) ♦✈❡r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s s t♦ ♦❜t❛✐♥ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ V (P, P, 0)✳
❚❤❡ s❡❛r❝❤ ❢♦r t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢♦r t❤✐s t②♣❡ ♦❢ ♣r♦❞✉❝t ✐s ❛ st✐✛ ♣✉r♣♦s❡✳ ❚❤❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (A,B, t) ✇✐t❤ ♣♦❧②♥♦♠✐❛❧s ✐s ❤❛r❞✿ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤✐s
❢✉♥❝t✐♦♥ ✐s ✈❡r② ❝✉r✈❡❞ ✇❤❡♥ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ At ✐s ❝❧♦s❡ t♦ Bt✱ ❛♥❞ ✐s ✈❡r② str❛✐❣❤t ♦t❤❡r✇✐s❡✳
❲❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ♣r♦❥❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s✱ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡ ♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ r✐❣❤t ✈❛❧✉❡✳ ❲❡ ❝❛❧❧ t❤❡ ❢❛st ❛❧❣♦r✐t❤♠ ✏❋✉❧❧ ❘❡❣r❡ss✐♦♥✑ ❛♥❞ t❤❡
❛❝❝✉r❛t❡ ♦♥❡ ✏❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s✑✳
✶✵✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❋✉❧❧ ❘❡❣r❡ss✐♦♥ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❣r❡ss✐♦♥ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti ✐s ❞♦♥❡ ✉s✐♥❣ t✇♦
♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✸ ✈❛r✐❛t❡s✿ Qupti (A,B, u) ❛♥❞ Q
dw
ti (A,B, u) ✇❤❡r❡ u ✐s r ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧
❛♥❞ v ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❍❡r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡♠❛r❦s
• ❈r❡❛t❡ ❛ ❣r✐❞ ♦❢ ❝♦♥st❛♥t ♣♦✐♥ts G = A × B = {(ak, bh) , 0 ≤ k ≤ K, 0 ≤ h ≤ H} t♦ ❜❡
✉s❡❞ ❛s ✐♥✐t✐❛❧ ✈❛❧✉❡s t♦ ❞✐✛✉s❡ t❤❡ ❝♦✉♣❧❡ (A,B) ✉s✐♥❣ r❛♥❞♦♠ s❝❡♥❛r✐♦s✳ ❚❤✐s ❣r✐❞ ❧❡ts
✉s ❜❡ s✉r❡ t❤❛t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✱ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ✈❛❧✉❡s ✐s ✇❡❧❧ ❞✐str✐❜✉t❡❞ ❛♥❞ ✉s❡❢✉❧
❢♦r ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥✳ ■♥ ♦✉r t❡sts ✇❡ ✉s❡❞ B ❛s ❛ s❡t ♦❢ ❈❤❡❜②❝❤❡✈ ♥♦❞❡s ❢r♦♠ 0 t♦
P ✱ ❛♥❞ A ❛s ❛ s❡t ♦❢ ✉♥✐❢♦r♠ ♥♦❞❡s ❢r♦♠ 0 t♦ 3P ✳ ❙❡❡ ❋✐❣✉r❡ ✹✳✹✳✶✳
• ❙❡♣❛r❛t❡ t❤❡ s♣❛❝❡ ✐♥ t✇♦ r❡❣✐♦♥s U = {(a, b) |a ≥ b} ❛♥❞ D = {(a, b) |a < b} ❛♥❞ ♣❡r❢♦r♠
r❡❣r❡ss✐♦♥ ✉s✐♥❣ Qupti (Ati , Btti , uti) ❢♦r t❤❡ ✜rst s❡t✱ ❛♥❞ Q
dw
ti (Ati , Bti , uti) ❢♦r t❤❡ s❡❝♦♥❞✳
• ❯s❡ s❤✐❢t ❛♥❞ s❝❛❧✐♥❣ t❡❝❤♥✐q✉❡ t♦ ✐♠♣r♦✈❡ r❡❣r❡ss✐♦♥✳
• ❆s r❡♠❛r❦❡❞ ❜❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❛t ❧❛st ❡✈❡♥t t✐♠❡ ti = T2✱ ✐s ❛❧✇❛②s ❡q✉❛❧ t♦
min
(
G,B
T
(−)
2
)
✳
• ❚♦ ✜♥❞ t❤❡ ❜❡st ✈❛❧✉❡ ❢♦r t❤❡ ✇✐t❤❞r❛✇❛❧ ❛♠♦✉♥t Wi✱ ♥✉♠❡r✐❝❛❧ t❡sts ♣r♦✈❡❞ t❤❛t✱ ✐❢ G
❞✐✈✐❞❡s ❡①❛❝t❧② P ✱ t❤❡♥ ✐t✬s ❡♥♦✉❣❤ t♦ s❡❛r❝❤ ❛♠♦♥❣ t❤❡ ♠✉❧t✐♣❧❡s ♦❢ G✳
❍❡r❡ ❛ ♣s❡✉❞♦ ❝♦❞❡✿
✶ ❋✉❧❧❴r❡❣r❡ss✐♦♥✭✮④
✷ ✐♥t ❊❚s❂ ❚✷✯❲❉❴r❛t❡❀
✸ ❙❝❡♥❛r✐♦❴❣❡♥❡r❛t✐♦♥❴st❡♣✭✮❀
✹ ❋♦r✇❛r❞❴✐♥✐t✐❛❧❴st❡♣✭✮❀
✺ ❢♦r✭✐♥t t✐❂ ❊❚s✲✶❀t✐❃✵❀t✐✲✲✮④
✻ ❇❛❝❦✇❛r❞❴st❡♣❴●▼❲❇✭t✐✮❀
✼ ▲❡❛st❴❙q✉❛r❡s❴st❡♣❴●▼❲❇✭t✐✮❀
✽ ❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣❴●▼❲❇✭t✐✮❀
✾ ⑥
✶✵ ❇❛❝❦✇❛r❞❴st❡♣❴●▼❲❇✭✵✮❀
✶✶ ⑥
❚❤❡ ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ✉s❡❞ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
• ❙❝❡♥❛r✐♦❴❣❡♥❡r❛t✐♦♥❴st❡♣✭✮✳ ●❡♥❡r❛t❡ t❤❡ s❝❡♥❛r✐♦s✿ S ❛♥❞ v ♦r r ✳
• ❋♦r✇❛r❞❴✐♥✐t✐❛❧❴st❡♣✭✮✳ ❋♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s s✱ ❝❤♦s❡ ❛ ♥♦❞❡ (a, b) ♦❢ t❤❡ ❣r✐❞ G ✭❝♦✈❡r✐♥❣
❛❧❧ t❤❡ ❣r✐❞ ❛s s ❝❤❛♥❣❡s✮✱ ❛♥❞ s❡t
(
Asti , B
s
ti
)
= (a, b) ❢♦r ❛❧❧ ti✳
• ❇❛❝❦✇❛r❞❴st❡♣❴●▼❲❇✭t✐✮✳ ❋♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s✱ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❛t
t❤❡ ❡✈❡♥t t✐♠❡ ti ❛s t❤❡ s✉♠ ♦❢ ❞✐s❝♦✉♥t❡❞ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s Vti ✳
• ▲❡❛st❴❙q✉❛r❡s❴st❡♣❴●▼❲❇✭t✐✮✳ P❡r❢♦r♠ ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥✳ ❈❛❧❝✉❧❛t❡Qupti (A,B, u)
✉s✐♥❣ t❤❡ ✈❛❧✉❡ (Ati , Bti , uti , Vti) s✉❝❤ t❤❛t Ati ≥ Bti ✳ ❈❛❧❝✉❧❛t❡ Qdwti (A,B, u) ✉s✐♥❣ t❤❡
✈❛❧✉❡ (Ati , Bti , uti , Vti) s✉❝❤ t❤❛t Ati ≤ Bti ✳
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✶✵✺
• ❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣❴●▼❲❇✭t✐✮✳ ❑❡❡♣✐♥❣ ✜①❡❞ t❤❡ ✈❛❧✉❡ ♦❢ Ati ❛♥❞ Bti ❛s st❛t❡❞
❜② t❤❡ ❋♦r✇❛r❞❴✐♥✐t✐❛❧❴st❡♣ ❢✉♥❝t✐♦♥✱ ❝❛❧❝✉❧❛t❡ t❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣♦❧✐❝② ❛t ❛❧❧
t❤❡ ❡✈❡♥t t✐♠❡s tj ❛❢t❡r ti✱ ✉s✐♥❣ ❛t ❡❛❝❤ t✐♠❡ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧✳ ❆s ✇❡ ❛r❡ ♣r♦❝❡❡❞✐♥❣
❜❛❝❦✇❛r❞ ❛♥❞ tj ≥ ti✱ ✇❡ ❝❛♥ ✜♥❞ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧ ✉s✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ Quptj (A,B, u)
❛♥❞ Qdwtj (A,B, u) ❝❛❧❝✉❧❛t❡❞ ❛t t❤❡ ♣r❡✈✐♦✉s st❡♣s✳
❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❣r❡ss✐♦♥ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti ✐s ❞♦♥❡ ✉s✐♥❣ ✸
♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✷ ✈❛r✐❛t❡s ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❜❛s❡ ❜❡♥❡✜t B ❛♥❞ ❡✈❡♥t t✐♠❡ ti✿ Q
up
ti,B
(A, u)✱
Qmdti,B (A, u) ❛♥❞ Q
dw
ti,B
(A, u) ✇❤❡r❡ u ✐s r ✐♥ t❤❡ ❇❙ ❍❲♠♦❞❡❧ ❛♥❞ v ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❚❤❡s❡
♣♦❧②♥♦♠✐❛❧s ❛r❡ s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❛❧❧ t❤❡ s❛♠❡ ❞❡❣r❡❡ d✳ ❍❡r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡♠❛r❦s
• ❈r❡❛t❡ ❛ ❣r✐❞ ♦❢ ❝♦♥st❛♥t ♣♦✐♥ts G = A×B = {(ak, bl) , 0 ≤ k ≤ K, 0 ≤ l ≤ L} t♦ ❜❡ ✉s❡❞
❛s ✐♥✐t✐❛❧ ✈❛❧✉❡s t♦ ❞✐✛✉s❡ t❤❡ ❝♦✉♣❧❡ (A,B) ✉s✐♥❣ r❛♥❞♦♠ s❝❡♥❛r✐♦s✳ ❚❤✐s ❣r✐❞ ❧❡ts ✉s
❜❡ s✉r❡ t❤❛t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✱ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ✈❛❧✉❡s ✐s ✇❡❧❧ ❞✐str✐❜✉t❡❞ ❛♥❞ ✉s❡❢✉❧
❢♦r ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥✳ ■♥ ♦✉r t❡sts ✇❡ ✉s❡❞ B ❛s s❡t ♦❢ ✉♥✐❢♦r♠ ♥♦❞❡s ❢r♦♠ 0 t♦ P
✇✐t❤ L = P/G ✿ B = {0, G, 2G, . . . , P}✳ ❚❤❡ s❡t A ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ■t ❝♦♥t❛✐♥s
♣♦✐♥ts ❢r♦♠ Amin = 0 t♦ Amax = 3P ❀ ✇❡ ❛❧s♦ tr✐❡❞ ♦t❤❡r ✈❛❧✉❡s ❢♦r Amax✱ ❛♥❞ 3P ❣❛✈❡
t❤❡ ❜❡st r❡s✉❧ts✳ ❋♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ B ∈ B✱ ✇❡ ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, 3P ] ✐♥ ✸ s✉❜s❡ts✿
DWB =
[
0, 12B
]
✱ MDB =
[
1
2B,
3
2B
]
❛♥❞ UPB =
[
3
2B, 3P
]
✳ ■♥ ❡❛❝❤ ♦❢ t❤❡s❡ s✉❜s❡ts ✇❡
❞❡✜♥❡ d+ 1 ❈❤❡❜②❝❤❡✈ ♥♦❞❡s✳ ❚❤❡s❡ ♥♦❞❡s ❞❡✜♥❡s t❤❡ ❣r✐❞✳ ❙❡❡ ❋✐❣✉r❡ ✹✳✹✳✶✳
• ❋♦r ❡❛❝❤ ❧❡✈❡❧ B✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s Qupti,B (A, u)✱ Qmdti,B (A, u) ❛♥❞ Qdwti,B (A, u) ❛r❡ ♦❜t❛✐♥❡❞
❜② r❡❣r❡ss✐♦♥✱ ❞✐✛✉s✐♥❣ t❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣♦❧✐❝② ❢r♦♠ t❤❡ ♥♦❞❡s ✐♥ t❤❡ s❡tsDWB✱
MDB ❛♥❞ UPB✳
• ❆s r❡♠❛r❦❡❞ ❜❡❢♦r❡✱ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❛t ❧❛st ❡✈❡♥t t✐♠❡ ti = T2✱ ✐s ❛❧✇❛②s ❡q✉❛❧ t♦
min
(
G,B−T2
)
✳
• ❚♦ ✜♥❞ t❤❡ ❜❡st ✈❛❧✉❡ ❢♦r t❤❡ ✇✐t❤❞r❛✇❛❧ ❛♠♦✉♥t Wti ✱ ♥✉♠❡r✐❝❛❧ t❡sts ♣r♦✈❡❞ t❤❛t✱ ✐❢ G
❞✐✈✐❞❡s ❡①❛❝t❧② P ✱ t❤❡♥ ✐t✬s ❡♥♦✉❣❤ t♦ s❡❛r❝❤ ❛♠♦♥❣ t❤❡ ♠✉❧t✐♣❧❡s ♦❢ G✳ ❚❤✐s ♠❡❛♥s t❤❛t
✇❤❡♥ ✇❡ s❡❛r❝❤ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧s✱ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ B ❛r❡ t❤♦s❡ ♦❢ B✳
❍❡r❡ ❛ ♣s❡✉❞♦ ❝♦❞❡✿
✶ ❘❡❣r❡ss✐♦♥❴❜②❴❧✐♥❡s✭✮④
✷ ✐♥t ❊❚s❂ ❚✷✯❲❉❴r❛t❡❀ ✐♥t ❍❂P✴●❀
✸ ❙❝❡♥❛r✐♦❴❣❡♥❡r❛t✐♦♥❴st❡♣✭✮❀
✹ ❢♦r✭✐♥t t✐❂ ❊❚s✲✶❀t✐❃✵❀t✐✲✲✮④
✺ ❢♦r✭✐♥t ❧❂✵❀❧❁▲✰✶❀❧✰✰✮④
✻ ❢♦r✭s❡❝t♦r❴❧❂ ❉❲❴❧✱ ▼❉❴❧✱ ❯P❴❧✮④
✼ ✐❢✭s❡❝t♦r❴❧ ✐s ♥♦t ❡♠♣t②✮④
✽ ❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣✭t✐✱❧✱s❡❝t♦r❴❧✮❀
✾ ❇❛❝❦✇❛r❞❴st❡♣❴●▼❲❇✭t✐✮❀
✶✵ ▲❡❛st❴❙q✉❛r❡s❴st❡♣✭t✐✱❧✱s❡❝t♦r❴❧✮❀
✶✶ ⑥⑥⑥⑥
✶✷ ▲❛st❴❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣✭✮❀
✶✸ ❇❛❝❦✇❛r❞❴st❡♣✭✵✮❀
✶✹ ⑥
✶✵✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
  
❋✐❣✉r❡ ✹✳✹✳✶✿ ❚❤❡ ❣r✐❞s ✉s❡❞ ✐♥ t❤❡ ❋✉❧❧ ❘❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✐♥ t❤❡ ❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s ❢♦r
❛ ●▼❲❇ ✇✐t❤ T2 = 10 ❛♥❞ ❛♥♥✉❛❧ ✇✐t❤❞r❛✇❛❧s✳ ■♥ t❤❡ ✜rst ♣✐❝t✉r❡✱ ✈✐♦❧❡t ♣♦✐♥ts ❛r❡ ✉s❡❞
✐♥ ❜♦t❤ t❤❡ t✇♦ r❡❣✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣✐❝t✉r❡✱ ❢♦r ❡❛❝❤ B ❧❡✈❡❧✱ t❤❡ ❣r❛② ♣♦✐♥ts ❜♦r❞❡r t❤❡
❞✐✛❡r❡♥t s❡❝t♦rs ❛♥❞ t❤❡② ❛r❡ s❤❛r❡❞✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤✐s ❧❛st ❝❛s❡ ✐s 4✳
❚❤❡ ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ✉s❡❞ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
• ❙❝❡♥❛r✐♦❴❣❡♥❡r❛t✐♦♥❴st❡♣✭✮✳ ●❡♥❡r❛t❡ t❤❡ s❝❡♥❛r✐♦s✿ S ❛♥❞ v ♦r r ✳
• ❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣✭t✐✱❧✱❉❲✮✳ ❋♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s✱ s❡tt✐♥❣ Bti = bl = l · P/G✱ ❛♥❞
❝❤♦♦s✐♥❣ Ati ✐♥ t❤❡ ♥♦❞❡ s❡t DWBti ✱ ❝❛❧❝✉❧❛t❡ t❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣♦❧✐❝② ❛t ❛❧❧
t❤❡ ❡✈❡♥t t✐♠❡s tj ❛❢t❡r ti✱ ✉s✐♥❣ ❛t ❡❛❝❤ t✐♠❡ tj t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧✳ ❚❤✐s ❢✉♥❝t✐♦♥s ❞♦❡s
t❤❡ s❛♠❡ ❢♦r t❤❡ t❤❡ s❡❝t♦rs MDBti ❛♥❞ UPBti ✳
• ❇❛❝❦✇❛r❞❴st❡♣❴●▼❲❇✭t✐✮✳ ❋♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s✱ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❛t
❡✈❡♥t t✐♠❡ ti ❛s t❤❡ s✉♠ ♦❢ ❞✐s❝♦✉♥t❡❞ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s Vti ✳
• ▲❡❛st❴❙q✉❛r❡s❴st❡♣✭t✐✱❧✱❉❲✮✳ P❡r❢♦r♠ ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥✳ ❈❛❧❝✉❧❛t❡ Qdwti,B (A, u) ✉s✲
✐♥❣ t❤❡ ✈❛❧✉❡ (Ati , Bti , uti , Vti) ❞✐✛✉s❡❞✳ ❚❤✐s ❢✉♥❝t✐♦♥s ❞♦❡s t❤❡ s❛♠❡ ❢♦r t❤❡ t❤❡ s❡❝t♦rs
MDBti ❛♥❞ UPBti ✳
• ▲❛st❴❋♦r✇❛r❞❴❉②♥❛♠✐❝❴st❡♣✭✮✳ ❋♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s✱ ❝♦♠♣✉t❡ t❤❡ st❛t❡ ♣❛r❛♠❡t❡rs ♦❢
t❤❡ ♣♦❧✐❝②✱ st❛rt✐♥❣ ❢r♦♠ t = 0 ❛♥❞ A0 = B0 = P ✳
❖♣t✐♠❛❧ s✉rr❡♥❞❡r ❚❤✐s ❝❛s❡ ❝♦♥❝❡r♥s ●▼❲❇✲❨❉ ♣r♦❞✉❝ts✳ ■♥ t❤❡✐r ❛rt✐❝❧❡s✱ ❨❛♥❣ ❛♥❞
❉❛✐ s✉♣♣♦s❡ t❤❡ P❍ t♦ ❜❡ ❡♥t✐t❧❡❞ t♦ s✉rr❡♥❞❡r ✇❤❡♥ ♦♣t✐♠❛❧✳
■♥ t❤✐s ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ti ∈ {t1, . . . , tN} t❤❡ P❍ ❝❛♥ ✇✐t❤❞r❛✇ t❤❡
❝♦♥tr❛❝t ❛♠♦✉♥t✱ ♦r ❢✉❧❧② s✉rr❡♥❞❡r✳ ❆s ✇❡ ❞✐❞ ❜❡❢♦r❡✱ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ❧❡t ✉s ✜① t❤❡ ✈❛❧✉❡
♦❢ G✳ ❲❡ ❞❡♥♦t❡ V (A, t) t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛t t✐♠❡ t ♦❢ ❛ ❣❡♥❡r✐❝ ♣♦❧✐❝② ✇❤♦s❡ st❛t❡ ♣❛r❛♠❡t❡r
✐s A ✭s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ❧❡t ✉s ✉s❡ ♦♥❧② A ❛s ✈❛r✐❛❜❧❡✮ ✿
V (A, t) = E [Vs (A, t)] .
❙♦✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ P❍ s✉rr❡♥❞❡rs ❛t t✐♠❡ ti∗ ✐❢
(1− κ)max
(
At−
i∗
−G, 0
)
≥ V
(
max
(
At−
i∗
−G, 0
)
, t
)
.
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✶✵✼
❚❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ V ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛♣♣r♦❛❝❤✿
✶✳ ❙✐♠✉❧❛t❡ N r❛♥❞♦♠ s❝❡♥❛r✐♦s ❛♥❞ ♣r✐❝❡ t❤❡ ♣♦❧✐❝② ✐♥t♦ t❤❡s❡ s❝❡♥❛r✐♦s ❛ss✉♠✐♥❣ t❤❛t t❤❡
P❍ ❢♦❧❧♦✇s ❛ st❛t✐❝ ❛♣♣r♦❛❝❤✳
✷✳ ❋♦r ti = tN t♦ ti = t1✿
✭❛✮ ❆♣♣r♦①✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥ V (A, ti) ✉s✐♥❣ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❥❡❝t✐♦♥ ✐♥t♦ ❛ s♣❛❝❡ ♦❢
❢✉♥❝t✐♦♥s ✭✉s✉❛❧❧② ♣♦❧②♥♦♠✐❛❧s✮✳
✭❜✮ ❋♦r ❡❛❝❤ s❝❡♥❛r✐♦ ❡✈❛❧✉❛t❡ ✐❢ ti ✐s t❤❡ ❣♦♦❞ st♦♣♣✐♥❣ t✐♠❡✳
✸✳ ❯s❡ ❛t t✐♠❡ T1 s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ t♦ ✐♥❝❧✉❞❡ ❛❝❝♦✉♥t ✈❛❧✉❡✬s r❡s❡t✳
✹✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ Vs (P, 0) ❢♦r ❛❧❧ t❤❡ s❝❡♥❛r✐♦s t♦ ♦❜t❛✐♥ ❛♥ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ♦❢ V (P, 0)✳
✹✳✹✳✷ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞
❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦ ♦♥❡✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥t
t❤✐♥❣✱ ✐s t❤❡ ✇❛② ✇❡ ♣r♦❞✉❝❡ t❤❡ r❛♥❞♦♠ s❝❡♥❛r✐♦s✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♣❤❛s❡ ✐s t❤❡ s❛♠❡ ❛s ❍②❜r✐❞
▼♦♥t❡ ❈❛r❧♦ ♦♥❡✳
✹✳✹✳✷✳✶ ❙❝❡♥❛r✐♦ ❣❡♥❡r❛t✐♦♥
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s ❢♦r t❤❡ t✇♦ ♠♦❞❡❧s✳
❚❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❚❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❛r✐♦s ✭✉♥❞❡r❧②✐♥❣ ❛♥❞ ✈♦❧❛t✐❧✐t②✮ ✐♥ t❤✐s ❝❛s❡
❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣ ❛ t❤✐r❞ ♦r❞❡r s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❢♦♥s✐ ❬✷❪✳
❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❚❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❛r✐♦s ✭✉♥❞❡r❧②✐♥❣ ❛♥❞
✐♥t❡r❡st r❛t❡✮ ✐♥ t❤✐s ❝❛s❡ ❤❛s ❜❡❡♥ ❞♦♥❡ ✉s✐♥❣ ❛♥ ❡①❛❝t s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❖str♦✈s❦✐ ❬✸✾❪✱ ✇✐t❤
❛ ❢❡✇ ❝❤❛♥❣❡s ✐♥ ♦r❞❡r t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✉♥❞❡r❧②✐♥❣ ❛♥❞ ✐♥t❡r❡st r❛t❡✳
✹✳✹✳✸ P❉❊ ❍②❜r✐❞ ▼❡t❤♦❞
❚❤❡ ❍②❜r✐❞ P❉❊ ❛♣♣r♦❛❝❤ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s✳ ■♥ ❢❛❝t ✐t✬s ❛ P❉❊ ♣r✐❝✐♥❣
♠❡t❤♦❞ ❛♥❞ ✐t✬s ❜❛s❡❞ ♦♥ ❇r✐❛♥✐ ❡t ❛❧✳ ❬✶✵❪✱ ❬✶✶❪ ❜♦t❤ ❢♦r ❍❡st♦♥ ❛♥❞ ❍✉❧❧✲❲❤✐t❡ ❝❛s❡✳ ❯s✐♥❣ ❛
tr❡❡ t♦ ❞✐✛✉s❡ ✈♦❧❛t✐❧✐t② ♦r ✐♥t❡r❡st r❛t❡✱ ✇❡ ❢r❡❡③❡ t❤❡s❡ ✈❛❧✉❡s ❜❡t✇❡❡♥ t✇♦ tr❡❡✲❧❡✈❡❧s ❛♥❞ ✇❡
s♦❧✈❡ ❛ ❇❧❛❝❦ ❙❝❤♦❧❡s P❉❊ ❢♦r ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡✱ ✉s✐♥❣ ❛s ✐♥✐t✐❛❧ ❞❛t❛ ❛ ✇❡✐❣❤t❡❞ ♠✐① ♦❢ t❤❡
❞❛t❛ ♦❢ t❤❡ ✉♣❝♦♠✐♥❣ ♥♦❞❡s✳
❲❡ ❝❛♥ r❡s✉♠❡ t❤❡ ♣r✐❝✐♥❣ ♠❡t❤♦❞s ✐♥ t❤r❡❡ ❢❡❛t✉r❡s✿ ♠♦❞❡❧✱ ❛❧❣♦r✐t❤♠ str✉❝t✉r❡ ❛♥❞
♣r✐❝✐♥❣✳
❲❡ st❛rt ❞❡s❝r✐❜✐♥❣ t❤❡ ♠♦❞❡❧ ❜❡t✇❡❡♥ t❤❡ ❡✈❡♥t t✐♠❡s✳
✶✵✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
✹✳✹✳✸✳✶ ❚❤❡ ❍❡st♦♥ ▼♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢♦✉♥❞ St ✐♥ ✭✸✳✸✳✶✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZAt =
ρZvt + ρ¯Z¯
A
t ✱ ✇❤❡r❡ Z¯
A ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Zv✳ ❚❤❡♥✱{
dAt = (r − αtot)Atdt+√vtAt
(
ρdZvt + ρ¯dZ¯
A
t
)
v0 = v¯0,
dvt = k (θ − vt) dt+ ω√vtdZVt A0 = A¯0,
d
〈
Z¯At , Z
v
t
〉
= 0,
❝♦✈❡r✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ At ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥t t✐♠❡s✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Y Et = ln (At)−
ρ
ω
vt, Y
E
0 = ln (A0)−
ρ
ω
v0
❚❤❡♥✱
At = exp
(
Y Et +
ρ
ω
vt
)
✭✹✳✹✳✶✮
❛♥❞
dY Et =
(
r − αtot − vt
2
− ρ
ω
k (θ − vt)
)
dt+ ρ¯
√
vtdZ¯
A
t .
❚❤✐s ♣r♦❝❡ss Y E ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss
v✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ ✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞ ❛❧♦♥❣ t❤❡
tr❡❡✳
❲❡ ❞❡✜♥❡ VˆHe (t, Y Et ) = V (t, At)✳
■❢✱ ✐♥ ❛ s♠❛❧❧ t✐♠❡ ❧❛❣ [τ, τ +∆τ ]✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦❝❡ss Y Et ❜② t❤❡ ♣r♦❝❡ss Y¯
E
t ✇❤♦s❡
❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ❜②
dY¯ Et =
(
r − αtot − vτ
2
− ρ
ω
k (θ − vτ )
)
dt+ ρ¯
√
vτdZ¯
A
t .
❚❤❡♥✱ VˆHe (t, Y¯ Et ) ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊
∂VˆHe
∂t
+
(
r − αtot − vτ
2
− ρ
ω
k (θ − vτ )
) ∂VˆHe
∂Y¯ Et
+
ρ¯2vτ
2
∂2VˆHe
∂2Y¯ Et
− rVˆHe = 0. ✭✹✳✹✳✷✮
✹✳✹✳✸✳✷ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢♦✉♥❞ St ✐♥ ✭✸✳✸✳✷✮✱ ✇❡ ❝❛❧❧ ρ¯ =
√
1− ρ2 ❛♥❞ ✇❡ ✇r✐t❡ ZAt =
ρZrt + ρ¯Z¯
A
t ✱ ✇❤❡r❡ Z¯
A ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Zr✳ ❚❤❡♥✱

dAt = At (r − αtot) dt+ σAt
(
ρdZrt + ρ¯dZ¯
A
t
)
A0 = A¯0,
dXt = −kXtdt+ dZrt X0 = 0,
rt = ωXt + β (t) ,
d
〈
Z¯At , Z
r
t
〉
= 0.
❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss
Y Ut = ln (At)− ρσXt, Y U0 = ln (A0)
❚❤❡♥✱
At = exp (Yt + ρσXt) ✭✹✳✹✳✸✮
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✶✵✾
❛♥❞
dY Ut =
(
rt − αtot − σ
2
2
+ σρkXt
)
dt+ σρ¯dZ¯At .
❚❤✐s ♣r♦❝❡ss Y U ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t✬s ❛ ♣r♦❝❡ss ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛♥✲r❡✈❡rt✐♥❣
♣r♦❝❡ss X✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ ✐t ❛s ✐♥ ❬✶✵❪✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛ P❉❊ t♦ ❜❡ s♦❧✈❡❞
❛❧♦♥❣ t❤❡ tr❡❡✳
❲❡ ❞❡✜♥❡ VˆHW (t, Y Ut ) = V (t, At)✳ ■❢✱ ✐♥ ❛ s♠❛❧❧ t✐♠❡ ❧❛❣ [τ, τ +∆τ ]✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡
♣r♦❝❡ss Y Ut ❜② t❤❡ ♣r♦❝❡ss Y¯
U
t ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ❜②
dY¯ Ut =
(
rτ − αtot − σ
2
2
+ σρkXτ
)
dt+ σρ¯dZt,
❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ ♣r♦❝❡ss ❜② rτ ✱ t❤❡♥✱ VˆHW
(
t, Y¯ Ut
)
✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ P❉❊
∂VˆHW
∂t
+
(
rτ − αtot − σ
2
2
+ σρkXτ
)
∂VˆHW
∂Y¯ Ut
+
ρ¯2σ2
2
∂2VˆHW
∂2Y¯ Ut
− rτ VˆHW = 0. ✭✹✳✹✳✹✮
✹✳✹✳✸✳✸ ❆❧❣♦r✐t❤♠ str✉❝t✉r❡
❚❤❡ str✉❝t✉r❡s ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ❝♦♥s✐st ✐♥ ❛ tr❡❡ ❛♥❞ ❛ P❉❊ s♦❧✈❡r✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❇r✐❛♥✐ ❡t
❛❧✳ ❬✶✵❪✱ ❬✶✶❪✱ ✇❡ ✉s❡ ❛ tr❡❡ t♦ ❞✐✛✉s❡ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r t❤❡ ✐♥t❡r❡st r❛t❡✮ ❛❧♦♥❣ t❤❡ ❧✐❢❡ ♦❢ t❤❡
♣r♦❞✉❝t✱ ❛♥❞ ✇❡ s♦❧✈❡ ❜❛❝❦✇❛r❞ ❛ ✶❉ P❉❊ ❢r❡❡③✐♥❣ ❛t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ t❤❡ ✈♦❧❛t✐❧✐t② ✭♦r
t❤❡ ✐♥t❡r❡st r❛t❡✮✳ ❚❤❡ tr❡❡ ✐s ❜✉✐❧t ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✶✳✷✳✹ ✭q✉❛❞r✐♥♦♠✐❛❧ tr❡❡✱ ♠❛t❝❤✐♥❣ t❤❡
✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ♣r♦❝❡ss✮✱ ❛♥❞ t❤❡ P❉❊ ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦❛❝❤✳
❲❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ P❉❊ ❜❡t✇❡❡♥ ❡✈❡♥t t✐♠❡s✱ ❛♥❞ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ✇❡ ❛♣♣❧② t❤❡ ❝❤❛♥❣❡s
t♦ t❤❡ st❛t❡s t♦ r❡♣r♦❞✉❝❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ❡✈❡♥ts✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ s♦❧✈❡ t❤❡ P❉❊s ❞♦✐♥❣ ❛ s✐♥❣❧❡ t✐♠❡ st❡♣ t❤❛t r❡q✉✐r❡s ♦♥❧② ❛ ❧✐♥❡❛r
❝♦♠♣❧❡①✐t② ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ✇✐t❤ tr✐❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st ✐s ❧♦✇ ❛s ♦❜s❡r✈❡❞ ✐♥ ❬✶✵❪ ❛♥❞ ❬✶✶❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t Xt ❛♥❞ Vt ♣r♦❝❡ss❡s ❛r❡ ♠❡❛♥ r❡✈❡rt✐♥❣✳
❚❤❛♥❦s t♦ t❤❡ ✇❛② t❤❡ tr❡❡s ❛r❡ ❜✉✐❧t✱ t❤❡r❡ ❛r❡ ♠❛♥② ♥♦❞❡s ✐♥ t❤❡ tr❡❡s t❤❛t ❝❛♥♥♦t ❜❡ ✈✐s✐t❡❞
❜② t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡r❡❢♦r❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t② pn,j t♦ ❜❡ ✈✐s✐t❡❞ ✐s ✇♦rt❤
0 ❛♥❞ t❤❡② ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ ✈❛❧✉❡s ❛t t❤❡ r♦♦t ♦❢ t❤❡ tr❡❡✳ ❚❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❞♦
❛♥② ♦♣❡r❛t✐♦♥ ❢♦r t❤♦s❡ ♥♦❞❡s✳ ❙♦✱ t♦ s❛✈❡ t✐♠❡✱ ✇❡ ❞♦ t❤❡ st❛♥❞❛r❞ st❡♣ ✭♠✐① ✉♣ t❤❡ ✈❡❝t♦rs
❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ s♦❧✈❡ ❜❛❝❦✇❛r❞ ❛ P❉❊✮ ♦♥❧② ❢♦r t❤♦s❡ ♥♦❞❡s ❤❛✈✐♥❣
pn,j > 0✳ ❚❤✐s ❝✉rt❛✐❧✐♥❣ t❡❝❤♥✐q✉❡ r❡❞✉❝❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
♠❡t❤♦❞ ✐s ♣r❡s❡r✈❡❞✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❬✸❪✳
✹✳✹✳✸✳✹ Pr✐❝✐♥❣
❲❡ ❞✐st✐♥❣✉✐s❤ ✸ ❝❛s❡s✳
❙t❛t✐❝ ❝❛s❡
❚❤✐s ❝❛s❡ ✐s ❝♦♠♠♦♥ t♦ ❜♦t❤ ●▼❲❇✲❈❋ ❛♥❞ ●▼❲❇✲❨❉ ♣r♦❞✉❝ts✳ Pr♦❜❧❡♠✬s ❞✐♠❡♥s✐♦♥ ✐s ✷✿
❛❜♦✉t ●▼❲❇✲❈❋✱ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❤❡ ❜❛s❡ ❜❡♥❡✜t Bti ✐s ❡q✉❛❧ t♦ P −G · i
✶✶✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❛♥❞ t❤✉s ✐t✬s ♥♦t ❛ ♣r♦❜❧❡♠✬s ✈❛r✐❛❜❧❡❀ ❛❜♦✉t ●▼❲❇✲❨❉ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ r❡❞✉❝❡ ♣r♦❜❧❡♠✬s
❞✐♠❡♥s✐♦♥ t♦ ✷✳
❋♦r ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ tr❡❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ♦♥❡ P❉❊ ✉s✐♥❣ t❤❡ ♠✐①t✉r❡ ♦❢ t❤❡ t❤❡ ❞❛t❛ ♦❢
t❤❡ ✉♣❝♦♠✐♥❣ ♥♦❞❡s✿ t❤❡ ♠✐①t✉r❡ ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ P❉❊ t♦ ❜❡
s♦❧✈❡❞ ❛r❡ t❤♦s❡ ✐♥ ✭✹✳✹✳✷✮ ❛♥❞ ✭✹✳✹✳✹✮ ✇❤❡r❡ [τ, τ +∆τ ] ❞❡♥♦t❡s t❤❡ t✐♠❡ ❧❛❣ ❜❡t✇❡❡♥ t✇♦ tr❡❡✬s
♥♦❞❡✳
❚❤❡ ✈❛r✐❛❜❧❡s r¯✱ X¯ ❛♥❞ v¯ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❢r♦③❡♥ ✈❛❧✉❡s ♦❢ rt✱ Xt ❛♥❞ vt ✉s✐♥❣ t❤❡ ❞❛t❛
♦❢ t❤❡ ❛❝t✉❛❧ ♥♦❞❡✳ ❲❡ ✉s❡❞ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❛♣♣r♦❛❝❤ ✉s✐♥❣ ❡q✉❛❧❧② s♣❛❝❡❞ ♥♦❞❡s ❢♦r Yt
♣r♦❝❡ss❡s✳ ❚♦ r❡❞✉❝❡ t❤❡ r✉♥ t✐♠❡✱ ✇❡ ❞♦ t❤✐s ♦♥❧② ❢♦r ♠♦st r❡❧❡✈❛♥t ♥♦❞❡s✿ t❤✐s ❝✉tt✐♥❣
t❡❝❤♥✐q✉❡ ❞r❛♠❛t✐❝❛❧❧② r❡❞✉❝❡❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡s ✇✐t❤♦✉t ❝♦♠♣r♦♠✐s✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ r❡s✉❧ts✳
❚❤❡♥✱ ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✹✳✹✳✶✮ ❛♥❞ ✭✹✳✹✳✸✮✱ ✇❡ ❛♣♣❧② t❤❡ ❡✈❡♥t t✐♠❡s ❛❝t✐♦♥s ✐♥
✭✹✳✷✳✸✮ ♦r ❡q✉✐✈❛❧❡♥t❧② ✭✹✳✷✳✹✮✳
❖♣t✐♠❛❧ ❲✐t❤❞r❛✇❛❧
❚❤✐s ❝❛s❡ ✐s ❛❜♦✉t ●▼❲❇✲❈❋ ♣r♦❞✉❝ts✳ ❚❤✐s ✐s t❤❡ ❤❛r❞❡st t♦ ❜❡ tr❡❛t❡❞ ❜❡❝❛✉s❡ t❤❡ ♣r♦❜❧❡♠✬s
❞✐♠❡♥s✐♦♥ ✐s ✸✳ ❲❡ s♦❧✈❡ t❤❡ s❛♠❡ P❉❊ ❛s ✐♥ ❙t❛t✐❝ ❝❛s❡✱ ❜✉t t❤✐s t✐♠❡ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡♠
❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Bt ❛♥❞ ❝❤♦s❡ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧ Wt ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✳ ◆✉♠❡r✐❝❛❧
t❡st s❤♦✇❡❞ t❤❛t ✐t✬s ❡♥♦✉❣❤ t♦ s❡❛r❝❤ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧ ❜❡t✇❡❡♥ ♠✉❧t✐♣❧❡s ♦❢ G ❡q✉❛❧ ♦r
s♠❛❧❧❡r t❤❛♥ t❤❡ ❜❛s❡ ❜❡♥❡✜t✳ ❚❤❡♥ ✇❡ ❞❡❝✐❞❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❛❧❧ Bt ✈❛❧✉❡s ♦❢ ✇❤✐❝❤
❛r❡ ♠✉❧t✐♣❧❡s ♦❢ G ❛♥❞ ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥✐t✐❛❧ ♣r❡♠✐✉♠ P ✿ B = 0✱ B = G✱ Bt = 2G✱
. . . B = nG = P ✳ ❚❤❡♥✱ ✇❡ s♦❧✈❡ n ✷✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s r❛t❤❡r t❤❡♥ ♦♥❡ ✸✲❞✐♠❡♥s✐♦♥❛❧
♣r♦❜❧❡♠✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r t♦ ✏❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s✑ ❞❡✜♥❡❞ ❢♦r ▼❈ ♠❡t❤♦❞s✳
❇❡st ✇✐t❤❞r❛✇❛❧✬s s❡❛r❝❤ ✐s ♣❡r❢♦r♠❡❞ s❡❛r❝❤✐♥❣ ❛♠♦♥❣ ♣❡r♠✐ss✐❜❧❡ ✇✐t❤❞r❛✇❛❧s ✇❤✐❝❤ ❛r❡
♠✉❧t✐♣❧❡s ♦❢ G✿ W = 0, W = G,. . .W = mG = B✳ ❚❤❡ ❡st✐♠❛t❡ ♦❢ V (A,B) ❢♦r t❤♦s❡ ✈❛❧✉❡s ♦❢
A t❤❛t ❛r❡♥✬t ♦♥ t❤❡ ❣r✐❞✱ ✐s ❞♦♥❡ ✉s✐♥❣ s♣❧✐♥❡s✳
■♥ ❋✐❣✉r❡ ✹✳✹✳✷ ✇❡ ❝❛♥ s❡❡ ❛ s❝❤❡♠❡ t❤❛t r❡♣r❡s❡♥ts ✇❤❛t ❤❛♣♣❡♥s ❢♦r ❛ ♣r♦❞✉❝t ✇✐t❤ G = 20✿
❢♦r ❡①❛♠♣❧❡✱ ❛ 5 ②❡❛rs ♠❛t✉r✐t② ●▼ ✇✐t❤ ❛♥♥✉❛❧ ✇✐t❤❞r❛✇❛❧ r❛t❡ ❛♥❞ P = 100 ✭G = 20✮✳ ◆♦❞❡s
❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✭✉♥✐❢♦r♠❧② ❢♦r Y ♣r♦❝❡ss✮ ❛♥❞ ❢♦r ❡❛❝❤ B ✈❛❧✉❡✱ ✇❡ ❛❞❞ ❛ ♥♦❞❡ t❤❛t
r❡♣r❡s❡♥ts A = 0 ✭❜❧✉❡ ♥♦❞❡s✮✳ ❋♦r ❡❛❝❤ ♥♦❞❡✱ ✜rst ✇❡ ♠✐① t❤❡ ❞❛t❛ ✈❡❝t♦rs ♦❢ t❤❡ ✉♣❝♦♠✐♥❣
♥♦❞❡s ❛❝❝♦r❞✐♥❣ t♦ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡♥ ✇❡ s♦❧✈❡ ❛ P❉❊ ❜❛❝❦✇❛r❞ st❛rt✐♥❣ ❢r♦♠ t❤❡
♠✐①t✉r❡ ♦❢ t❤❡ ❞❛t❛✳ ❚❤❡♥ ✇❡ ❛♣♣❧② ✇✐t❤❞r❛✇❛❧ st❡♣✿ ❢♦r ❡❛❝❤ ♥♦❞❡ ✇❡ ❝♦♥s✐❞❡r ❛❞♠✐ss✐❜❧❡
✇✐t❤❞r❛✇❛❧s ♦❢ t❤❡ t②♣❡ W = kG ❛♥❞ ✇❡ ❝❤♦s❡ t❤❡ ✈❛❧✉❡ t❤❛t ♠❛①✐♠✐③❡ P❍✬s ❜❡♥❡✜t✿ ❝❛s❤ ✢♦✇
♣❧✉s ♣♦❧✐❝②✬s ✈❛❧✉❡✳ ❚❤✐s r❡s❡❛r❝❤ ✐s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✉r❡ ✭s❡❡ ②❡❧❧♦✇ ♥♦❞❡s t❤❛t ❝♦rr❡s♣♦♥❞s t♦
♣♦ss✐❜❧❡ ✇✐t❤❞r❛✇❛❧s✮✳
❖♣t✐♠❛❧ s✉rr❡♥❞❡r
❚❤✐s ❝❛s❡ ✐s ❛❜♦✉t ●▼❲❇✲❨❉ ♣r♦❞✉❝ts✳ ■t✬s ♠✉❝❤ ♠♦r❡ s✐♠♣❧❡r t❤❛♥ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧✳ ■♥
❢❛❝t✱ t❤❡ P❍ ❝❛♥ ♦♥❧② ❝❤♦s❡ ❜❡t✇❡❡♥ ✇✐t❤❞r❛✇❛❧ ❛t t❤❡ ❝♦♥tr❛❝t r❛t❡ ❛♥❞ ❢✉❧❧② s✉rr❡♥❞❡r✳
❲✐t❤❞r❛✇❛❧ st❡♣ ❛t ❡✈❡♥t t✐♠❡ ti ❝♦♥s✐sts ✐♥t♦ r❡♣❧❛❝✐♥❣ V (A, ti) ❜②
max [G+ V (max (A−G, 0) , ti) ;G+ (1− κ) (A−G)] .
✹✳✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ♦❢ ♣r✐❝✐♥❣ ✶✶✶
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❋✐❣✉r❡ ✹✳✹✳✷✿ ❚❤❡ s❝❤❡♠❡ ❢♦r P❉❊ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢♦r ❛ ❣✐✈❡♥ ♥♦❞❡✳
✹✳✹✳✹ P❉❊ ❆❉■ ▼❡t❤♦❞
❲❡ ♣r♦♣♦s❡ ❛ P❉❊ ♣r✐❝✐♥❣ ♠❡t❤♦❞ ✇✐t❤ ❛❧t❡r♥❛t✐✈❡ ❞✐r❡❝t✐♦♥ ✐♠♣❧✐❝✐t s❝❤❡♠❡ ✇❤✐❝❤ ❤❛s ❜❡❡♥
❛❧r❡❛❞② s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❢♦r ❊✉r♦♣❡❛♥ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t ✭s❡❡ ❬✷✺❪✮ ❛♥❞ ❢♦r ❛♥ ✐♥s✉r❛♥❝❡ ●▲❲❇
♣r♦❞✉❝t ✭s❡❡ ❬✷✸❪✮✳ ❚❤✐s ♠❡t❤♦❞ ♣❡r♠✐ts t♦ tr❡❛t t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲
❲❤✐t❡ ♠♦❞❡❧✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❢❛st ❛♥❞ ❛❝❝✉r❛t❡✳ ▼♦r❡♦✈❡r ✐t ✐s ❡❛s② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦r✳ ❋♦r t❤✐s ♠❡t❤♦❞✱ ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡s
♦❢ ❍P❉❊ ♠❡t❤♦❞ ❛❜♦✉t t❛❦✐♥❣ ✐♥ ❛❝❝♦✉♥t t❤❡ ❡✈❡♥t t✐♠❡s✳
❚❤❡ P❉❊s t♦ ❜❡ s♦❧✈❡❞ ❛r❡
VHet +
V A2
2
VHeAA +
ω2V
2
VHeV V + (r − αtot)AVHeA + ρωAV VHeAV + k (θ − V )VHeV − rVHe = 0 ✭❍❡ ✷❜✮
VHWt +
σ2A2
2
VHWAA +
ω2
2
VHWrr +(r − αtot)AVHWA +ρωAσVHWAr +k (θt − r)VHWr −rVHW = 0 ✭❍❲ ✷❜✮
❚❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❤❛✈❡ t♦ ❜❡ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥✳ ❲❡ ❤❛✈❡ t♦
❝❤♦♦s❡ t❤❡ ❣r✐❞s ❢♦r t❤❡ ❜❡♥❡✜t ❜❛s❡✱ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡✱ t❤❡ r❛t❡ ✐♥ t❤❡ ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧ ❛♥❞
t❤❡ ✈♦❧❛t✐❧✐t② ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ t❤❡ ♠❡s❤❡s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✺❪ ✇✐t❤
t❤❡ ♣❛r❛♠❡t❡rs
Aleft = 0.8S0 Aright = 1.2S0 Amax = 1000 · T2 · S0 ❛♥❞ d1 = S0/20,
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ A✱
Rmax = 0.8, c = R0 ❛♥❞ d2 = Rmax/400
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ r ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ♠♦❞❡❧✱ ❛♥❞
Vmax = MIN(MAX(100V0, 1), 5) ❛♥❞ d3 = Vmax/500.
✶✶✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❢♦r t❤❡ ♠❡s❤ ♦❢ ✈❛r✐❛❜❧❡ V ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ❙♦♠❡ ❣r✐❞ ❛r❡ ✉♥✐❢♦r♠✱ ♦r ❜❛s❡❞ ♦♥ ❤②♣❡r❜♦❧✐❝
❣r✐❞✳ ▼♦r❡♦✈❡r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② ✉♥❦♥♦✇♥✱ ❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ st✉❞②
✇♦✉❧❞ ❜❡ ♥❡❝❡ss❛r② t♦ ❝❤♦s❡ t❤❡♠✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s✱ ❛♥❞ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ✈❡r② ❧❛r❣❡ ❣r✐❞s t♦ ❛✈♦✐❞ t❤❛t t❤✐s ❝❤♦✐❝❡ ✐♠♣❛❝ts t❤❡ r❡s✉❧ts✳ ❲❡
❤❛✈❡ ♦♥❧② ✉s❡❞ t❤❡ ❉♦✉❣❧❛s s❝❤❡♠❡✱ ❜✉t ♦t❤❡r s❝❤❡♠❡s ❛r❡ ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❜❡tt❡r ♦r❞❡r ♦❢
❝♦♥✈❡r❣❡♥❝❡ ✐♥ t✐♠❡✳ ❚❤✉s ♠❛♥② ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ♣♦ss✐❜❧❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❆❉■ s❝❤❡♠❡✱ ❜✉t t❤❡
❡❛s✐❡r ✐s ❛❧r❡❛❞② ❡♥♦✉❣❤ t♦ ♦❜t❛✐♥ ❣♦♦❞ r❡s✉❧ts✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✿ ❍②❜r✐❞ ▼♦♥t❡ ❈❛r❧♦
✭❍▼❈ ✮✱ ❙t❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ✭❙▼❈ ✮✱ ❍②❜r✐❞ P❉❊ ✭❍P❉❊ ✮✱ ❛♥❞ ❆❉■ P❉❊ ✭❆P❉❊ ✮✳ ■♥
♣❛rt✐❝✉❧❛r ✇❡ ❝♦♠♣❛r❡ ♣r✐❝✐♥❣ ❛♥❞ ●r❡❡❦s ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❙t❛t✐❝ ❈❛s❡ ❛♥❞ ❉②♥❛♠✐❝ ❈❛s❡ ❢♦r
❜♦t❤ t❤❡ t✇♦ ♣r♦❞✉❝t t②♣❡s✳
❲❡ ❝❤♦s❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠❡t❤♦❞s ❛❝❝♦r❞✐♥❣ t♦ ✹ ❝♦♥✜❣✉r❛t✐♦♥s ✭❆✱ ❇✱ ❈✱ ❉✮✱ ✇✐t❤
❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞ s♦ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ❢♦r t❤❡ ✈❛r✐♦✉s ♠❡t❤♦❞s ✐♥
❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ✇❡r❡ ❝❧♦s❡✳ ❚❤❡ ✹ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ✐♥ ❚❛❜❧❡ ✹✳✶ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✷ ✇✐t❤
t❤❡ ♥♦t❛t✐♦♥ ✭t✐♠❡ st❡♣s ♣❡r ②❡❛r × s♣❛❝❡ st❡♣s × ✈♦❧ st❡♣s✮ ❢♦r t❤❡ ❆❉■ P❉❊ ♠❡t❤♦❞✱ ✭t✐♠❡
st❡♣s ♣❡r ②❡❛r × s♣❛❝❡ st❡♣s ✮ ❢♦r t❤❡ ❍②❜r✐❞ P❉❊ ♠❡t❤♦❞ ❛♣♣r♦❛❝❤❡s ❛♥❞ ✭t✐♠❡ st❡♣s ♣❡r
②❡❛r × ♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s✮ ❢♦r t❤❡ ▼❈ ♦♥❡s✳ ■♥ ▼♦♥t❡ ❈❛r❧♦ ❢♦r ❉②♥❛♠✐❝ ❝❛s❡✱ ✇❡ ❛❧s♦
❛❞❞ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡s❡ ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥ t♦ ❛❝❤✐❡✈❡
❛♣♣r♦①✐♠❛t❡❧② t❤❡s❡ r✉♥ t✐♠❡s✿ (A) ✸✵ s✱ (B) ✶✷✵ s✱ (C) ✹✽✵ s✱ (D) ✶✾✷✵ s✳ ❚♦ r❡❞✉❝❡ t❤❡ r✉♥
t✐♠❡ ✇❡ ❞♦ t❤❡ s❡❝❛♥t ✐t❡r❛t✐♦♥s ✉s✐♥❣ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❢♦r ❛❧❧ t❤❡ ♠❡t❤♦❞s✿
t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✹✳✶ ❛r❡ t❤♦s❡ ✉s❡❞ ❢♦r t❤❡ ❧❛st ✸ ✐t❡r❛t✐♦♥s✳
❲❡ ✉s❡ t❤❡ ❙t❛♥❞❛r❞ ▼❈ ❜♦t❤ ❛s ❛ ♣r✐❝✐♥❣ ♠❡t❤♦❞✱ ❜♦t❤ ❛s ❛ ❜❡♥❝❤♠❛r❦ ✭❇▼✮✳ ❆❜♦✉t
t❤❡ ❜❡♥❝❤♠❛r❦✱ ✐♥ t❤❡ ❙t❛t✐❝ ❝❛s❡ ✇❡ ✉s❡❞ 108 ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳ ■♥ t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ✇❡ ✉s❡❞
106 ✐♥❞❡♣❡♥❞❡♥t r✉♥s❀ ✐♥ ❡❛❝❤ s✉❜ r✉♥s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❤❛s ❜❡❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ 4 ♦r❞❡r
♣♦❧②♥♦♠✐❛❧✳
❚❤❡ s❡❛r❝❤ ❢♦r t❤❡ ❢❛✐r αg ✈❛❧✉❡ ❤❛s ❜❡❡♥ ❞r✐✈❡♥ ❜② t❤❡ s❡❝❛♥t ♠❡t❤♦❞✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s
❢♦r t❤✐s ♠❡t❤♦❞ ✇❡r❡ αg = 0 ❜♣ ❛♥❞ αg = 200 ❜♣✳
❚♦ ❛❝❤✐❡✈❡ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ✇❡ ✉s❡❞ ❛ 1h s❤♦❝❦ ✐♥ ❙t❛t✐❝ ❝❛s❡
❛♥❞ 1% ✐♥ ❉②♥❛♠✐❝ ❝❛s❡✳
✹✳✺✳✶ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❢♦r ●▼❲❇✲❈❋
■♥ t❤❡ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❡ P❍ t♦ ✇✐t❤❞r❛✇❛❧ ❡①❛❝t❧② ❛t t❤❡ ❣✉❛r❛♥t❡❡❞ r❛t❡✳
❚❤❡ ❙t❛t✐❝ ❚❡sts ✶ ❛♥❞ ✷ ❛r❡ ✐♥s♣✐r❡❞ ❜② ❬✶✸❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ♣r✐❝❡
❛ ●▼❲❇ ❝♦♥tr❛❝t ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s
♠♦❞❡❧✳ ❋✐rst ✇❡ ♣r✐❝❡❞ t❤❡✐r ♣r♦❞✉❝t ❢♦r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❛♥❞ ✇✐t❤❞r❛✇❛❧ r❛t❡s✱ ❛ss✉♠✐♥❣
❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧s ✐♥ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧ t♦ ❣❡t ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✐♥ t❤✐s ♠♦❞❡❧❀ ✇❡ ❣♦t
t❤❡ α ✈❛❧✉❡ ✉s✐♥❣ ❜♦t❤ ❛ st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❛♥❞ ❛ st❛♥❞❛r❞ P❉❊ ♠❡t❤♦❞✳ ❆s ✇❡
❡❛s✐❧② ❣♦t t❤❡ ❝♦rr❡❝t ✈❛❧✉❡s ❢♦r t❤❡ s✐♠♣❧❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ t❤❡♥ ✇❡ ❛❞❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✸
❇❙ ❍❲ ❙t❛t✐❝ ❍❡st♦♥ ❙t❛t✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 4×9.2·105 1×1.7·106 260×250 25×250× 505 4×5.8·105 4×5.2·105 270×250 25×250× 505
❇ 8×1.8·106 1×5.7·106 420×500 40×400× 85 8×1.2·106 8×1.2·106 520×500 40×400× 80
❈ 12×6.3·106 1×2.9·107 780×1000 60×620× 125 12×3.9·106 12×3.4·106 850×1000 60×620× 120
❉ 16×1.9·107 1×1.2·108 1200×2000 100×103×215 16×1.2·107 16×1.1·107 1400×2000 100×103×200
❇❙ ❍❲ ❉②♥❛♠✐❝ ❍❡st♦♥ ❉②♥❛♠✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 4×6.0·104×1 1×6.5·104×1 70×250 8×95× 30 4×5.1·104×1 4×5.5·104×1 88×250 10×125× 25
❇ 8×8.7·104×2 1×9.5·104×2 160×500 14×150× 48 8×1.2·104×2 8×1.3·104×2 160×500 15×200× 40
❈ 12×1.8·105×3 1×1.9·105×3 270×1000 22×250× 75 12×2.3·105×3 12×2.5·105×3 266×1000 25×320× 60
❉ 16×3.5·105×4 1×3.5·105×4 360×2000 35×400× 120 16×4.2·105×4 16×5.0·105×4 350×2000 40×500× 90
❚❛❜❧❡ ✹✳✶✿ ❈♦♥✜❣✉r❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛♥❞ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❙t❛t✐❝
❛♥❞ ❉②♥❛♠✐❝ ❢♦r t❤❡ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ✇✐t❤ T2 = 10 ❛♥❞ WF = 1✳
❇❙ ❍❲ ❙t❛t✐❝ ❍❡st♦♥ ❙t❛t✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 4×3.2·105 1×6.0·105 130×250 10×245× 50 4×2.3·105 4×2.0·105 120×250 10×250× 50
❇ 8×6.4·105 1×2.3·106 215×500 15×375× 80 8×4.6·105 8×3.8·105 220×500 15×380× 80
❈ 12×2.2·106 1×1.2·107 415×1000 35×520× 110 12×1.6·106 12×1.3·106 425×1000 36×530× 110
❉ 16×6.8·106 1×4.5·107 480×2000 55×880× 180 16×4.8·106 16×4.0·106 480×2000 55×890× 180
❇❙ ❍❲ ❉②♥❛♠✐❝ ❍❡st♦♥ ❉②♥❛♠✐❝
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 4×6.8·104×1 1×8.1·104×1 130×250 10×245× 50 4×5.5·104×2 4×5.8·104×2 120×250 10×250× 50
❇ 8×2.5·105×2 1×3.4·105×2 215×500 15×375× 80 8×2.2·105×3 8×2.0·105×3 220×500 15×380× 80
❈ 12×6.9·105×3 1×9.7·105×3 415×1000 35×520× 110 12×5.9·105×4 12×5.6·105×4 425×1000 36×530× 110
❉ 16×1.8·106×4 1×1.8·106×4 480×2000 55×880× 180 16×1.5·106×5 16×1.5·106×5 480×2000 55×890× 180
❚❛❜❧❡ ✹✳✷✿ ❈♦♥✜❣✉r❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛♥❞ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ❙t❛t✐❝
❛♥❞ ❉②♥❛♠✐❝ ❢♦r t❤❡ ●▼❲❇✲❨❉ ♣r♦❞✉❝t ✇✐t❤ (T1, T2) = (10, 25)
✶✶✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✱ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢
αg t❤❛t ✇❡ ❣♦t ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳✹✳
✹✳✺✳✶✳✶ ❚❡st ✶✿ ❙t❛t✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ ❇❙ ❍❲ ♠♦❞❡❧✳ ❲❡ ✉s❡ t❤❡
s❛♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥
❚❛❜❧❡ ✹✳✺✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✻✳
❆❧❧ t❤❡ ❢♦✉r ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✇❡❧❧ ❛♥❞ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❉ t❤❡② ❣❛✈❡ r❡s✉❧ts ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦✳ ❍P❉❊ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st✿ ❛❧❧ ♦❢ ✐ts ❝♦♥✜❣✉r❛t✐♦♥s ❣❛✈❡ r❡s✉❧ts ❝♦♥✲
s✐st❡♥t ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦✳ ❚❤❡♥ ❆P❉❊ ❛♥❞ ❙▼❈✱ ❛♥❞ ❍▼❈ ❣❛✈❡ ❣♦♦❞ r❡s✉❧ts t♦♦✳ ❙▼❈
♣❡r❢♦r♠❡❞ ❛ ❧✐tt❧❡ ❜❡tt❡r t❤❛♥ ❍▼❈✿ t❤❡ ✜rst ♠❡t❤♦❞ s✐♠✉❧❛t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ❛♥❞ t❤❡
✐♥t❡r❡st r❛t❡ ❡①❛❝t❧② ❛♥❞ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s✐♠✉❧❛t❡ t❤❡ ✈❛❧✉❡s ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✳ ❍▼❈
♠❛t❝❤❡s t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❇❙ ❍❲ r ♣r♦❝❡ss✱ ❜✉t ❞♦❡s♥✬t r❡♣r♦❞✉❝❡ ❡①❛❝t❧② ✐ts ❧❛✇✿
t❤❡r❡❢♦r❡ ✐t ✐s r✐❣❤t t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ♣❡r ②❡❛r✳ ❙♦✱ ❢♦r ❛ ❣✐✈❡♥ r✉♥ t✐♠❡✱ ✇❡ ❝❛♥
s✐♠✉❧❛t❡ ❧❡ss s❝❡♥❛r✐♦s ✐♥ ❍▼❈ t❤❛♥ ❙▼❈✿ ❡✛❡❝t✐✈❡❧②✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ❍▼❈ ✐s ❧❛r❣❡r
t❤❛♥ ❙▼❈ ♦♥❡✳ ▼♦r❡♦✈❡r✱ ❙▼❈ ♦✈❡r ♣❡r❢♦r♠❡❞ t❤❡ ❜❡♥❝❤♠❛r❦ ✇❤❡♥ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❉✳
❚❤❡ t✇♦ P❉❊ ♠❡t❤♦❞s r❡t✉r♥❡❞ st❛❜❧❡ r❡s✉❧ts✱ ❛♥❞ t❤❡② ♦❢t❡♥ ❝♦♥✈❡r❣❡❞ ✐♥ ❛ ♠♦♥♦t♦♥❡ ✇❛②✳
❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ αg ✈❛❧✉❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♠❛t✉r✐t②✱ ❥✉st ❛s ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡✱ ❛♥❞ ✐♥❝r❡❛s❡ ❛ ❧✐tt❧❡✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✇✐t❤❞r❛✇❛❧
❢r❡q✉❡♥❝②✳
✹✳✺✳✶✳✷ ❚❡st ✷✿ ❙t❛t✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❍❡st♦♥ ▼♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ▼♦❞❡❧
♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❚❛❜❧❡ ✹✳✼✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✽✳
■♥ t❤✐s ❚❡st✱ ▼❈ ♠❡t❤♦❞s ❤❛❞ ♠♦r❡ ❞✐✣❝✉❧t✐❡s❀ ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ P❉❊ ♠❡t❤♦❞s ✇❡r❡ ❝❧♦s❡
t♦ t❤❡ ❜❡♥❝❤♠❛r❦✱ ✇❤✐❧❡ s♦♠❡ ✈❛❧✉❡s ❢r♦♠ ▼❈ ♠❡t❤♦❞s ✇❡r❡ ❧❡ss ❛❝❝✉r❛t❡✱ ❜✉t ❝♦♠♣❛t✐❜❧❡s
✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ✭t❤❡ ✈❛❧✉❡ ♦❢ ❇▼ ✐s ✐♥s✐❞❡ t❤❡ ▼❈ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✮✳ ■❢ ✇❡ ❝♦♠♣❛r❡
t❤❡ t✇♦ ▼❈ ❛♣♣r♦❛❝❤❡s✱ ✐♥ t❤✐s ❝❛s❡ t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ❍▼❈ ♣r♦✈❡❞ t♦ ❜❡ ❢❛st❡r t❤❛♥ ❙▼❈
✇❤❡♥ ✉s✐♥❣ ❢❡✇ t✐♠❡ st❡♣s ✭✇❡ ❝♦✉❧❞ ❡①♣❧♦✐t +11% s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❆✮✱ ✇❤✐❧❡ ❙▼❈
♣r♦✈❡❞ t♦ ❜❡ s❧✐❣❤t❧② ❢❛st❡r ✐♥ ❤✐❣❤ t✐♠❡ st❡♣s s✐♠✉❧❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢ ♠♦r❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❜✉✐❧❞
t❤❡ ✈♦❧❛t✐❧✐t② tr❡❡ ✭−8% s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❉✮✳ ❍P❉❊ s❤♦✇s t♦ ❜❡ ✈❡r② st❛❜❧❡ ✭❝❛s❡
T2 = 10✱ WF = 2✱ αg ❞✐❞♥✬t ❝❤❛♥❣❡ t❤r♦✉❣❤ ❝♦♥✜❣✉r❛t✐♦♥s ❇✲❉✮✱ ❆P❉❊ ❜❡❤❛✈❡❞ ✇❡❧❧ t♦ ✭♦❢t❡♥
♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✮✳
❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ αg ✈❛❧✉❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♠❛t✉r✐t②✱ ❥✉st ❛s ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡✱ ❛♥❞ ✐♥❝r❡❛s❡ ❛ ❧✐tt❧❡✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✇✐t❤❞r❛✇❛❧
❢r❡q✉❡♥❝②✳
✹✳✺✳✶✳✸ ❚❡st ✸✿ ❍❡❞❣✐♥❣ ❢♦r ❙t❛t✐❝ ●▼❲❇✲❈❋
❚♦ r❡❞✉❝❡ ✜♥❛♥❝✐❛❧ r✐s❦s✱ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❤❛✈❡ t♦ ❤❡❞❣❡ t❤❡ s♦❧❞ ❱❆✿ t♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s
t❛r❣❡t t❤❡② ♠✉st ❝❛❧❝✉❧❛t❡ t❤❡ ●r❡❡❦s ♦❢ ♣r♦❞✉❝ts✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✺
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ s❤♦✇ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛✐♥
●r❡❡❦s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ t❤r♦✉❣❤ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r s♠❛❧❧ s❤♦❝❦s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ P❉❊ ♠❡t❤♦❞s ❛r❡ ❛❤❡❛❞ ✇✳r✳t✳ ▼❈ ♠❡t❤♦❞s✿ t❤❡ ♣r✐❝❡ ✐s ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ ✜♥✐t❡
❞✐✛❡r❡♥❝❡s ❛♥❞ s♦ t❤❡ ♣r✐❝❡ ✉♥❞❡r s❤♦❝❦ ✐s ❛❧r❡❛❞② ❝♦♠♣✉t❡❞✳ ❋♦r ▼❈ ♠❡t❤♦❞s t❤✐s ✐s q✉✐t❡
❤❛r❞❡r ❜❡❝❛✉s❡ t❤❡ ♣r✐❝✐♥❣ ❤❛s t♦ ❜❡ r❡♣❡❛t❡❞ ❝❤❛♥❣✐♥❣ t❤❡ ✐♥♣✉ts✳
❚♦ st❛rt✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❡❡❦ ❉❡❧t❛✱ ❢♦r t❤❡ ♣r♦❞✉❝ts ♦❢ ❚❡st ✶ ❛♥❞ ❚❡st ✷✳ ❆s
✐♥ t❤✐s ❝❛s❡ ✇❡ ❞♦♥✬t ✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❢❛✐r ❢❡❡ αg✱ ✇❡ ✜① ✐t ❛r❜✐tr❛r✐❧②✿ s❡❡ ❚❛❜❧❡ ✹✳✾ ❛♥❞
❚❛❜❧❡ ✹✳✶✶✳ ❚❤❡ ✈❛❧✉❡s ❝❤♦s❡♥ ❛r❡ s✉❝❤ ❛s t♦ ❝♦✈❡r t❤❡ ❝♦sts ♦❢ t❤❡ ✐♥s✉r❡r✱ ❛♥❞ ♠❛② ❜❡ ♣❧❛✉s✐❜❧❡
♦♥ ❛ r❡❛❧ ❝❛s❡✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✵ ✭❛❧❧ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜②
10−4✮✳
■♥ t❤✐s ❚❡st✱ ✇❡ ❣♦t ✈❡r② ❛❝❝✉r❛t❡ r❡s✉❧ts ✇✐t❤ ❛❧❧ ♠❡t❤♦❞✳ ❆♥②✇❛②✱ ❍P❉❊ ❛♥❞ ❆P❉❊
♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st✿ t❤❡② ❜♦t❤ ❣❛✈❡ st❛❜❧❡ ❛♥❞ ❛❝❝✉r❛t❡ r❡s✉❧ts❀ ✐♥ t❤✐s ❚❡st✱ t❤❡ t✇♦ P❉❊
♠❡t❤♦❞s ✇❡r❡ ❡q✉✐✈❛❧❡♥t✳ ❲❡ r❡♠❛r❦ t❤❛t ❞❡s♣✐t❡ ❢❛✐r ❢❡❡ ❝❤❛♥❣❡s ❛ ❧♦t ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡
♠❛t✉r✐t② ♦❢ t❤❡ ♣♦❧✐❝②✱ t❤❡ ✈❛❧✉❡ ♦❢ ❉❡❧t❛ ❝❤❛♥❣❡s ♠✉❝❤ ❧❡ss✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ♣r♦✈❡❞ t♦ ❜❡
s❧✐❣❤t❧② ❤❛r❞❡r ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡ t❤❛♥ ✐♥ t❤❡ ❇❙ ❍❲♠♦❞❡❧ ❝❛s❡✿ s❡❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳
✶✶✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❊①♣✐r② ❚✐♠❡ T ✺✱ ✶✵✱ ✷✵ ❨❡❛rs ●▼❲ G 100.0/(T ·WF )
❲✐t❤❞r❛✇❛❧ ❋r❡q✉❡♥❝② WF ✶ ♦r ✷ ♣❡r ❨❡❛r ■♥✐t✐❛❧ Pr❡♠✐✉♠ 100.0
■♥✐t✐❛❧ ❛❝❝♦✉♥t ✈❛❧✉❡ A0 100.0 S0 100.0
■♥✐t✐❛❧ ❜❛s❡ ❜✳ ✈❛❧✉❡ B0 100.0 r 0.05
❲✐t❤❞r❛✇❛❧ ♣❡♥❛❧t② κ 0.10 σ 0.20
▼❛♥❛❣❡♠❡♥t ❢❡❡s αm 0
❚❛❜❧❡ ✹✳✸✿ P❛r❛♠❡t❡rs ✉s❡❞ ❜② ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ✐♥ ❬✶✸❪✳
T2
WF = 1 WF = 2
P❉❊ ▼❈ P❉❊ ▼❈
5 235.24 235.11± 0.42 243.96 243.80± 0.42
10 92.41 92.28± 0.30 94.62 94.84± 0.30
20 27.64 27.79± 0.24 28.09 28.39± 0.24
❚❛❜❧❡ ✹✳✹✿ ❋❛✐r ❜♣ ✈❛❧✉❡s ♦❢ αg ✐♥ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ❢♦r ❙t❛t✐❝ ●▼❲❇✲❈❋ ✇✐t❤ t❤❡ s❛♠❡
♣❛r❛♠❡t❡rs ❛s ✐♥ ❬✶✸❪✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✼
S0 r curve k ω ρ σ
100 0.05 flat 1.0 0.2 −0.5 0.20
❚❛❜❧❡ ✹✳✺✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✶
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 191.05 ± 0.83 190.81 ± 0.66 191.03 191.16
191.34
196.87 ± 0.88 196.79 ± 0.94 196.39 196.50
196.77
❇ 191.79 ± 0.59 191.25 ± 0.33 191.18 191.58 196.88 ± 0.62 197.02 ± 0.47 196.55 196.60
❈ 191.34 ± 0.32 191.26 ± 0.15 191.25 191.47
±0.11
196.72 ± 0.34 196.64 ± 0.21 196.62 196.88
±0.11
❉ 191.20 ± 0.18 191.25 ± 0.07 191.27 191.38 196.55 ± 0.19 196.67 ± 0.10 196.65 196.68
10
❆ 79.71 ± 0.84 79.26 ± 0.66 79.41 79.33
79.44
81.38 ± 0.88 81.13 ± 0.94 80.98 81.32
80.97
❇ 79.80 ± 0.60 79.43 ± 0.33 79.39 79.41 80.95 ± 0.63 81.42 ± 0.47 80.98 80.64
❈ 79.61 ± 0.32 79.56 ± 0.15 79.39 79.41
±0.08
81.12 ± 0.34 81.12 ± 0.21 80.98 81.01
±0.08
❉ 79.35 ± 0.18 79.44 ± 0.07 79.38 79.40 80.90 ± 0.19 80.98 ± 0.10 80.99 81.01
20
❆ 26.33 ± 0.98 25.04 ± 0.77 24.90 24.90
24.81
25.04 ± 1.07 25.72 ± 1.06 25.27 25.20
25.16
❇ 25.92 ± 0.69 25.23 ± 0.39 24.86 24.67 25.91 ± 0.75 25.59 ± 0.54 25.23 25.16
❈ 25.16 ± 0.37 24.91 ± 0.17 24.84 24.81
±0.07
25.16 ± 0.41 25.35 ± 0.24 25.21 25.18
±0.07
❉ 24.99 ± 0.21 24.81 ± 0.09 24.84 24.82 25.40 ± 0.23 25.13 ± 0.12 25.20 25.18
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 31 s 30 s 30 s 30 s
❇ 121 s 121 s 120 s 118 s
❈ 482 s 484 s 464 s 481 s
❉ 1920 s 1899 s 1893 s 1909 s
 
❚❛❜❧❡ ✹✳✻✿ ❚❡st ✶✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧ ♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡
WF = 1✱ T2 = 10✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥
t❤❡ s❛♠❡ ❝❛s❡ ♦❢ r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸
❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✺✳
✶✶✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
S0 v0 θ k ω ρ r
100 0.202 0.202 1.0 0.2 −0.5 0.05
❚❛❜❧❡ ✹✳✼✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✷✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 232.30 ± 0.97 232.83 ± 1.03 231.20 231.62
231.38
239.82 ± 1.00 240.88 ± 1.05 239.34 239.51
239.54
❇ 231.72 ± 0.68 231.73 ± 0.75 231.37 231.55 240.41 ± 0.71 239.76 ± 0.77 239.52 239.38
❈ 231.39 ± 0.37 231.56 ± 0.41 231.43 231.48
±0.10
239.84 ± 0.38 239.76 ± 0.41 239.59 239.72
±0.11
❉ 231.42 ± 0.21 231.56 ± 0.23 231.45 231.47 239.48 ± 0.20 239.71 ± 0.23 239.61 239.64
10
❆ 97.13 ± 1.10 97.55 ± 1.07 95.86 95.91
95.81
98.29 ± 1.05 99.50 ± 1.10 97.99 98.25
97.98
❇ 96.23 ± 0.73 97.07 ± 0.78 95.86 95.88 98.58 ± 0.74 98.62 ± 0.78 98.01 98.78
❈ 95.65 ± 0.39 95.81 ± 0.42 95.87 95.89
±0.08
98.12 ± 0.40 97.78 ± 0.43 98.01 98.01
±0.09
❉ 95.88 ± 0.23 95.84 ± 0.24 95.87 95.86 97.93 ± 0.23 97.95 ± 0.24 98.01 98.00
20
❆ 31.84 ± 1.17 31.84 ± 1.23 30.71 30.68
30.57
31.39 ± 1.20 32.06 ± 1.27 31.18 31.26
31.05
❇ 31.42 ± 0.84 31.78 ± 0.90 30.64 30.60 31.69 ± 0.85 31.12 ± 0.90 31.11 31.13
❈ 30.53 ± 0.45 30.99 ± 0.47 30.63 30.63
±0.06
31.02 ± 0.45 31.04 ± 0.50 31.10 31.09
±0.07
❉ 30.73 ± 0.26 30.61 ± 0.27 30.63 30.63 31.47 ± 0.26 31.10 ± 0.27 31.09 31.08
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 30 s 30 s 31 s
❇ 122 s 118 s 121 s 120 s
❈ 486 s 477 s 483 s 479 s
❉ 1951 s 1924 s 1956 s 1939 s
 
❚❛❜❧❡ ✹✳✽✿ ❚❡st ✷✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧
♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡ WF = 1✱ T2 = 10✳
❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡ s❛♠❡ ❝❛s❡ ♦❢
r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✼✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✾
T2 WF = 1 WF = 2
5 200 200
10 100 100
20 50 50
❚❛❜❧❡ ✹✳✾✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❙t❛t✐❝ ❇❙ ❍❲ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 6212 ± 4 6214 ± 3 6213 6212
6213
6178 ± 4 6180 ± 4 6181 6180
6180
❇ 6213 ± 3 6213 ± 1 6213 6213 6180 ± 3 6180 ± 2 6180 6180
❈ 6211 ± 1 6213 ± 1 6213 6213
±1
6179 ± 1 6180 ± 1 6180 6180
±1
❉ 6213 ± 0 6213 ± 1 6213 6213 6179 ± 1 6180 ± 1 6180 6180
10
❆ 7153 ± 7 7154 ± 6 7155 7153
7154
7138 ± 7 7129 ± 8 7133 7127
7132
❇ 7155 ± 5 7152 ± 3 7154 7154 7134 ± 5 7132 ± 4 7132 7131
❈ 7152 ± 3 7153 ± 1 7154 7154
±1
7132 ± 3 7131 ± 2 7132 7131
±1
❉ 7157 ± 2 7154 ± 1 7154 7154 7133 ± 2 7131 ± 1 7132 7131
20
❆ 8018 ± 16 8010 ± 13 8017 8008
8016
8010 ± 20 8005 ± 20 8005 7995
8004
❇ 8023 ± 11 8016 ± 7 8017 8014 8014 ± 14 8005 ± 10 8005 8002
❈ 8025 ± 6 8013 ± 3 8016 8015
±1
8013 ± 7 8002 ± 4 8004 8003
±1
❉ 8020 ± 3 8015 ± 1 8016 8015 8007 ± 4 8001 ± 2 8004 8003
❚❛❜❧❡ ✹✳✶✵✿ ❚❡st ✸✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❙t❛t✐❝ ❇❙ ❍❲ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞
❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✱ ✹✳✼ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✾ ✳
✶✷✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
T2 WF = 1 WF = 2
5 250 250
10 100 100
20 50 50
❚❛❜❧❡ ✹✳✶✶✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❙t❛t✐❝ ❍❡st♦♥ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 6132 ± 4 6141 ± 5 6132 6131
6131
6101 ± 5 6107 ± 5 6099 6098
6098
❇ 6134 ± 3 6136 ± 3 6131 6131 6101 ± 3 6104 ± 3 6098 6098
❈ 6131 ± 2 6131 ± 2 6131 6131
±1
6099 ± 2 6097 ± 2 6098 6098
±1
❉ 6131 ± 1 6131 ± 1 6131 6131 6098 ± 1 6098 ± 1 6098 6098
10
❆ 7287 ± 8 7297 ± 9 7286 7284
7285
7277 ± 9 7273 ± 9 7263 7261
7262
❇ 7289 ± 6 7287 ± 6 7285 7284 7266 ± 6 7269 ± 6 7262 7263
❈ 7287 ± 3 7287 ± 3 7284 7284
±1
7264 ± 3 7262 ± 3 7262 7262
±1
❉ 7285 ± 2 7287 ± 2 7284 7284 7263 ± 2 7264 ± 2 7262 7262
20
❆ 8051 ± 19 8084 ± 19 8059 8058
8056
8048 ± 19 8053 ± 19 8048 8045
8047
❇ 8067 ± 13 8074 ± 14 8058 8056 8055 ± 13 8072 ± 14 8047 8045
❈ 8060 ± 7 8068 ± 7 8057 8056
±1
8050 ± 7 8047 ± 8 8046 8045
±1
❉ 8060 ± 4 8063 ± 4 8057 8056 8051 ± 4 8048 ± 4 8046 8045
❚❛❜❧❡ ✹✳✶✷✿ ❚❡st ✸✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❙t❛t✐❝ ❍❡st♦♥ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞
❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✱ ✹✳✼ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✶✶ ✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✶
✹✳✺✳✷ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❢♦r ●▼❲❇✲❈❋
■♥ t❤❡ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❡ P❍ t♦ ✇✐t❤❞r❛✇❛❧ ❡①❛❝t❧② ❛t t❤❡ ❣✉❛r❛♥t❡❡❞ r❛t❡✳
❚❤❡ ❙t❛t✐❝ ❚❡sts ✶ ❛♥❞ ✷ ❛r❡ ✐♥s♣✐r❡❞ ❜② ❬✶✸❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ♣r✐❝❡
❛ ●▼❲❇ ❝♦♥tr❛❝t ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s
♠♦❞❡❧✳ ❋✐rst ✇❡ ♣r✐❝❡❞ t❤❡✐r ♣r♦❞✉❝t ❢♦r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❛♥❞ ✇✐t❤❞r❛✇❛❧ r❛t❡s✱ ❛ss✉♠✐♥❣
❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧s ✐♥ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧ t♦ ❣❡t ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✐♥ t❤✐s ♠♦❞❡❧❀ ✇❡ ❣♦t
t❤❡ α ✈❛❧✉❡ ✉s✐♥❣ ❜♦t❤ ❛ st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❛♥❞ ❛ st❛♥❞❛r❞ P❉❊ ♠❡t❤♦❞✳ ❆s ✇❡
❡❛s✐❧② ❣♦t t❤❡ ❝♦rr❡❝t ✈❛❧✉❡s ❢♦r t❤❡ s✐♠♣❧❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ t❤❡♥ ✇❡ ❛❞❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st
r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢
αg t❤❛t ✇❡ ❣♦t ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳✶✹✳
✹✳✺✳✷✳✶ ❚❡st ✶✿ ❙t❛t✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ ❇❙ ❍❲ ♠♦❞❡❧✳ ❲❡ ✉s❡ t❤❡
s❛♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥
❚❛❜❧❡ ✹✳✶✺✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✻✳
❆❧❧ t❤❡ ❢♦✉r ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✇❡❧❧ ❛♥❞ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❉ t❤❡② ❣❛✈❡ r❡s✉❧ts ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦✳ ❍P❉❊ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st✿ ❛❧❧ ♦❢ ✐ts ❝♦♥✜❣✉r❛t✐♦♥s ❣❛✈❡ r❡s✉❧ts ❝♦♥✲
s✐st❡♥t ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦✳ ❚❤❡♥ ❆P❉❊ ❛♥❞ ❙▼❈✱ ❛♥❞ ❍▼❈ ❣❛✈❡ ❣♦♦❞ r❡s✉❧ts t♦♦✳ ❙▼❈
♣❡r❢♦r♠❡❞ ❛ ❧✐tt❧❡ ❜❡tt❡r t❤❛♥ ❍▼❈✿ t❤❡ ✜rst ♠❡t❤♦❞ s✐♠✉❧❛t❡s t❤❡ ✉♥❞❡r❧②✐♥❣ ✈❛❧✉❡ ❛♥❞ t❤❡
✐♥t❡r❡st r❛t❡ ❡①❛❝t❧② ❛♥❞ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s✐♠✉❧❛t❡ t❤❡ ✈❛❧✉❡s ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✳ ❍▼❈
♠❛t❝❤❡s t❤❡ ✜rst t❤r❡❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❇❙ ❍❲ r ♣r♦❝❡ss✱ ❜✉t ❞♦❡s♥✬t r❡♣r♦❞✉❝❡ ❡①❛❝t❧② ✐ts ❧❛✇✿
t❤❡r❡❢♦r❡ ✐t ✐s r✐❣❤t t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ♣❡r ②❡❛r✳ ❙♦✱ ❢♦r ❛ ❣✐✈❡♥ r✉♥ t✐♠❡✱ ✇❡ ❝❛♥
s✐♠✉❧❛t❡ ❧❡ss s❝❡♥❛r✐♦s ✐♥ ❍▼❈ t❤❛♥ ❙▼❈✿ ❡✛❡❝t✐✈❡❧②✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ❍▼❈ ✐s ❧❛r❣❡r
t❤❛♥ ❙▼❈ ♦♥❡✳ ▼♦r❡♦✈❡r✱ ❙▼❈ ♦✈❡r ♣❡r❢♦r♠❡❞ t❤❡ ❜❡♥❝❤♠❛r❦ ✇❤❡♥ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❉✳
❚❤❡ t✇♦ P❉❊ ♠❡t❤♦❞s r❡t✉r♥❡❞ st❛❜❧❡ r❡s✉❧ts✱ ❛♥❞ t❤❡② ♦❢t❡♥ ❝♦♥✈❡r❣❡❞ ✐♥ ❛ ♠♦♥♦t♦♥❡ ✇❛②✳
❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ αg ✈❛❧✉❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♠❛t✉r✐t②✱ ❥✉st ❛s ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡✱ ❛♥❞ ✐♥❝r❡❛s❡ ❛ ❧✐tt❧❡✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✇✐t❤❞r❛✇❛❧
❢r❡q✉❡♥❝②✳
✹✳✺✳✷✳✷ ❚❡st ✷✿ ❙t❛t✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❍❡st♦♥ ▼♦❞❡❧
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ ♣r✐❝❡ ❛ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❡st♦♥ ♠♦❞❡❧✳ ▼♦❞❡❧
♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❚❛❜❧❡ ✹✳✶✼✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✽✳
■♥ t❤✐s ❚❡st✱ ▼❈ ♠❡t❤♦❞s ❤❛❞ ♠♦r❡ ❞✐✣❝✉❧t✐❡s❀ ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ P❉❊ ♠❡t❤♦❞s ✇❡r❡ ❝❧♦s❡
t♦ t❤❡ ❜❡♥❝❤♠❛r❦✱ ✇❤✐❧❡ s♦♠❡ ✈❛❧✉❡s ❢r♦♠ ▼❈ ♠❡t❤♦❞s ✇❡r❡ ❧❡ss ❛❝❝✉r❛t❡✱ ❜✉t ❝♦♠♣❛t✐❜❧❡s
✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ ✭t❤❡ ✈❛❧✉❡ ♦❢ ❇▼ ✐s ✐♥s✐❞❡ t❤❡ ▼❈ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✮✳ ■❢ ✇❡ ❝♦♠♣❛r❡
t❤❡ t✇♦ ▼❈ ❛♣♣r♦❛❝❤❡s✱ ✐♥ t❤✐s ❝❛s❡ t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ❍▼❈ ♣r♦✈❡❞ t♦ ❜❡ ❢❛st❡r t❤❛♥ ❙▼❈
✇❤❡♥ ✉s✐♥❣ ❢❡✇ t✐♠❡ st❡♣s ✭✇❡ ❝♦✉❧❞ ❡①♣❧♦✐t +11% s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❆✮✱ ✇❤✐❧❡ ❙▼❈
♣r♦✈❡❞ t♦ ❜❡ s❧✐❣❤t❧② ❢❛st❡r ✐♥ ❤✐❣❤ t✐♠❡ st❡♣s s✐♠✉❧❛t✐♦♥s✱ ❜❡❝❛✉s❡ ♦❢ ♠♦r❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❜✉✐❧❞
t❤❡ ✈♦❧❛t✐❧✐t② tr❡❡ ✭−8% s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❉✮✳ ❍P❉❊ s❤♦✇s t♦ ❜❡ ✈❡r② st❛❜❧❡ ✭❝❛s❡
T2 = 10✱ WF = 2✱ αg ❞✐❞♥✬t ❝❤❛♥❣❡ t❤r♦✉❣❤ ❝♦♥✜❣✉r❛t✐♦♥s ❇✲❉✮✱ ❆P❉❊ ❜❡❤❛✈❡❞ ✇❡❧❧ t♦ ✭♦❢t❡♥
♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡✮✳
✶✷✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ αg ✈❛❧✉❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♠❛t✉r✐t②✱ ❥✉st ❛s ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❝❛s❡✱ ❛♥❞ ✐♥❝r❡❛s❡ ❛ ❧✐tt❧❡✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✇✐t❤❞r❛✇❛❧
❢r❡q✉❡♥❝②✳
✹✳✺✳✷✳✸ ❚❡st ✸✿ ❍❡❞❣✐♥❣ ❢♦r ❙t❛t✐❝ ●▼❲❇✲❈❋
❚♦ r❡❞✉❝❡ ✜♥❛♥❝✐❛❧ r✐s❦s✱ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❤❛✈❡ t♦ ❤❡❞❣❡ t❤❡ s♦❧❞ ❱❆✿ t♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s
t❛r❣❡t t❤❡② ♠✉st ❝❛❧❝✉❧❛t❡ t❤❡ ●r❡❡❦s ♦❢ ♣r♦❞✉❝ts✳
■♥ t❤✐s t❡st ✇❡ ✇❛♥t t♦ s❤♦✇ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛✐♥
●r❡❡❦s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ t❤r♦✉❣❤ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❢♦r s♠❛❧❧ s❤♦❝❦s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ P❉❊ ♠❡t❤♦❞s ❛r❡ ❛❤❡❛❞ ✇✳r✳t✳ ▼❈ ♠❡t❤♦❞s✿ t❤❡ ♣r✐❝❡ ✐s ❝♦♠♣✉t❡❞ t❤r♦✉❣❤ ✜♥✐t❡
❞✐✛❡r❡♥❝❡s ❛♥❞ s♦ t❤❡ ♣r✐❝❡ ✉♥❞❡r s❤♦❝❦ ✐s ❛❧r❡❛❞② ❝♦♠♣✉t❡❞✳ ❋♦r ▼❈ ♠❡t❤♦❞s t❤✐s ✐s q✉✐t❡
❤❛r❞❡r ❜❡❝❛✉s❡ t❤❡ ♣r✐❝✐♥❣ ❤❛s t♦ ❜❡ r❡♣❡❛t❡❞ ❝❤❛♥❣✐♥❣ t❤❡ ✐♥♣✉ts✳
❚♦ st❛rt✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❡❡❦ ❉❡❧t❛✱ ❢♦r t❤❡ ♣r♦❞✉❝ts ♦❢ ❚❡st ✶ ❛♥❞ ❚❡st ✷✳ ❆s
✐♥ t❤✐s ❝❛s❡ ✇❡ ❞♦♥✬t ✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❢❛✐r ❢❡❡ αg✱ ✇❡ ✜① ✐t ❛r❜✐tr❛r✐❧②✿ s❡❡ ❚❛❜❧❡ ✹✳✶✾ ❛♥❞
❚❛❜❧❡ ✹✳✷✶✳ ❚❤❡ ✈❛❧✉❡s ❝❤♦s❡♥ ❛r❡ s✉❝❤ ❛s t♦ ❝♦✈❡r t❤❡ ❝♦sts ♦❢ t❤❡ ✐♥s✉r❡r✱ ❛♥❞ ♠❛② ❜❡ ♣❧❛✉s✐❜❧❡
♦♥ ❛ r❡❛❧ ❝❛s❡✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✵ ✭❛❧❧ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜②
10−4✮✳
■♥ t❤✐s ❚❡st✱ ✇❡ ❣♦t ✈❡r② ❛❝❝✉r❛t❡ r❡s✉❧ts ✇✐t❤ ❛❧❧ ♠❡t❤♦❞✳ ❆♥②✇❛②✱ ❍P❉❊ ❛♥❞ ❆P❉❊
♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st✿ t❤❡② ❜♦t❤ ❣❛✈❡ st❛❜❧❡ ❛♥❞ ❛❝❝✉r❛t❡ r❡s✉❧ts❀ ✐♥ t❤✐s ❚❡st✱ t❤❡ t✇♦ P❉❊
♠❡t❤♦❞s ✇❡r❡ ❡q✉✐✈❛❧❡♥t✳ ❲❡ r❡♠❛r❦ t❤❛t ❞❡s♣✐t❡ ❢❛✐r ❢❡❡ ❝❤❛♥❣❡s ❛ ❧♦t ✇❤❡♥ ❝❤❛♥❣✐♥❣ t❤❡
♠❛t✉r✐t② ♦❢ t❤❡ ♣♦❧✐❝②✱ t❤❡ ✈❛❧✉❡ ♦❢ ❉❡❧t❛ ❝❤❛♥❣❡s ♠✉❝❤ ❧❡ss✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ♣r♦✈❡❞ t♦ ❜❡
s❧✐❣❤t❧② ❤❛r❞❡r ✐♥ t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡ t❤❛♥ ✐♥ t❤❡ ❇❙ ❍❲♠♦❞❡❧ ❝❛s❡✿ s❡❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✸
❊①♣✐r② ❚✐♠❡ T ✺✱ ✶✵✱ ✷✵ ❨❡❛rs ●▼❲ G 100.0/(T ·WF )
❲✐t❤❞r❛✇❛❧ ❋r❡q✉❡♥❝② WF ✶ ♦r ✷ ♣❡r ❨❡❛r ■♥✐t✐❛❧ Pr❡♠✐✉♠ 100.0
■♥✐t✐❛❧ ❛❝❝♦✉♥t ✈❛❧✉❡ A0 100.0 S0 100.0
■♥✐t✐❛❧ ❜❛s❡ ❜✳ ✈❛❧✉❡ B0 100.0 r 0.05
❲✐t❤❞r❛✇❛❧ ♣❡♥❛❧t② κ 0.10 σ 0.20
▼❛♥❛❣❡♠❡♥t ❢❡❡s αm 0
❚❛❜❧❡ ✹✳✶✸✿ P❛r❛♠❡t❡rs ✉s❡❞ ❜② ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ✐♥ ❬✶✸❪✳
T2
WF = 1 WF = 2
P❉❊ ▼❈ P❉❊ ▼❈
5 235.24 235.11± 0.42 243.96 243.80± 0.42
10 92.41 92.28± 0.30 94.62 94.84± 0.30
20 27.64 27.79± 0.24 28.09 28.39± 0.24
❚❛❜❧❡ ✹✳✶✹✿ ❋❛✐r ❜♣ ✈❛❧✉❡s ♦❢ αg ✐♥ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ❢♦r ❙t❛t✐❝ ●▼❲❇✲❈❋ ✇✐t❤ t❤❡ s❛♠❡
♣❛r❛♠❡t❡rs ❛s ✐♥ ❬✶✸❪✳
✶✷✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
S0 r curve k ω ρ σ
100 0.05 flat 1.0 0.2 −0.5 0.20
❚❛❜❧❡ ✹✳✶✺✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✶
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 191.05 ± 0.83 190.81 ± 0.66 191.03 191.16
191.34
196.87 ± 0.88 196.79 ± 0.94 196.39 196.50
196.77
❇ 191.79 ± 0.59 191.25 ± 0.33 191.18 191.58 196.88 ± 0.62 197.02 ± 0.47 196.55 196.60
❈ 191.34 ± 0.32 191.26 ± 0.15 191.25 191.47
±0.11
196.72 ± 0.34 196.64 ± 0.21 196.62 196.88
±0.11
❉ 191.20 ± 0.18 191.25 ± 0.07 191.27 191.38 196.55 ± 0.19 196.67 ± 0.10 196.65 196.68
10
❆ 79.71 ± 0.84 79.26 ± 0.66 79.41 79.33
79.44
81.38 ± 0.88 81.13 ± 0.94 80.98 81.32
80.97
❇ 79.80 ± 0.60 79.43 ± 0.33 79.39 79.41 80.95 ± 0.63 81.42 ± 0.47 80.98 80.64
❈ 79.61 ± 0.32 79.56 ± 0.15 79.39 79.41
±0.08
81.12 ± 0.34 81.12 ± 0.21 80.98 81.01
±0.08
❉ 79.35 ± 0.18 79.44 ± 0.07 79.38 79.40 80.90 ± 0.19 80.98 ± 0.10 80.99 81.01
20
❆ 26.33 ± 0.98 25.04 ± 0.77 24.90 24.90
24.81
25.04 ± 1.07 25.72 ± 1.06 25.27 25.20
25.16
❇ 25.92 ± 0.69 25.23 ± 0.39 24.86 24.67 25.91 ± 0.75 25.59 ± 0.54 25.23 25.16
❈ 25.16 ± 0.37 24.91 ± 0.17 24.84 24.81
±0.07
25.16 ± 0.41 25.35 ± 0.24 25.21 25.18
±0.07
❉ 24.99 ± 0.21 24.81 ± 0.09 24.84 24.82 25.40 ± 0.23 25.13 ± 0.12 25.20 25.18
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 31 s 30 s 30 s 30 s
❇ 121 s 121 s 120 s 118 s
❈ 482 s 484 s 464 s 481 s
❉ 1920 s 1899 s 1893 s 1909 s
 
❚❛❜❧❡ ✹✳✶✻✿ ❚❡st ✶✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧ ♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡
WF = 1✱ T2 = 10✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥
t❤❡ s❛♠❡ ❝❛s❡ ♦❢ r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸
❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✶✺✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✺
S0 v0 θ k ω ρ r
100 0.202 0.202 1.0 0.2 −0.5 0.05
❚❛❜❧❡ ✹✳✶✼✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✷✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 232.30 ± 0.97 232.83 ± 1.03 231.20 231.62
231.38
239.82 ± 1.00 240.88 ± 1.05 239.34 239.51
239.54
❇ 231.72 ± 0.68 231.73 ± 0.75 231.37 231.55 240.41 ± 0.71 239.76 ± 0.77 239.52 239.38
❈ 231.39 ± 0.37 231.56 ± 0.41 231.43 231.48
±0.10
239.84 ± 0.38 239.76 ± 0.41 239.59 239.72
±0.11
❉ 231.42 ± 0.21 231.56 ± 0.23 231.45 231.47 239.48 ± 0.20 239.71 ± 0.23 239.61 239.64
10
❆ 97.13 ± 1.10 97.55 ± 1.07 95.86 95.91
95.81
98.29 ± 1.05 99.50 ± 1.10 97.99 98.25
97.98
❇ 96.23 ± 0.73 97.07 ± 0.78 95.86 95.88 98.58 ± 0.74 98.62 ± 0.78 98.01 98.78
❈ 95.65 ± 0.39 95.81 ± 0.42 95.87 95.89
±0.08
98.12 ± 0.40 97.78 ± 0.43 98.01 98.01
±0.09
❉ 95.88 ± 0.23 95.84 ± 0.24 95.87 95.86 97.93 ± 0.23 97.95 ± 0.24 98.01 98.00
20
❆ 31.84 ± 1.17 31.84 ± 1.23 30.71 30.68
30.57
31.39 ± 1.20 32.06 ± 1.27 31.18 31.26
31.05
❇ 31.42 ± 0.84 31.78 ± 0.90 30.64 30.60 31.69 ± 0.85 31.12 ± 0.90 31.11 31.13
❈ 30.53 ± 0.45 30.99 ± 0.47 30.63 30.63
±0.06
31.02 ± 0.45 31.04 ± 0.50 31.10 31.09
±0.07
❉ 30.73 ± 0.26 30.61 ± 0.27 30.63 30.63 31.47 ± 0.26 31.10 ± 0.27 31.09 31.08
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 30 s 30 s 30 s 31 s
❇ 122 s 118 s 121 s 120 s
❈ 486 s 477 s 483 s 479 s
❉ 1951 s 1924 s 1956 s 1939 s
 
❚❛❜❧❡ ✹✳✶✽✿ ❚❡st ✷✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧
♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡ WF = 1✱ T2 = 10✳
❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡ s❛♠❡ ❝❛s❡ ♦❢
r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸ ❛♥❞ ✐♥ ❚❛❜❧❡
✹✳✶✼✳
✶✷✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
T2 WF = 1 WF = 2
5 200 200
10 100 100
20 50 50
❚❛❜❧❡ ✹✳✶✾✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❙t❛t✐❝ ❇❙ ❍❲ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 6212 ± 4 6214 ± 3 6213 6212
6213
6178 ± 4 6180 ± 4 6181 6180
6180
❇ 6213 ± 3 6213 ± 1 6213 6213 6180 ± 3 6180 ± 2 6180 6180
❈ 6211 ± 1 6213 ± 1 6213 6213
±1
6179 ± 1 6180 ± 1 6180 6180
±1
❉ 6213 ± 0 6213 ± 1 6213 6213 6179 ± 1 6180 ± 1 6180 6180
10
❆ 7153 ± 7 7154 ± 6 7155 7153
7154
7138 ± 7 7129 ± 8 7133 7127
7132
❇ 7155 ± 5 7152 ± 3 7154 7154 7134 ± 5 7132 ± 4 7132 7131
❈ 7152 ± 3 7153 ± 1 7154 7154
±1
7132 ± 3 7131 ± 2 7132 7131
±1
❉ 7157 ± 2 7154 ± 1 7154 7154 7133 ± 2 7131 ± 1 7132 7131
20
❆ 8018 ± 16 8010 ± 13 8017 8008
8016
8010 ± 20 8005 ± 20 8005 7995
8004
❇ 8023 ± 11 8016 ± 7 8017 8014 8014 ± 14 8005 ± 10 8005 8002
❈ 8025 ± 6 8013 ± 3 8016 8015
±1
8013 ± 7 8002 ± 4 8004 8003
±1
❉ 8020 ± 3 8015 ± 1 8016 8015 8007 ± 4 8001 ± 2 8004 8003
❚❛❜❧❡ ✹✳✷✵✿ ❚❡st ✸✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❙t❛t✐❝ ❇❙ ❍❲ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞
❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ✹✳✶✼ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✶✾ ✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✼
T2 WF = 1 WF = 2
5 250 250
10 100 100
20 50 50
❚❛❜❧❡ ✹✳✷✶✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❙t❛t✐❝ ❍❡st♦♥ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 6132 ± 4 6141 ± 5 6132 6131
6131
6101 ± 5 6107 ± 5 6099 6098
6098
❇ 6134 ± 3 6136 ± 3 6131 6131 6101 ± 3 6104 ± 3 6098 6098
❈ 6131 ± 2 6131 ± 2 6131 6131
±1
6099 ± 2 6097 ± 2 6098 6098
±1
❉ 6131 ± 1 6131 ± 1 6131 6131 6098 ± 1 6098 ± 1 6098 6098
10
❆ 7287 ± 8 7297 ± 9 7286 7284
7285
7277 ± 9 7273 ± 9 7263 7261
7262
❇ 7289 ± 6 7287 ± 6 7285 7284 7266 ± 6 7269 ± 6 7262 7263
❈ 7287 ± 3 7287 ± 3 7284 7284
±1
7264 ± 3 7262 ± 3 7262 7262
±1
❉ 7285 ± 2 7287 ± 2 7284 7284 7263 ± 2 7264 ± 2 7262 7262
20
❆ 8051 ± 19 8084 ± 19 8059 8058
8056
8048 ± 19 8053 ± 19 8048 8045
8047
❇ 8067 ± 13 8074 ± 14 8058 8056 8055 ± 13 8072 ± 14 8047 8045
❈ 8060 ± 7 8068 ± 7 8057 8056
±1
8050 ± 7 8047 ± 8 8046 8045
±1
❉ 8060 ± 4 8063 ± 4 8057 8056 8051 ± 4 8048 ± 4 8046 8045
❚❛❜❧❡ ✹✳✷✷✿ ❚❡st ✸✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❙t❛t✐❝ ❍❡st♦♥ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞
❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ✹✳✶✼ ❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✷✶ ✳
✶✷✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
T2
WF = 1 WF = 2
P❉❊ ▼❈ ❈❤✳❋♦✳ P❉❊ ▼❈ ❈❤✳❋♦✳
5 248.33 247.75± 1.39 n.c. 258.20 257.32± 1.42 n.c.
10 129.18 128.58± 1.08 129.10 133.60 133.09± 1.11 133.52
20 66.42 66.20± 0.89 n.c. 68.59 68.52± 1.29 n.c.
❚❛❜❧❡ ✹✳✷✸✿ ❋❛✐r ❜♣ ✈❛❧✉❡s ♦❢ αg ✐♥ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ❢♦r ❉②♥❛♠✐❝ ●▼❲❇✲❈❋ ✇✐t❤ t❤❡
s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❬✶✸❪✳ ❚❤❡ ✈❛❧✉❡s t❤❛t ❛r❡♥✬t ❛✈❛✐❧❛❜❧❡ ✐♥ ❬✶✸❪ ✭♥♦t ❝♦♠♣✉t❡❞✮ ❛r❡ ❞❡♥♦t❡❞
❜② ✏♥✳❝✳✑ ✳
✹✳✺✳✸ ❉②♥❛♠✐❝ ❲✐t❤❞r❛✇❛❧ ❢♦r ●▼❲❇✲❈❋
■♥ t❤❡ ❉②♥❛♠✐❝ ✇✐t❤❞r❛✇❛❧ ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❡ P❍ t♦ ❝❤♦s❡ ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡ ❤♦✇ ♠✉❝❤
✇✐t❤❞r❛✇✱ ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ ❤✐s ✭❤❡r✮ ❣❛✐♥ ✭♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧✮✳
❚❤❡ ❙t❛t✐❝ ❚❡sts ✹ ❛♥❞ ✺ ❛r❡ ✐♥s♣✐r❡❞ ❜② ❬✶✸❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤ ♣r✐❝❡ ❛
●▼❲❇ ❝♦♥tr❛❝t ✐♥ ❛ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ❋✐rst ✇❡
♣r✐❝❡❞ t❤❡✐r ♣r♦❞✉❝t ❢♦r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❛♥❞ ✇✐t❤❞r❛✇❛❧ r❛t❡s✱ ❛ss✉♠✐♥❣ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧s
✐♥ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧ t♦ ❣❡t ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✐♥ t❤✐s ♠♦❞❡❧❀ ✇❡ ❣♦t t❤❡ α ✈❛❧✉❡ ✉s✐♥❣ ❜♦t❤
❛ ❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❛♥❞ ❛ st❛♥❞❛r❞ P❉❊ ♠❡t❤♦❞✳ ❆s ✇❡ ❣♦t t❤❡ ❣♦♦❞
✈❛❧✉❡s ❢♦r t❤❡ s✐♠♣❧❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ t❤❡♥ ✇❡ ❛❞❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞ st♦❝❤❛st✐❝
✈♦❧❛t✐❧✐t②✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ αg t❤❛t ✇❡ ❣♦t ❛r❡
❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳✷✸✳
❲❡ r❡♠❛r❦ t❤❛t ✇❡ ✉s❡❞ t❤❡ ❋✉❧❧ ❘❡❣r❡ss✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ▼❈ ♣r✐❝❡s
✭❝❛s❡ ❆✱ ❇✱ ❈✱ ❉ ❢♦r ❙▼❈ ❛♥❞ ❍▼❈✮✿ t❤✐s ♠❡t❤♦❞ ✐s q✉✐t❡ ❢❛st✱ ❤♦✇❡✈❡r t❤❡ r❡s✉❧ts q✉❛❧✐t② ✐s
❧♦✇✳
❈♦♥✈❡rs❡❧②✱ ✇❡ ✉s❡❞ t❤❡ ❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s ❛❧❣♦r✐t❤♠ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜❡♥❝❤♠❛r❦s ✭❇▼✮✿
t❤✐s ❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ ♠♦r❡ t✐♠❡ ❞❡♠❛♥❞✐♥❣ t❤❛♥ t❤❡ ❋✉❧❧ ❘❡❣r❡ss✐♦♥✱ ❜✉t ✐ts r❡s✉❧ts ❛r❡ ❤✐❣❤❡r✱
♣r♦✈✐♥❣ t❤❛t t❤❡ r❡❣r❡ss✐♦♥ ♣❡r❢♦r♠s ❜❡tt❡r ❛♥❞ t❤❡ P❍✱ ✉s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ ❝❛♥ ❤❛✈❡ ❛ ❜❡tt❡r
♣❛②♦✛✳ ▼♦r❡♦✈❡r✱ t❤✐s ♠❡t❤♦❞ ♣❡r❢♦r♠❡❞ ✈❡r② ✇❡❧❧ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ ❛♥❞ ✇❡ ✉s❡❞ ✐t
t♦ ✜❧❧ ❚❛❜❧❡ ✹✳✷✸✳ ❲❡ tr✐❡❞ t♦ ✉s❡ ❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s ❛❧❣♦r✐t❤♠ ❛❧s♦ ❢♦r ❝❛s❡s ❆✱ ❇✱ ❈✱ ❉ ❜✉t
✇❡ ❞✐❞♥✬t ❣❡t ❣♦♦❞ r❡s✉❧ts✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ s❤♦rt r✉♥ t✐♠❡ ❛✈❛✐❧❛❜❧❡ ✭♠❛① ✸✵ ♠✐♥s✮✳
❋♦r ❜❡♥❝❤♠❛r❦s ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ✉s❡❞ ✹ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ 106 s❝❡♥❛r✐♦s ✭❞♦✉❜❧❡❞ ❜②
t❤❡ ❛♥t✐t❤❡t✐❝ ✈❛r✐❛❜❧❡s t❡❝❤♥✐q✉❡✮✱ ❡①❝❧✉❞✐♥❣ t❤❡ ❝❛s❡ T2 = 20✱ WF = 2 ✇❤❡r❡ ✇❡ ✉s❡❞ ❤❛❧❢
s❝❡♥❛r✐♦s✿ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ♣❡r❢♦r♠ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✭t✇♦ s❡❝❛♥t st❡♣s ❛r♦✉♥❞ t❤❡ ✈❛❧✉❡ ♦❢
❝❛s❡ ❉ ♦❢ ❍P❉❊✮ ✈❛r✐❡s ❢r♦♠ ✸✵ ♠✐♥✉t❡s ✭❝❛s❡ T2 = 5 ✱ WF = 1✮ t♦ ✸✽ ❤♦✉rs ✭❝❛s❡ T2 = 20✱
WF = 2✮✳
❲❡ ✇♦✉❧❞ r❡♠❛r❦ t❤❛t✱ ✉s✐♥❣ P❉❊ ♠❡t❤♦❞ ❢♦r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡
s❛♠❡ ✈❛❧✉❡s ❛s ✐♥ ❬✶✸❪ ✭♦♥❧② t✇♦ ✈❛❧✉❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❈❤❡♥ ❛♥❞ ❋♦rs②t❤✬s ♣❛♣❡r✮✱ ❜✉t ▼❈
♠❡t❤♦❞ ✭❘❡❣r❡ss✐♦♥ ❜② ▲✐♥❡s✮ ❤❛❞ ❛ ❢❡✇ ♣r♦❜❧❡♠s ✭❧♦✇❡r ✈❛❧✉❡s✮✿ t❤❡ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥
❞♦❡s♥✬t ✇♦r❦ ✈❡r② ✇❡❧❧ ❛♥❞ t❤✐s ♣r♦❜❧❡♠ ✐s st✐✛ ❢♦r ▼❈ ♠❡t❤♦❞s ✭s❡❡ ❚❛❜❧❡ ✹✳✷✸✮✳ ❲❡ ❝❛♥
t❤❡r❡❢♦r❡ ✐♠❛❣✐♥❡ t❤❛t t❤❡ ▼❈ ♠❡t❤♦❞s ✇✐❧❧ ❤❛✈❡ ❞✐✣❝✉❧t✐❡s ❛❧s♦ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡sts✱ ✐♥
✇❤✐❝❤ ❛ ❞✐♠❡♥s✐♦♥ ✐s ❛❞❞❡❞✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✾
✹✳✺✳✸✳✶ ❚❡st ✹✿ ❉②♥❛♠✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
❚❡st ✹ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✶✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✺✳ ❘❡s✉❧ts
❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✹✳ ■♥ t❤✐s t❡st P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥
▼❈ ♦♥❡s✳ ■♥ ❢❛❝t ▼❈ ♠❡t❤♦❞s ✉s❡ ❛ ❧❡❛st✲sq✉❛r❡s r❡❣r❡ss✐♦♥ ❛♣♣r♦❛❝❤ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧
✇✐t❤❞r❛✇❛❧✿ t❤✐s ♠❡t❤♦❞ ♥❡❡❞s ❛ ❧♦t ♦❢ s❝❡♥❛r✐♦s t♦ ❛♣♣r♦①✐♠❛t❡ t❤r♦✉❣❤ t❤❡ r❡❣r❡ss✐♦♥ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ♣♦❧✐❝② ❢♦r ❛ ❣✐✈❡♥ s❡t ♦❢ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤✐s ✐s t✐♠❡ ❞❡♠❛♥❞✐♥❣✳ ❚❤❡♥✱ ✇♦r❦✐♥❣ ❛t
✜①❡❞ t✐♠❡✱ ✇❡ ❝♦✉❧❞ ♣❡r❢♦r♠ ❢❡✇❡r s❝❡♥❛r✐♦s t❤❛♥ t❤❡ ❙t❛t✐❝ ❝❛s❡✳ P❉❊ ♠❡t❤♦❞s ❢❡❧t ❛♥♦t❤❡r
♣r♦❜❧❡♠✿ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥ ❢♦r❝❡❞ ✉s t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ✇rt
❙t❛t✐❝ ❝❛s❡✳ ❯s✐♥❣ ▼❈ ♠❡t❤♦❞s✱ ✇❡ ❛❧✇❛②s ❣♦t ❧♦✇❡r ✈❛❧✉❡s ✇✐t❤ r❡❣❛r❞ t♦ P❉❊ ♠❡t❤♦❞s✱ ❛♥❞
♠♦r❡♦✈❡r ▼❈ ✈❛❧✉❡s ✐♥❝r❡❛s❡❞ ❜② s❡✈❡r❛❧ ❜♣s ✇❤❡♥ ♠♦✈✐♥❣ ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ ❆ t♦ ❉✳
❚❤❡ t✇♦ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✿ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ s❝❡♥❛r✐♦s ❣❡♥❡r❛t✐♦♥ r✉♥✲
t✐♠❡ ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❜❡❝❛✉s❡ ♠♦st ♦❢ t❤❡ t✐♠❡ ✐s s♣❡♥t ✐♥ ✜♥❞✐♥❣ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧✳ ❚❤❡
❍P❉❊ ♠❡t❤♦❞ ❣❛✈❡ ❣♦♦❞ ❛♥❞ st❛❜❧❡ r❡s✉❧ts✱ ✇❤✐❧❡ ❆P❉❊ ❤❛❞ ♠♦r❡ tr♦✉❜❧❡s✱ ✇✐t❤ r❡s✉❧ts
✢♦❛t✐♥❣ ❛r♦✉♥❞ t❤❡ ❣♦♦❞ ✈❛❧✉❡s✳ ❚❤❡♥✱ t❤❡ ❍P❉❊ ♠❡t❤♦❞ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st ♦♥❡ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r❡s✉❧ts ♦❢ t❤✐s t❡st✳
❚❤❡ ❝❛s❡ (T2,WF ) = (20, 2) ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ✐♥s✐❞✐♦✉s✿ t❤❡ ❧♦♥❣ ♠❛t✉r✐t② ❛♥❞ t❤❡ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✇✐t❤❞r❛✇❛❧ ❞❛t❡s ✭✹✵ ❡✈❡♥t t✐♠❡s✮ ♠❛❞❡ t❤❡ ♣r♦❜❧❡♠ ❤❛r❞ ❛❧s♦ ❢♦r P❉❊ ♠❡t❤♦❞s✳ ■♥
t❤✐s ❝❛s❡ ▼❈ ♠❡t❤♦❞s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❆ ❛❧s♦ ❣❛✈❡ ❧♦✇❡r ✈❛❧✉❡s t❤❛♥ ❙t❛t✐❝ ❛♣♣r♦❛❝❤ ✭18.64 ❜♣
✈s 25.20 ❜♣✮✿ ❞✉❡ t♦ t❤❡ ❢❡✇ s❝❡♥❛r✐♦s ❝♦♥s✐❞❡r❡❞✱ t❤❡ ❧❡❛st sq✉❛r❡s r❡❣r❡ss✐♦♥ ❢❛✐❧❡❞ t♦ ✐♥❝r❡❛s❡
P❍✬s ❣❛✐♥✳
✹✳✺✳✸✳✷ ❚❡st ✺✿ ❉②♥❛♠✐❝ ●▼❲❇✲❈❋ ✐♥ t❤❡ ❍❡st♦♥ ▼♦❞❡❧
❚❡st ✺ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✷✳ ▼♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✼✳ ❘❡s✉❧ts ❛r❡
❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✺✳
■♥ t❤✐s t❡st t❤✐♥❣s ❛r❡ s✐♠✐❧❛r t♦ ❚❡st ✹✱ ❜✉t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ s❡❡♠❡❞ t♦ ❜❡ ❡❛s✐❡r
t❤❛♥ ✐♥ ❚❡st ✹✿ ▼❈ ♠❡t❤♦❞s ❝♦♥✈❡r❣❡❞ ❜❡tt❡r✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✉s✐♥❣ ❤✐❣❤ ❧❡✈❡❧ ❝♦♥✜❣✉r❛t✐♦♥s✳
P❉❊ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ❣♦♦❞ ❛s ✉s✉❛❧✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡② ♣r♦✈❡❞ t♦ ❜❡ ❛❧♠♦st ❡q✉✐✈❛❧❡♥t✿
t❤❡② ❜♦t❤ ❣❛✈❡ ❣♦♦❞ r❡s✉❧ts ❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ (T2,WF ) = (20, 2) ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ r❡s✉❧ts
♦❢ ❆P❉❊ ✇❡r❡ t♦♦ ❤✐❣❤✳ ❚❤❡ t✇♦ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✳ ❲❡ ♥♦t❡ t❤❛t✱ ✐♥
t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡✱ ❉②♥❛♠✐❝ str❛t❡❣② ✐♥❝r❡❛s❡❞ t❤❡ ✈❛❧✉❡ ♦❢ αg ❧❡ss t❤❛♥ ✐♥ ❇❙ ❍❲ ❝❛s❡✿
♣r♦❜❛❜❧②✱ ♣❧❛②✐♥❣ ♦♥ ✐♥t❡r❡st r❛t❡ ❧❡ts t❤❡ P❍ ❣❛✐♥ ♠♦r❡ t❤❛♥ ♣❧❛②✐♥❣ ♦♥ ✈♦❧❛t✐❧✐t②✳
❚❤❡ ❝❛s❡ (T2,WF ) = (20, 2) ✐s st✐❧❧ t❤❡ ♠♦st ✐♥s✐❞✐♦✉s✱ ❜✉t t❤✐s t✐♠❡ ✇❡ ❞✐❞♥✬t ❣❡t ❛♥② ✈❛❧✉❡
❧♦✇❡r t❤❛♥ t❤❡ ❙t❛t✐❝ ✈❛❧✉❡ ♦❢ αg✳
✹✳✺✳✸✳✸ ❚❡st ✻✿ ❍❡❞❣✐♥❣ ❢♦r ❉②♥❛♠✐❝ ●▼❲❇✲❈❋
❚❡st ✻ ✐s t❤❡ ❉②♥❛♠✐❝ ❝❛s❡ ♦❢ ❚❡st ✸✳ ❘❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✷✼✳
■♥ t❤✐s t❡st ✇❡ ❣♦t ❣♦♦❞ r❡s✉❧ts ✇✐t❤ P❉❊ ♠❡t❤♦❞s✿ ✈❛❧✉❡s ♦❢ ❍P❉❊ ❛r❡ ✈❡r② r❡❣✉❧❛r ❞❡s♣✐t❡
t❤❡ ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❘❡s✉❧ts ❢r♦♠ ❆P❉❊ ❛r❡ ❣♦♦❞✱ ❜✉t ❛ ❜✐t ✇♦rs❡ t❤❛♥ ❍P❉❊
❡s♣❡❝✐❛❧❧② ✐♥ ❇❙ ❍❲ ❝❛s❡ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❝❛s❡ (T2,WF ) = (20, 2)✮✳ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s
s✉✛❡r❡❞ t❤❡ ❢❡✇ s❝❡♥❛r✐♦s ♣❡r❢♦r♠❡❞ ❛♥❞ s♦♠❡t✐♠❡s t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ✐s ✈❡r② ❧❛r❣❡✳ ■♥ t❤❡
❝❛s❡ (T2,WF ) = (20, 2) ✇❡ ❛❧s♦ ❣♦t s♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧✳
✶✸✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
✹✳✺✳✸✳✹ ❖♣t✐♠❛❧ ❲✐t❤❞r❛✇❛❧ ❙tr❛t❡❣② P❧♦ts ❢♦r ❉②♥❛♠✐❝ ●▼❲❇✲❈❋
■♥ ❋✐❣✉r❡ ✹✳✺✳✶ ❛♥❞ ✹✳✺✳✷ ✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧ ❢♦r t❤❡ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ✇✐t❤
(T2,WF ) = (10, 1) ❢♦r ❜♦t❤ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛♥❞ ❍❡st♦♥ ♠♦❞❡❧✳ ❲❡ ✉s❡❞ ❍P❉❊ ♠❡t❤♦❞s t♦
♦❜t❛✐♥ t❤❡s❡ ♣❧♦ts✿ ✇❡ ❝❤♦s❡ t❤r❡❡ ♥♦❞❡s ♦❢ t❤❡ tr❡❡ ❛r♦✉♥❞ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛t t✐♠❡ t = 1 ❛♥❞
✇❡ ✉s❡❞ t❤❡ ❜❡st ✇✐t❤❞r❛✇❛❧s t♦ ❣❡t t❤❡s❡ ♣❧♦ts✳
❲❡ r❡♠❛r❦ t❤❛t t❤❡s❡ ♣❧♦ts ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ♣r♦♣♦s❡❞ ✐♥ ❬✶✸❪✿ ✇❡ ♥♦t❡ t❤❡ s❛♠❡
str✉❝t✉r❡ ❛r♦✉♥❞ t❤❡ ❜✐s❡❝t♦r ❛♥❞ t❤❡ ✇✐❞❡ r❡❣✐♦♥ ♦❢ r❡❣✉❧❛r ✇✐t❤❞r❛✇❛❧✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✸✶
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 226.22 ± 3.04 223.88 ± 2.73 282.19 278.25
282.00
244.75 ± 5.85 242.09 ± 5.78 320.54 313.90
319.00
❇ 255.42 ± 2.36 256.27 ± 2.25 282.24 276.29 277.53 ± 5.15 275.53 ± 5.12 320.44 320.59
❈ 266.97 ± 1.71 265.12 ± 1.65 282.28 280.55
±1.54
310.22 ± 3.58 308.76 ± 3.67 320.35 320.14
±1.69
❉ 275.83 ± 1.31 272.62 ± 1.23 282.32 282.63 312.12 ± 2.82 311.16 ± 2.72 320.33 320.73
10
❆ 128.40 ± 4.58 130.58 ± 4.01 163.54 160.38
162.51
142.01 ±
11.54
141.73 ±
10.55
194.56 192.57
186.42
❇ 144.12 ± 3.81 145.35 ± 3.71 163.03 157.76 146.20 ± 5.09 149.63 ± 4.95 190.76 190.90
❈ 155.56 ± 2.72 155.54 ± 2.80 162.92 159.72
±1.23
165.58 ± 3.97 169.64 ± 3.87 189.66 188.87
±1.39
❉ 156.97 ± 1.99 155.34 ± 2.02 162.86 157.37 182.37 ± 3.31 180.42 ± 3.16 189.47 188.24
20
❆ 65.58 ± 4.45 65.77 ± 5.52 90.67 ✻✷✳✶✵
84.01
92.16 ± 24.50 18.64 ± 21.96 109.26 ✶✸✳✼✷
98.96
❇ 65.50 ± 3.13 67.69 ± 3.57 86.92 87.53 80.34 ± 12.31 79.69 ± 19.48 106.77 ✸✶✳✻✼
❈ 75.87 ± 2.72 76.31 ± 2.67 86.11 86.42
±1.03
84.79 ± 6.22 83.28 ± 5.10 106.04 71.80
±1.64
❉ 78.89 ± 2.14 81.15 ± 2.44 85.73 85.75 89.68 ± 4.30 92.43 ± 4.15 104.49 95.82
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 29 s 31 s 31 s 30 s
❇ 121 s 124 s 121 s 123 s
❈ 484 s 484 s 489 s 474 s
❉ 1881 s 1927 s 1899 s 1901 s
 
❚❛❜❧❡ ✹✳✷✹✿ ❚❡st ✹✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡
♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧ ♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡
WF = 1 ✱ T2 = 10✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥
t❤❡ s❛♠❡ ❝❛s❡ ♦❢ r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸
❛♥❞ ✐♥ ❚❛❜❧❡ ✹✳✶✺✳
✶✸✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 238.42 ± 2.36 238.87 ± 2.38 246.27 246.33
246.45
242.33 ± 4.37 245.93 ± 4.46 255.51 256.10
255.20
❇ 237.80 ± 1.49 240.29 ± 1.50 246.58 246.44 244.68 ± 2.93 246.49 ± 2.96 256.62 256.43
❈ 242.33 ± 1.09 242.95 ± 1.08 246.62 246.66
±1.07
248.81 ± 2.21 250.94 ± 2.21 256.67 256.27
±1.10
❉ 243.42 ± 0.79 243.08 ± 0.77 246.64 246.68 253.06 ± 1.56 251.79 ± 1.58 256.70 256.31
10
❆ 125.77 ± 4.03 123.42 ± 4.05 133.70 133.92
133.72
132.71 ± 12.0 119.84 ±
11.10
137.85 146.61
137.00
❇ 126.16 ± 2.47 126.92 ± 2.51 133.89 133.91 118.80 ± 4.59 122.60 ± 4.57 138.12 139.39
❈ 129.47 ± 1.76 130.41 ± 1.73 133.98 133.96
±0.86
125.17 ± 3.07 124.11 ± 2.97 138.29 138.36
±0.87
❉ 132.89 ± 1.21 132.36 ± 1.22 134.02 133.99 130.63 ± 2.25 130.27 ± 2.32 138.41 138.35
20
❆ 37.68 ± 11.94 37.46 ± 9.74 72.25 74.11
69.35
82.48 ± 26.34 61.22 ± 28.49 74.54 99.35
71.82
❇ 64.51 ± 3.84 69.22 ± 2.44 71.05 72.30 70.71 ± 7.75 67.08 ± 8.48 73.00 86.01
❈ 66.85 ± 3.19 66.13 ± 2.47 71.12 71.57
±0.72
65.25 ± 3.40 66.50 ± 4.05 73.12 77.08
±1.05
❉ 64.18 ± 2.55 66.88 ± 2.18 71.15 71.69 61.27 ± 2.56 62.16 ± 2.77 73.24 74.60
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊
❆ 32 s 32 s 29 s 30 s
❇ 123 s 124 s 122 s 118 s
❈ 483 s 475 s 474 s 495 s
❉ 1903 s 1882 s 1923 s 1947 s
 
❚❛❜❧❡ ✹✳✷✺✿ ❚❡st ✺✳ ■♥ t❤❡ ✜rst ❚❛❜❧❡✱ t❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ❛♥♥✉❛❧
♦r s✐①✲♠♦♥t❤❧② ✇✐t❤❞r❛✇❛❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❚❛❜❧❡ t❤❡ r✉♥ t✐♠❡s ❢♦r t❤❡ ❝❛s❡ WF = 1 ✱ T2 = 10✳
❋✐♥❛❧❧②✱ t❤❡ ♣❧♦t ♦❢ r❡❧❛t✐✈❡ ❡rr♦r ✭✇✳r✳t✳ ❇▼ ✈❛❧✉❡✮ ❢♦r t❤❡ ❢♦✉r ♠❡t❤♦❞s ✐♥ t❤❡ s❛♠❡ ❝❛s❡ ♦❢
r✉♥✲t✐♠❡s ❚❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸ ❛♥❞ ✐♥ ❚❛❜❧❡
✹✳✶✼✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✸✸
T2 WF = 1 WF = 2
5 350 350
10 200 200
20 150 150
❚❛❜❧❡ ✹✳✷✻✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❉②♥❛♠✐❝ ❇❙ ❍❲ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 4986 ± 311 4790 ± 310 4474 4465
4514
4753 ± 537 4117 ± 429 4191 4187
4181
❇ 4455 ± 171 4443 ± 179 4477 4469 4220 ± 182 4362 ± 222 4196 4191
❈ 4385 ± 130 4420 ± 122 4478 4473
±62
4057 ± 196 3987 ± 170 4198 4195
±68
❉ 4319 ± 103 4432 ± 94 4478 4476 4158 ± 167 4235 ± 170 4198 4198
10
❆ 4734 ± 656 5152 ± 543 4630 4625
4593
4612 ± 946 3881 ± 817 4270 4325
4291
❇ 4577 ± 320 4367 ± 307 4636 4616 4628 ± 460 3846 ± 362 4296 4316
❈ 4665 ± 259 4548 ± 240 4639 4631
±112
3898 ± 310 4122 ± 303 4304 4300
±123
❉ 4517 ± 178 4537 ± 175 4639 4635 4492 ± 329 4201 ± 276 4306 4304
20
❆ 4053 ± 302 4223 ± 112 4129 4149
4083
4152 ± 150 4037 ± 144 3639 4062
3857
❇ 4370 ± 105 4253 ± 108 4153 4118 4095 ± 74 4039 ± 68 3752 3924
❈ 4046 ± 332 4011 ± 326 4157 4150
±143
4078 ± 72 4049 ± 60 3766 3803
±211
❉ 3980 ± 268 3857 ± 242 4157 4145 3434 ± 294 3659 ± 332 3780 3798
❚❛❜❧❡ ✹✳✷✼✿ ❚❡st ✻✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❉②♥❛♠✐❝ ❇❙ ❍❲ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡
♠✉❧t✐♣❧✐❡❞ ❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ✹✳✷✻ ❛♥❞ ✐♥
❚❛❜❧❡ ✹✳✶✼✳
✶✸✹ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
T2 WF = 1 WF = 2
5 300 300
10 150 150
20 100 100
❚❛❜❧❡ ✹✳✷✽✿ ❚❤❡ αg ✈❛❧✉❡s ✉s❡❞ ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❉②♥❛♠✐❝ ❍❡st♦♥ ❝❛s❡ ✭❜♣✮✳
T2
WF = 1 WF = 2
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
5
❆ 5732 ± 40 5727 ± 26 5629 5631
5637
5878 ± 97 5803 ± 62 5571 5577
5599
❇ 5715 ± 28 5699 ± 27 5628 5630 5678 ± 88 5603 ± 78 5570 5572
❈ 5614 ± 49 5668 ± 66 5628 5629
±26
5674 ± 122 5635 ± 78 5570 5570
±25
❉ 5607 ± 44 5653 ± 55 5628 5628 5695 ± 103 5618 ± 63 5569 5570
10
❆ 6082 ± 179 6103 ± 157 6007 6009
5983
6918 ± 712 6083 ± 392 5938 5915
5914
❇ 5949 ± 133 5886 ± 125 6006 6007 6225 ± 263 6058 ± 142 5936 5942
❈ 5909 ± 117 6062 ± 136 6005 6006
±58
5779 ± 151 6026 ± 116 5936 5939
±55
❉ 6008 ± 113 6059 ± 97 6004 6005 5980 ± 121 5840 ± 114 5936 5937
20
❆ 5604 ± 480 5658 ± 383 5636 5644
5635
4162 ± 987 5886 ± 831 5540 5122
5343
❇ 5428 ± 405 5855 ± 433 5635 5642 5056 ± 362 5543 ± 437 5540 5382
❈ 5410 ± 297 5571 ± 206 5635 5640
±126
5421 ± 306 5297 ± 369 5542 5543
±174
❉ 5734 ± 213 5571 ± 199 5635 5638 5379 ± 226 5416 ± 198 5543 5550
❚❛❜❧❡ ✹✳✷✾✿ ❚❡st ✻✳ ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ❉②♥❛♠✐❝ ❍❡st♦♥ ❝❛s❡✳ ❆❧❧ r❡s✉❧ts ♠✉st ❜❡
♠✉❧t✐♣❧✐❡❞ ❜② 10−4✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✶✸✱ ✹✳✷✽ ❛♥❞
✐♥ ❚❛❜❧❡ ✹✳✶✼✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✸✺
❋✐❣✉r❡ ✹✳✺✳✶✿ P❧♦ts ♦❢ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧s ❛t t✐♠❡ t = 1 ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❛❝❝♦r❞✐♥❣
t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ r1✿ ❢r♦♠ t❤❡ t♦♣ t♦ t❤❡ ❜♦tt♦♠ r1 = 0.03✱ r1 = 0.05 ❛♥❞ r1 = 0.07✳ ❚❤❡
♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ♣❧♦ts ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r ❝❛s❡ T2 = 10✱
WDF = 1✿ s❡❡ ❚❛❜❧❡s ✹✳✶✸✱ ✹✳✶✺ ❛♥❞ ✹✳✷✻ ✳
✶✸✻ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❋✐❣✉r❡ ✹✳✺✳✷✿ P❧♦ts ♦❢ t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧s ❛t t✐♠❡ t = 1 ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❛❝❝♦r❞✐♥❣
t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② v1✿ ❢r♦♠ t❤❡ t♦♣ t♦ t❤❡ ❜♦tt♦♠ v1 = 0✱ v1 = 0.04 ❛♥❞
v1 = 0.16✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ♣❧♦ts ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r ❉❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r
❝❛s❡ T2 = 10✱ WDF = 1✿ s❡❡ ❚❛❜❧❡s ✹✳✶✸✱ ✹✳✶✼ ❛♥❞ ✹✳✷✽✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✸✼
❈♦♥tr❛❝t t✐♠❡s (T1, T2) (0, 25) ♦r (10, 25) ●▼❲ G
max[P,WT1 ]
T2−T1
❲✐t❤❞r❛✇❛❧ ❋r❡q✉❡♥❝② WF ✶ ❨❡❛r m 1.0
■♥✐t✐❛❧ ❛❝❝♦✉♥t ✈❛❧✉❡ A0 100.0 S0 100.0
■♥✐t✐❛❧ Pr❡♠✐✉♠ 100.0 r 0.0325
❲✐t❤❞r❛✇❛❧ ♣❡♥❛❧t② κ 0.10 σ 0.30
P❍✬s ❜❡❤❛✈✐♦r ❙t❛t✐❝ ♦r ❙✉rr❡♥❞❡r✐♥❣ ▼♦rt❛❧✐t② ❖❋❋
❚❛❜❧❡ ✹✳✸✵✿ P❛r❛♠❡t❡rs ✉s❡❞ ❜② ❨❛♥❣ ❛♥❞ ❉❛✐ ✐♥ ❬✹✻❪✳
(T1, T2)
❙t❛t✐❝ s✉rr❡♥❞❡r✐♥❣
P❉❊ ▼❈ ❨❉ P❉❊ ▼❈ ❨❉
(0, 25) 102.02 101.95± 0.21 102 158.28 157.33± 0.41 158
(10, 25) 254.01 253.99± 0.16 170 305.35 305.26± 0.50 248
❚❛❜❧❡ ✹✳✸✶✿ ❋❛✐r ❜♣ ✈❛❧✉❡s ♦❢ αg ✐♥ ❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✱ ❢♦r ●▼❲❇✲❨❉ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠✲
❡t❡rs ❛s ✐♥ ❬✶✸❪✳
✹✳✺✳✹ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❛♥❞ ❖♣t✐♠❛❧ s✉rr❡♥❞❡r ❢♦r ●▼❲❇✲❨❉
■♥ t❤❡ ❙t❛t✐❝ ❲✐t❤❞r❛✇❛❧ ❝❛s❡ ✇❡ s✉♣♣♦s❡ t❤❡ P❍ t♦ ✇✐t❤❞r❛✇❛❧ ❡①❛❝t❧② ❛t t❤❡ ❣✉❛r❛♥t❡❡❞ r❛t❡✱
✇❤✐❧❡ ✐♥ ❖♣t✐♠❛❧ s✉rr❡♥❞❡r ❝❛s❡✱ t❤❡ P❍ ❝❛♥ st♦♣ t❤❡ ❝♦♥tr❛❝t ❛t ❡❛❝❤ ❡✈❡♥t t✐♠❡✳
❚❤❡ ❚❡sts ✼ ❛♥❞ ✽ ❛r❡ ✐♥s♣✐r❡❞ ❜② ❬✹✻❪✿ ✐♥ t❤❡✐r ❛rt✐❝❧❡✱ ❨❛♥❣ ❛♥❞ ❉❛✐ ♣r✐❝❡ ❛ ●▼❲❇
❝♦♥tr❛❝t ❜♦t❤ ✐♥ ❙t❛t✐❝ ❛♥❞ ❉②♥❛♠✐❝ ✭♦♣t✐♠❛❧ s✉rr❡♥❞❡r✮ ❢r❛♠❡✇♦r❦✱ ✉♥❞❡r t❤❡ ❇❧❛❝❦ ❙❝❤♦❧❡s
♠♦❞❡❧✳ ❋✐rst ✇❡ ♣r✐❝❡❞ t❤❡✐r ♣r♦❞✉❝ts ❢♦r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❛♥❞ ✇✐t❤❞r❛✇❛❧ r❛t❡s✱ ✐♥ ❇❧❛❝❦
❛♥❞ ❙❝❤♦❧❡s ♠♦❞❡❧ t♦ ❣❡t ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✐♥ t❤✐s ♠♦❞❡❧ ❛♥❞ t♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✇✐t❤ t❤❡
❛✉t❤♦r✬s ♦♥❡s✳ ❲❡ ✉s❡❞ ❛ st❛♥❞❛r❞ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❛♥❞ ❛ st❛♥❞❛r❞ P❉❊ ♠❡t❤♦❞ ❢♦r t❤❡
❇❧❛❝❦ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ❚❤❡♥✱ ✇❡ ❛❞❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❛♥❞ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ▼♦❞❡❧
♣❛r❛♠❡t❡rs ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✵✱ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ αg t❤❛t ✇❡ ❣♦t ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳✸✶✳
❲❡ ❞❡❛❧t ✇✐t❤ ❢♦✉r ♥✉♠❡r✐❝❛❧ ❝❛s❡s✿ ❞❡❢❡rr❡❞ ♦r ♥♦t ❛♥❞ ❙t❛t✐❝ ❜❡❤❛✈✐♦r ♦r ❙✉rr❡♥❞❡r✐♥❣✳
❲❡ ♥♦t❡ t❤❛t ✉s✐♥❣ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✭❛ s✐♠♣❧❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✱ ❛♥❞ ❛ P❉❊ ♠❡t❤♦❞
❢♦r t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✮ ✇❡ ❞✐❞♥✬t ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧ts ♦❢ ❨❛♥❣ ❛♥❞ ❉❛✐ ✐♥ t❤❡ ❝❛s❡
(T1, T2) = (10, 25)✳ Pr♦❜❛❜❧② ✇❡ ♠✐s✉♥❞❡rst♦♦❞ s♦♠❡ ❝♦♥tr❛❝t s♣❡❝✐✜❝❛t✐♦♥s ❛❜♦✉t t❤❡ ❞❡❢❡rr❡❞
❝❛s❡✳ ❲❡ ♣r✐❝❡❞ t❤♦s❡ ♣r♦❞✉❝ts ❜♦t❤ ✉s✐♥❣ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✳✺✮ ❛♥❞ ✇✐t❤♦✉t✱
♦❜t❛✐♥✐♥❣ t❤❡ s❛♠❡ r❡s✉❧ts✳ ❲❡ ✇♦✉❧❞ r❡♠❛r❦ t❤❛t ❨❛♥❣ ❛♥❞ ❉❛✐ ❞✐❞♥✬t ✉s❡ t❤✐s t❡❝❤♥✐q✉❡ ❢♦r
t❤❡✐r ♣r♦❞✉❝t✳
✹✳✺✳✹✳✶ ❚❡st ✼✿ ●▼❲❇✲❨❉ ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❍✉❧❧✲❲❤✐t❡ ▼♦❞❡❧
■♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡✐r ♣❛♣❡r ❬✹✻❪✱ ❨❛♥❣ ❛♥❞ ❉❛✐ ♣r♦♣♦s❡❞ t❤❡♠s❡❧✈❡s t♦ ❡✈❛❧✉❛t❡ t❤❡✐r
❝♦♥tr❛❝t ✐♥❝❧✉❞✐♥❣ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡✳ ❚❤❛t✬s ✇❤❛t ✇❡ ❞♦ ✐♥ t❤✐s ❈❤❛♣t❡r✱ ❛♥❞ ✐♥ ❚❡st ✼ ✇❡
♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛❜♦✉t ●▼❲❇✲❨❉ ♣r✐❝✐♥❣✳ ❈♦♥tr❛❝t s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ s❤♦✇♥
✐♥ ❚❛❜❧❡ ✹✳✸✵✱ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✹✳✸✷ ❛♥❞ t❤❡ ❢❛✐r ✈❛❧✉❡s ♦❢ αg ✐♥ ❚❛❜❧❡ ✹✳✸✸✳
❆❧❧ ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✇❡❧❧ ✐♥ t❤❡ ❙t❛t✐❝ ❝❛s❡✱ ❜✉t P❉❊ ♠❡t❤♦❞s ♦✉t♣❡r❢♦r♠❡❞
✶✸✽ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
t❤❡ ♦t❤❡rs✳ ❚❤✐♥❣ ❛r❡ ❞✐✛❡r❡♥t ✐♥ t❤❡ s✉rr❡♥❞❡r✐♥❣ ❝❛s❡✿ t❤❡ ▲♦♥❣st❛✛ ❙❝❤✇❛rt③ ♠❡t❤♦❞ s❤♦✇❡❞
✐ts ❧✐♠✐ts✿ ✐♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛♥❞ t❤✉s t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❝❛♥ ❞✐✛✉s❡ s♦ ♠✉❝❤
✐♥ 25 ②❡❛rs ❛♥❞ t❤❡ r❡❣r❡ss✐♦♥ ♦✈❡r s✉❝❤ ❛ ✇✐❞❡ s❡t ♦❢ ✈❛❧✉❡s ✐s st✐✛✳ P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦
❜❡ r❡❧✐❛❜❧❡ ❛♥❞ st❛❜❧❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❝❛s❡ (T1, T2) = (0, 25) ✇❤❡r❡ 25 r❡❣r❡ss✐♦♥s ❛r❡ r❡q✉✐r❡❞✳
✹✳✺✳✹✳✷ ❚❡st ✽✿ ●▼❲❇✲❨❉ ✐♥ t❤❡ ❍❡st♦♥ ▼♦❞❡❧
❆❢t❡r ♣r✐❝✐♥❣ t❤❡ ●▼❲❇✲❈❋ ♣r♦❞✉❝t ✐♥ t❤❡ ❇❙ ❛♥❞ ❇❙ ❍❲ ♠♦❞❡❧✱ t❤❡♥ ✇❡ ❞✐❞ ✐t ✐♥ t❤❡
❍❡st♦♥ ♠♦❞❡❧✳ ❈♦♥tr❛❝t s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✸✵✱ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✹✳✸✹
❛♥❞ t❤❡ ❢❛✐r ✈❛❧✉❡s ♦❢ αg ✐♥ ❚❛❜❧❡ ✹✳✸✺✳
▲✐❦❡ t❤❡ ♣r❡✈✐♦✉s t❡st✱ ❛❧❧ ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❡❤❛✈❡❞ ✇❡❧❧ ✐♥ t❤❡ ❙t❛t✐❝ ❝❛s❡❀ ❍P❉❊
❛♥❞ ❆P❉❊ ♦✉t♣❡r❢♦r♠❡❞ t❤❡ ♦t❤❡rs ❛♥❞ ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t ✐♥ t❤❛t ❢r❛♠❡✇♦r❦✳ ■♥ t❤✐s t❡st✱
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ▼❈ ♠❡t❤♦❞s ❢♦r t❤❡ s✉rr❡♥❞❡r✐♥❣ ❝❛s❡ ❛r❡ ❣♦♦❞✿ ♣r♦❜❛❜❧②✱ t❤❡ ❧❡❛st sq✉❛r❡
r❡❣r❡ss✐♦♥ ✐s ❡❛s✐❡r ✐♥ t❤❡ ❍❡st♦♥ ❝❛s❡✳ ▼♦r❡♦✈❡r✱ r❡s✉❧ts ✐♥ t❤❡ (T1, T2) = (10, 25) ❝❛s❡ ❛r❡ ✈❡r②
❣♦♦❞✿ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ▲♦♥❣st❛✛✲❙❝❤✇❛rt③ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s ♦♥❧② 15 ♥✉♠❡r✐❝❛❧ r❡❣r❡ss✐♦♥s ❛♥❞
✇❡ ❝❛♥ s✐♠✉❧❛t❡ ♠♦r❡ s❝❡♥❛r✐♦s t❤❛♥ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡✳
✹✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✸✾
S0 r curve k ω ρ σ
100 0.0325 flat 1.0 0.2 −0.5 0.30
❚❛❜❧❡ ✹✳✸✷✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✼✳
❙t❛t✐❝ ❙✉rr❡♥❞❡r✐♥❣
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
(T1, T2) = (0, 25)
❆ 83.11 ± 3.55 81.30 ± 2.70 80.79 80.62
80.65
94.94 ± 5.28 89.98 ± 4.34 96.04 95.98
92.95
❇ 83.06 ± 2.48 80.05 ± 1.28 80.71 80.71 89.12 ± 2.20 91.75 ± 1.84 95.50 96.04
❈ 82.49 ± 1.69 80.62 ± 0.57 80.71 80.72
±0.20
89.55 ± 1.45 91.79 ± 1.34 95.52 96.08
±0.78
❉ 81.48 ± 0.75 80.80 ± 0.28 80.70 80.72 89.60 ± 1.10 90.22 ± 1.11 95.53 96.09
(T1, T2) = (10, 25)
❆ 213.24 ± 3.05 210.58 ± 2.28 210.40 210.91
210.76
242.15 ± 6.44 233.16 ± 5.58 242.38 242.86
241.41
❇ 212.68 ± 2.13 210.47 ± 1.11 210.67 210.99 244.06 ± 3.38 239.25 ± 2.86 242.83 243.12
❈ 212.45 ± 1.44 210.72 ± 0.49 210.74 210.89
±0.17
238.66 ± 2.02 239.37 ± 1.67 242.94 243.07
±0.93
❉ 211.49 ± 0.66 210.73 ± 0.25 210.75 210.84 241.61 ± 1.29 239.75 ± 1.27 242.97 243.04
❚❛❜❧❡ ✹✳✸✸✿ ❚❡st ✼✳ ❚❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❇❙ ❍❲ ♠♦❞❡❧✱ ✇✐t❤ ❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧ ♦r
❙✉rr❡♥❞❡r✐♥❣ ♦♣t✐♦♥✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✵ ❛♥❞ ✐♥ ❚❛❜❧❡
✹✳✸✷✳
✶✹✵ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
S0 v0 θ k ω ρ r
100 0.302 0.302 1.0 0.2 −0.5 0.0325
❚❛❜❧❡ ✹✳✸✹✿ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛❜♦✉t ❚❡st ✽✳
❙t❛t✐❝ ❙✉rr❡♥❞❡r✐♥❣
❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼ ❍▼❈ ❙▼❈ ❍P❉❊ ❆P❉❊ ❇▼
(T1, T2) = (0, 25)
❆ 104.19 ± 3.43 104.49 ± 3.64 101.17 101.10
100.71
142.75 ± 4.67 140.41 ± 4.60 145.58 145.86
143.71
❇ 101.04 ± 2.36 102.43 ± 2.62 101.07 101.07 139.92 ± 2.97 138.92 ± 2.82 145.48 145.80
❈ 101.49 ± 1.30 102.19 ± 1.42 101.07 101.08
±0.52
141.57 ± 1.55 140.22 ± 1.61 145.61 145.78
±0.57
❉ 101.45 ± 0.75 101.05 ± 0.80 101.07 101.08 142.04 ± 1.05 142.41 ± 1.08 145.62 145.77
(T1, T2) = (10, 25)
❆ 246.57 ± 2.70 248.46 ± 2.90 244.67 244.45
244.52
280.93 ± 5.33 286.79 ± 5.31 286.20 286.11
286.39
❇ 245.51 ± 1.90 248.04 ± 2.11 244.76 244.68 285.72 ± 2.73 286.46 ± 2.88 286.46 286.42
❈ 245.31 ± 1.03 245.75 ± 1.14 244.80 244.78
±0.41
286.67 ± 1.70 285.03 ± 1.72 286.56 286.52
±0.65
❉ 245.42 ± 0.60 245.18 ± 0.65 244.81 244.80 286.54 ± 1.01 286.41 ± 1.01 286.57 286.60
❚❛❜❧❡ ✹✳✸✺✿ ❚❡st ✽✳ ❚❤❡ ❢❛✐r ❢❡❡ αg ✐♥ ❜♣ ❢♦r t❤❡ ❍❡st♦♥ ♠♦❞❡❧✱ ✇✐t❤ ❙t❛t✐❝ ✇✐t❤❞r❛✇❛❧ ♦r
❙✉rr❡♥❞❡r✐♥❣ ♦♣t✐♦♥✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤✐s t❡st ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❚❛❜❧❡ ✹✳✸✵ ❛♥❞ ✐♥ ❚❛❜❧❡
✹✳✸✹✳
✹✳✻ ❈♦♥❝❧✉s✐♦♥s ✶✹✶
✹✳✻ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❢♦✉r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ♣r✐❝❡ t✇♦ ✈❡rs✐♦♥s ♦❢ ●▼❲❇ ❝♦♥✲
tr❛❝ts ✉♥❞❡r ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s✳ ❘❡❣❛r❞✐♥❣ t❤❡ st♦❝❤❛st✐❝ ♠♦❞❡❧✱ ❜♦t❤ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡
❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❡✛❡❝ts ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♣♦❧✐❝② ❤♦❧❞❡r✬s ❜❡❤❛✈✐♦r✱
❜♦t❤ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ str❛t❡❣② ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
❙✐♥❝❡ ●▼❲❇ ✈❛r✐❛❜❧❡ ❛♥♥✉✐t✐❡s ❛r❡ s✉❝❤ ❛ ❧♦♥❣ ♠❛t✉r✐t② ♣r♦❞✉❝ts✱ t❤❡ ❡✛❡❝ts ♦❢ st♦❝❤❛st✐❝
✐♥t❡r❡st r❛t❡ ❛♥❞ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ❝❛♥♥♦t ❜❡ ♦✈❡r❧♦♦❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♠♣❛❝t ♦❢ st♦❝❤❛st✐❝
✐♥t❡r❡st r❛t❡ s❡❡♠s t♦ ❜❡ ♠♦r❡ r❡❧❡✈❛♥t✳
❆❧❧ ❢♦✉r ♠❡t❤♦❞s ❣❛✈❡ ❝♦♠♣❛t✐❜❧❡ r❡s✉❧ts ❜♦t❤ ❢♦r ♣r✐❝✐♥❣ ❛♥❞ ❞❡❧t❛ ❝❛❧❝✉❧❛t✐♦♥✳ ❚❤❡ ❢❛✐r
❤❡❞❣✐♥❣ ❢❡❡ ✭✐✳❡✳ t❤❡ ❝♦st ♦❢ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦✮ ✐s ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❛ s❡q✉❡♥❝❡
♦❢ ♣❛r❛♠❡t❡rs r❡✜♥❡♠❡♥ts✳ ❚❤❡ P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♥♦t ✈❡r② ❡①♣❡♥s✐✈❡✱ ✇❤✐❧❡ ▼❈
♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠♦r❡ ❡①♣❡♥s✐✈❡✳ ❚❤❡ ❍②❜r✐❞ P❉❊ s❡❡♠❡❞ t♦ ❜❡ t❤❡ ♠♦r❡ ♣❡r❢♦r♠✐♥❣
t❤❛♥ t❤❡ ♦t❤❡rs ❢♦r ✐ts ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ❛♥❞ st❛❜✐❧✐t② ♦❢ r❡s✉❧ts✳ ❆❧s♦ ❆❉■ P❉❊ ❜❡❤❛✈❡❞ ✈❡r②
✇❡❧❧ ❜✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s ❛ ❧✐tt❧❡ ❤❛r❞❡r t❤❛♥ ❍②❜r✐❞ P❉❊ ♦♥❡❀ ♠♦r❡♦✈❡r t❤❡ ❝❤♦✐❝❡
♦❢ t❤❡ ❣♦♦❞ ♣❛r❛♠❡t❡rs ❢♦r ❆❉■ P❉❊ ✇❛s ❛ s♦✉r❝❡ ♦❢ tr♦✉❜❧❡s✳ ■♥ t❤❡ ❇❙ ❍❲ ♠♦❞❡❧ ❝❛s❡✱
❙t❛♥❞❛r❞ ▼❈✱ t❤❛♥❦s t♦ ✐ts ❡①❛❝t s✐♠✉❧❛t✐♦♥✱ ♦✉t♣❡r❢♦r♠❡❞ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ✇❤✐❧❡✱ ✐♥ t❤❡
❍❡st♦♥ ♠♦❞❡❧ ❝❛s❡✱ t❤❡ ▼❈ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ r♦✉❣❤❧② ❡q✉✐✈❛❧❡♥t✱ ❡✈❡♥ ✐❢ t❤❡ ❍②❜r✐❞ ▼❈
✇❛s ❡❛s✐❡r t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳
❆s ✇❡ s❛✐❞ ❜❡❢♦r❡✱ P❉❊ ♠❡t❤♦❞s ♣r♦✈❡❞ t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ▼❈ ♠❡t❤♦❞s✱
❡s♣❡❝✐❛❧❧② ✐♥ ❉②♥❛♠✐❝ ❝❛s❡ ✇❤❡r❡ ✐t✬s ♠✉❝❤ ♠♦r❡ s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ♦♣t✐♠❛❧ ✇✐t❤❞r❛✇❛❧
❝❤♦✐❝❡✳ ■♥ t❤❡ ●▼❲❇✲❨❉ ❝❛s❡✱ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥ r❡❞✉❝❡s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ t♦
t✇♦ ❛♥❞ t❤❡r❡❢♦r❡ P❉❊ ♠❡t❤♦❞s ♣❡r❢♦r♠ ✈❡r② ✇❡❧❧✳ ■♥ t❤❡ ●▼❲❇✲❈❋ ❝❛s❡ s✐♠✐❧❛r✐t② r❡❞✉❝t✐♦♥
❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ❛♥❞ t❤❡r❡❢♦r❡ ♣r✐❝✐♥❣ ✐s ❛♥ ❤❛r❞❡r t❛s❦✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ s✐①✲♠♦♥t❤❧②
✇✐t❤❞r❛✇❛❧ ❛♥❞ 20 ②❡❛rs ♠❛t✉r✐t②✳ ❆♥②✇❛②✱ ✇❡ ❤❛✈❡ t♦ r❡♠❛r❦ t❤❛t ▼❈ ♠❡t❤♦❞s ♦✛❡r ❛
❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❢♦r r❡s✉❧ts✱ t❤❡② ❛r❡ ✉s❡❢✉❧ ✐♥ r✐s❦ ♠❡❛s✉r❡s ❝❛❧❝✉❧❛t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡ ❱❆❘ ♦r
❊❙✮✱ ❛♥❞ t❤❡② ❛r❡ ♣r❡❢❡rr❡❞ ❜② ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❛tt❛❝❤♠❡♥t t♦ t❤❡ ❝♦♥❝❡♣t
♦❢ s❝❡♥❛r✐♦✳
❚❤❡ ✉s❡ ♦❢ s♣❡❝✐❛❧ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✭s♣❧✐♥❡s✱ ✐♠♣r♦✈❡❞ ▲❙ ❝♦♥✈❡r❣❡♥❝❡✮ ❛❧❧♦✇❡❞ t♦ ❡♥s✉r❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳
❆ ❢✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥t t❤❛t ❝♦✉❧❞ ❜❡ tr❡❛t❡❞ ✐s t♦ ❝♦♠❜✐♥❡ st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡ ❛♥❞
st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✿ t❤❡ ❝♦♠❜✐♥❡❞ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ ❣r❡❛t❡r r❡❛❧✐s♠✳
❲❡ ❝♦♥❝❧✉❞❡ ❜② ♣♦✐♥t✐♥❣ ♦✉t t❤❛t ♦✉r ♠❡t❤♦❞s ❛r❡ q✉✐t❡ ✢❡①✐❜❧❡ ✐♥ t❤❛t t❤❡② ❝❛♥ ❛❝❝♦♠♠♦✲
❞❛t❡ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣♦❧✐❝② ❤♦❧❞❡r ✇✐t❤❞r❛✇❛❧ str❛t❡❣✐❡s s✉❝❤ ❛s ♦♥❡s ❞❡r✐✈❡❞ ❢r♦♠ ✉t✐❧✐t②✲❜❛s❡❞
♠♦❞❡❧s✳
✶✹✷ Pr✐❝✐♥❣ ❛♥❞ ❍❡❞❣✐♥❣ ●▼❲❇
❆♣♣❡♥❞✐① ❆
Pr♦♦❢ ♦❢ t❤❡ ❢♦r♠✉❧❛s ✐♥ ✸✳✹✳✶✳✷
❲❡ r❡♠❛r❦ t❤❛t ❉❇ ❛♥❞ ▼❋ ❞❡♥♦t❡ t❤❡ ❛✈❡r❛❣❡ ✭✇✳r✳t✳ t❤❡ ❞❡❛t❤ ②❡❛r✮ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐s❝♦✉♥t❡❞
❞❡❛t❤ ❜❡♥❡✜t ❛♥❞ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ♣❛✐❞ ✐♥ [ti, ti+1]✱ ❛♥❞ ❞✐s❝♦✉♥t❡❞ ✐♥ ti✳
❈❆❙❊ ✶✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❋❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞ ❚❤❡ ❞❡❛t❤ ❜❡♥❡✜t ✐s
♣❛✐❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞ ❛♥❞ s♦ ✐t ✐s ❡q✉❛❧ t♦ A1+ti+1 ✳ ❚❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ P❍s ✇❤♦
❞✐❡s ✐♥ [ti, ti+1] ✐s ❡q✉❛❧ t♦ M (ti)✱ s♦ ✇❡ ❣❡t
DB =M (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
e−αtot∆t
▼❛♥❛❣❡♠❡♥t ❢❡❡s ❛r❡ ♣❛✐❞ ♦♥❧② ❜② P❍s st✐❧❧ ❛❧✐✈❡ ❛t t✐♠❡ ti✿ t❤✐s ❢r❛❝t✐♦♥ ✐s ❡q✉❛❧ t♦ R (ti)✳
❚❤❡s❡ ❢❡❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡ ❛❝❝♦✉♥t ✈❛❧✉❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞✳ ❚❤❡r❡❢♦r❡ ✇❡ ❣❡t
MF = R (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
(
1− e−αtot∆t) αm
αtot
❈❆❙❊ ✷✿ ❉❇ ♣❛✐❞ ❛t t❤❡ ❡♥❞✱ ❋❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ❚❤❡ ❢♦r♠✉❧❛ ❢♦r ❞❡❛t❤
❜❡♥❡✜t ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡
DB =M (ti) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
e−αtot∆t
■♥ t❤✐s ❝❛s❡ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ❛r❡ ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧②✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐♥ t❤✐s
❝❛s❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ♣❛✐❞ ✐♥ [ti, t] ❢♦❧❧♦✇s t❤❡ ❡q✉❛t✐♦♥
Ft =
ˆ t
ti
e
´ t
s
ruduαmAsds
t❤❡♥ ✇❡ ❝❛♥ ❡❛s✐❧② ❣❡t
MF = R (ti)αm
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt
✶✹✸
✶✹✹ ❆♣♣❡♥❞✐①
❈❆❙❊ ✸✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❋❡❡s ✇✐t❤❞r❛✇♥ ❛t t❤❡ ❡♥❞ ■❢ t❤❡ ❞❡❛t❤ ❜❡♥❡✜t
✐s ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ t❤❡♥ ✇❡ ❝❛♥ ❣❡t ✐ts ♠❡❛♥ ❜② ✐♥t❡❣r❛t✐♥❣ ❢r♦♠ ti t♦ ti+1
DB =M (ti)
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt
❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ✐♥ ti ♦❢ t❤❡ ❛✈❡r❛❣❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿
✐❢ t❤❡ P❍ ❤❛s ❞✐❡ ✐♥ [ti, ti+1] ♦r ♥♦t✳ ■❢ ❤❡ ❤❛s ❞✐❡❞ ❜❡❢♦r❡ ti ✱ ❤❡ ♣❛②s ♥♦ ❢❡❡s✳ ■❢ ❤❡ ✐s st✐❧❧ ❛❧✐✈❡ ✐♥
ti+1 t❤❡ ✈❛❧✉❡ ♦❢ ❤✐s ❢❡❡s ✐s ❡q✉❛❧ t♦ e
− ´ ti+1ti rsdsA4+ti
Sti+1
Sti
(
1− e−αtot∆t) αmαtotdt ✱ ❛s ✇❡ ❝♦♠♣✉t❡❞
✐♥ ❝❛s❡ ✶✳ ❖t❤❡r✇✐s❡✱ ✐❢ ❤❡ ❤❛s ❞✐❡❞ ✐♥ [ti, ti+1]✱ ✇❡ ❤❛✈❡ t♦ ✐♥t❡❣r❛t❡ ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t②
♦❢ t❤❡ ❞❡❛t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❡ ❜❡♥❡✜t ♣❛✐❞ ❛t t❤❡ ❞❡❛t❤✳ ❲❡ r❡♠❛r❦ t❤❛t ✇❡ s✉♣♣♦s❡ t❤❛t✱
✐♥ t❤✐s ❝❛s❡✱ ✐❢ t❤❡ P❍ ❞♦❡s♥✬t s✉r✈✐✈❡✱ t❤❡ ❢❡❡s ❛r❡ t❛❦❡♥ ❜❡❢♦r❡ t❤❡ ♣❛②♠❡♥t ♦❢ t❤❡ ❞❡❛t❤ ❜❡♥✲
❡✜t✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❣❡tM (ti) αmαtot
A4+ti
Sti
´ ti+1
ti
St
(
1− e−αtot(t−ti)) e− ´ tti rududt✳ ❋✐♥❛❧❧②✱
❛❞❞✐♥❣ t♦❣❡t❤❡r t❤❡ t✇♦ ♣❛rts✱ ✇❡ ❣❡t
MF =M (ti) αm
αtot
A4+ti
Sti
ˆ ti+1
ti
St
(
1− e−αtot(t−ti)
)
e
−
´
t
ti
rududt+
+R (ti+1) e−
´ ti+1
ti
rsdsA4+ti
Sti+1
Sti
(
1− e−αtot∆t) αm
αtot
❈❆❙❊ ✹✿ ❉❇ ♣❛✐❞ ✐♠♠❡❞✐❛t❡❧②✱ ❋❡❡s ✇✐t❤❞r❛✇♥ ❝♦♥t✐♥✉♦✉s❧② ❚❤❡ ❢♦r♠✉❧❛ ❢♦r
❞❡❛t❤ ❜❡♥❡✜t ✐s t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡
DB =M (ti)
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt
❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ✐♥ ti ♦❢ t❤❡ ❛✈❡r❛❣❡ ♠❛♥❛❣❡♠❡♥t ❢❡❡s ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿
✐❢ t❤❡ P❍ ❤❛s ❞✐❡ ✐♥ [ti, ti+1] ♦r ♥♦t✳ ■❢ ❤❡ ❤❛s ❞✐❡❞ ❜❡❢♦r❡ ti ✱ ❤❡ ♣❛②s ♥♦ ❢❡❡s✳ ■❢ ❤❡ ✐s st✐❧❧ ❛❧✐✈❡
✐♥ ti+1 t❤❡ ✈❛❧✉❡ ♦❢ ❤✐s ❢❡❡s ✐s ❡q✉❛❧ t♦ αm
A4+ti
Sti
´ ti+1
ti
e
− ´ t
ti
rsdsSte
−αtot(t−ti)dt ✱ ❛s ✇❡ ❝♦♠♣✉t❡❞
✐♥ ❝❛s❡ ✷✳ ❖t❤❡r✇✐s❡✱ ✐❢ ❤❡ ❤❛s ❞✐❡❞ ✐♥ [ti, ti+1]✱ ✇❡ ❤❛✈❡ t♦ ✐♥t❡❣r❛t❡ ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♥s✐t②
♦❢ t❤❡ ❞❡❛t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❡ ❜❡♥❡✜t ♣❛✐❞ ❛t t❤❡ ❞❡❛t❤✳❲❡ r❡♠❛r❦ t❤❛t ✇❡ s✉♣♣♦s❡ t❤❛t✱ ✐♥
t❤✐s ❝❛s❡✱ ✐❢ t❤❡ P❍ ❞♦❡s♥✬t s✉r✈✐✈❡✱ t❤❡ ❢❡❡s ❛r❡ t❛❦❡♥ ✉♣ t♦ ❤✐s ❞❡❛t❤✱ ❛♥❞ t❤❡♥ ♥♦ ♠♦r❡✳ ❚❤❡
❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤✐s ❝❛s❡ ✐s ❡q✉❛❧ t♦
ˆ ti+1
ti
Ste
− ´ t
ti
ruduM (ti) dt =
=
ˆ ti+1
ti
(
αm
A4+ti
Sti
ˆ t
ti
e
´ t
v
ruduSve
−αtot(v−ti)dv
)
e
− ´ t
ti
ruduM (ti) dt
= αm
A+ti
Sti
M (ti)
ˆ ti+1
ti
ˆ t
ti
Sve
−αtot(v−ti)e−
´ v
ti
rududvdt
✶✹✺
❚❤✐s ✐s ❛♥ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡
ˆ b
a
ˆ x
a
f (y) dy dx
❛♥❞ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
ˆ b
a
ˆ b
y
f (y) dx dy =
ˆ b
a
f (y) (b− y) dy
❚❤❡r❡❢♦r❡
αm
A+ti
Sti
M (ti)
ˆ ti+1
ti
Sse
−αtot(s−ti)e−
´ s
ti
rudu (ti+1 − s) ds
❋✐♥❛❧❧② ✇❡ ❣❡t
MF =M (ti)αm
A4+ti
Sti
ˆ ti+1
ti
Ste
−αtot(t−ti)e
−
´
t
ti
rudu (ti+1 − t) dt+
+R (ti+1)αm
A4+ti
Sti
ˆ ti+1
ti
e
−
´
t
ti
rsdsSte
−αtot(t−ti)dt
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